Lecture 5: A real reduction on stability manifolds

Seminar on Bridgeland Stability Conditions

Existence of stability conditions on projective variety

April 1, 2026

1 Preliminaries

1.1 Basic concepts of stability conditions
1.2 Bayer property and restriction-N property

The following relation between stability conditions, introduced in [Li25], will be useful in our
argument.

Definition 1.1. For two pre-stability conditions o,w on 7, we define
03w <= Py(0) CP,(<0O) foreveryhecR
o Zw <= Py(0) CP,(L0O) foreveryd eR
As a remark, the relation is transitive.

Lemma 1.2 (Lemma 2.2, [Li25]). Let o,w € Stab(T) and ® be an exact autoequivalence on T .
Then the followings are equivalent:

(1) o Zw.
(2) For every o-stable object E € T, ¢} (E) < ¢po(E)
(8) For every w-stable object E € T, ¢,(F) < ¢, (F)
(1) B(0) 3 D(w).

All statements hold for = by replacing < with <.

IN

Lemma 1.3. Let o be a stability condition on C' x M, where C' is a smooth projective curve
with genus g > 1. For any closed point ¢ € C and H = {q} x M, we have

o 30®O(H).

Proof. Let + : H — C x M denote the closed inclusion. For any o-stable object F', we start
with the standard short exact sequence of sheaves

0— Ocxym(—H) = Ocxyr — 150 — 0
Tensoring with F', we obtain the following distinguished triangle in D*(C' x M):

L' F[-1] — F® O(-H) — F — 1" F

Claim: ¢ (1..*F) < ¢o(F) + 1.
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Proof of the Claim. Let G be the HN-factor of t..*F with respect to o, so by definition,

g (1:t"F) = 6o(G).

By [LMP*25, Remark 2.24], the group Pic’(C) acts trivially on the stability condition o. As
the object t4t*F is supported on H = {q} x M, the group Pic’(C) acts trivially on c,.*F.
Because the HN filtration is canonical and unique, every HN factor of t,¢* F' must also be fixed
by the Pic%(C) action. In particular, the first HN factor G is supported on H as well.

Applying the functor Hom (G, —), we obtain a long exact sequence of vector spaces:
-+ — Hom(G, F') — Hom(G, 1, F) — Hom(G, F ® O(—H)[1]) — ...

Because G is supported on H, we have G = G ® Op, and since H is pullback of a point on a
curve, its normal bundle is trivial, which implies O(—H)|g = Og, so G ® O(H) = G, which
makes us easily identify Hom (G, F @ O(—H)[1]) = Hom(G, F[1]).

By the property of HN filtrations, Hom(G, t.t*F') # 0, so either
Hom(G,F)#0 or Hom(G,F[l])#0

Since both G and F' are o-semistable objects, the existence of a non-zero morphism implies a
bound on their phases:

Bither 6,(G) < 65(F) or 64(G) < 6, (F[1]) = ¢, (F) + 1.

In either case, the weaker inequality ¢,(G) < ¢,(F) + 1 always holds. This proves the claim.
U

Returning to the proof of the lemma, we need to estimate the maximum phase of F' @ O(—H)
with respect to o, by the distinguished triangle above,

Osoum (F) < max{¢s(F), ¢ (1" F) = 1} = ¢4 (F)
Since this inequality holds for every o-stable object F', it immediately follows that
c=xo®0(H),

which concludes the proof. O

Now we come to restrict N-property.

Let Y be a smooth projective variety and X € |D| be a smooth subvariety of Y for some divisor
D on Y. Denote by ¢ : X < Y the inclusion morphism, ¢, : D?(X) — D?(Y) the pushforward
functor, ¢* the derived pull-back functor. The induced map [t4] : Kpum (X) = Kpum (V) @ [E] —
[t+ E] is well-defined.

Definition 1.4. [Li25, Definition 6.3] Let A be the heart of a bounded t-structure on D°(Y),
we denote by

Alpe(x) = {E € D"(X) : 1.E € A}
the full subcategory in D°(X).

Proposition 1.5. [Li25, Proposition 6.4] Let X, Y as above. Let 0 = (A, Z) be a stability
condition on D*(Y) satisfying
o ® Oy (D) < o[l].
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Then
olprxy == (Alps(x), Z o [t4])

is a stability condition on D°(X).
Moreover, an object E € Db(X) is | pv(x)-(semi)stable if and only if 1. E is o-(semi)stable.

If o ® Oy (D) S o[l] (resp. 0 50 ® Oy(D')) for some divisor D', then the restricted stability
condition also satisfies o|py(x) @ Ox(D') S ol|pexy[1] (resp. olpvx) S olpr(x) @ Ox(D')).

Remark 1.6. o[1] is the shift of o by 1 defined as follow:
L. Ppj(¢) := P(¢ +1) for all ¢ € R. Consequently, A1 := Ppy((0,1]) = P((1,2]).
2. Zp(E) := e " Z(E) = —Z(E) for any object E.

Remark 1.7. It is worth noting that a semistable object E € P(¢) with respect to o remains
semistable with respect to o[1], but its new phase becomes ¢ — 1. This structural consistency
is fundamental to tracking Harder-Narasimhan filtrations across the stability manifold.

Remark 1.8. Please note that the proof of Proposition 6.4 in the current arXiv versions
contains an error, which assumes for any m < dim X = n, there exist a subvariety Y of dim m.
The corrected and fully accurate version of this proof can be found in the updated manuscript
available on the author’s personal homepage.

1.3 Functorial operations along finite morphisms

Let f:Y — X be a finite morphism between smooth projective varieties.

Definition 1.9. Given a pre-stability condition oy = (P, Z) on D*(Y), define its pushforward
to D°(X) as
fuoy = (f4P, fxZ),

where
faP(0) :={Ec D"X)| f*EcP(®)} foreveryfcR,
fuZ = Zo f*: Ko(X) L5 Ko(Y) — C.
Conversely, given a pre-stability condition ox = (P, Z) on D?(X), we define its pullback to

DY) as
flox = (f'P, '2),

where
f'PO) :={E e DY) | f.E € P(0)}, forevery § € R,
7= Zo f,: Ko(Y) 15 Ko(X) — C.

Lemma 1.10. Assume that f4o is a pre-stability condition on D(X). Then for any line bundle
L on X, we have

(f#a) QL= f#(U & f*[,)

Proof. we prove by verifying their slicings and central charges coincide. Direct computation

proves
Pireoyoc@) ={F & L| fFePs(0)}

similarly check proves it is equivalent to F' € Ppr, (o s+ £)(0).
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Using definition one can also check

Z(tyo0c(BE) = Zo(f*E @ f*L7") = Zf (oap+ ) (E)

This completes the proof. O

Lemma 1.11. Let 0 < w be pre-stability conditions. Assume that both fyo and fyw (respec-
tively, f'o and f'w) are pre-stability conditions. Then

fuo < faw  (respectively, o < ffw).

Proof. We will prove the statement for the pushforward f4, same argument shows f #,
To prove fyo < fyw, we will show that Py, (0) C Py, (< 0).

By the definition of fgo, the condition I € Py, (f) means that f*F' is o-semistable of phase
6.

Now, consider the HN-filtration of F' with respect to the stability condition fuzw on D?(X):
O=F—F— - = Fs=F

And G = Cone(Fj_1 — Fj) denotes the HN factors, so G; € Py, (0;) with strictly decreasing
phases:
91>(92>"'>95

which means f*G; € P, (0;) for all j.
Since f* is an exact functor on triangulated categories, this gives a filtration of f*F"

0=f"Fy— f"Fy— - — ["Fs=f*F

and it is precisely the Harder-Narasimhan filtration of f*F with respect to w. In particular,
O (f*F) = ¢, (f*G1) = 61, and 0 < w implies

01 = ¢S (f*F) < ¢ (f*F) =10

which means F' € Py, (< 0).

That finally completes the proof. O

Proposition 1.12 (Proposition 3.4, [Li26]). Let f : Y — X be a surjective finite morphism
between smooth projective varieties, and let o be a stability condition on DY(Y)'. Assume that

[ fPs(0) C P,(<6), VOER

Then fyo is a stability condition on D*(X).
This result comes from a non-trivial application of [Pol07, Theorem2.1.2] which state as:

Let D; and D, be a pair of triangulated categories in which all small coproducts exist. Let
Dy C Dy and Dy C Dy be full triangulated essentially small subcategories. Assume we have an
exact functor @ : D; — Dy commuting with small coproducts that admits a left adjoint functor
U : Dy — D;. Assume further that ®(Dy) C Dy and ¥(Dy) C D;.

Note: The original text in the preprint states “o on Db(X )”, which is a typographical error. The pushforward
fw0 requires o to be defined on the domain Y. The proof in the paper also uses D; = D?(X) and Dy = D°(Y),
taking o on Y.
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Theorem 1.13. o Let (D5, D5%) be a t-structure on Dy such that the functor ®U : Dy —
Dy is right t-evact. Assume in addition that D1 = ®~ (D), i.e., for any object F € D
such that ®(F) € Dy, one has F' € Dy. Then there exists a (unique) t-structure on Dy
with

D0 = {F € D,|®(F) € D5}

Moreover, the functor ® is t-exact with respect to these t-structures.

o Assume also that for any F' € Dy such that ®(F) =0, one has F = 0. Then
D" = {F € D1|®(F) € D;"}

. In this situation, if Co is Noetherian, then so is C1, where C; = D?O N Dizo.

2 Stability Conditions on Products of Elliptic Curves

2.1 Baseline results on Abelian varieties

Let E" := E1 X --- X E, be the product of n smooth elliptic curves, with E; = E. For each
1 <i<n,fix a point ¢; € E; and define

H;:=F x---xEji_1 x{qi} Xx Eiy1 x---x E, C E".
By abuse of notation, we also denote by H; the numerical first Chern class of Ogn(H;). Set
H:=H+ -+ H,.
We define a lattice (A = Z2",v) for Ko(E™) by

v Ko(En) — A, [F] — (Hjl .. -HjSChnfs(F))1§j1<---<j5§n-

Theorem 2.1. Let o be a stability condition on E™ with respect to the lattice (A,v). Then:

1. [FLZ22, Theorem 1.1, Proposition 2.9] all skyscraper sheaves {Op}pepn are o-stable with
the same phase.

2. [LMP* 25, Theorem 1.1] the map
Stab(y ) (E™) — Homz(A,C) xR, o = (P, Z) = (Z,65(0,))
15 injective.

For every (a,b) € Qs x Q, define a group homomorphism Z%%: A — C by

Za’b(U(F)) _ _/ 6—(b+ia)HCh(F)

n

ng1 (b +ia)"

= —chn(F) + (bt ia) Hehn 1 (F) = - (=1)" 5y

H™rk(F).

Theorem 2.2. [Liu21, Theorem 5.9], [LMP* 25, Theorem 4.5] For any (a,b) € Qs x Q, there
exists a stability condition

ot = (P*b, Z%Y) € Staby ) (E™)

with central charge Z%® as in (??) and ¢yas(Op) = 1. Such a stability condition c®° is unique
by 2.1.
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For a positive integer m, denote the self-isogeny

Tm: E" — E",  z— mz. (1)

Lemma 2.3. [Li26, Lemma 5.3] Let o be a stability condition on E™. Then both w\,0 and
(Tm)p0 are stability conditions on E™.

Proof. By [LMP*25, Remark 2.24], the group E" x Pic’(E™) acts trivially on Stabp ) (E™).
In particular, for any F € P,(6), £ € Pic’(E") and g € E™, we have

g (F®L)ePs(8).

Hence, for any F' € P,(6), we have

(Tom) e F' = @ F®LeP,(0).
Lm0

Similarly,
o (T )« F = oy g F € P,(0).

g€Torsion(E™)

Remark 2.4. The decomposition of (7, )7, F and 7}, (7, )« F comes from the following:

The first result comes from
(Tm)sT B = F @ (1)« O

by projection formula and

Lm=0

the right hand side is the direct sum of all elements in Ker(7,, : Pic’(E™) — Pic’(E™)) where
Tm is the dual isogeny.

The second identity is proved by 2 steps, first using flat base change theorem with respect to

E" xgn E™ P, gn

| [

E" ——— E"
we get 1 ()« F = (p1)«p5F using the isomorphism
E"x G5 E" xgn E"

(z,9) = (z,2+g)

where G = ker(m,,) = E"[m]. Since E™ Xpgn E™ splits into disjoint connected components
indexed by ¢ € ker(my,), the functor (p1).p3 splits into a direct sum over these components, so

mm) = @ gF
geker(mm)

Lemma 2.5. Let 7, : E™ — E™ and 0%° = (P%*, Z%%) as above, and L be a line bundle on
E™ whose numerical first Chern class is chi(L) = H. Then the following relations hold:

1. For the central charges: Wm#Za’b = m2nza/m*b/m?* gnq Tt 700 = Zm*am?b,



Lecture 5: A real reduction on stability manifolds

m2a,m2b

2n a/m?b/m? ond Wﬁaa’b =0 .

2. For the stability conditions: 7Tm#0'a’b =m

3. For the tensor action by L: ¢%° ® £ = g®b*1,

Proof. ¢ By definition, the central charge is given by the integral formula:
Z%(u(F)) = —/ e~ H op(p) = Z(_1)n+1—j7)
n =0

s0 using m,u Z90(F) = Z%b (7, F) and H" Jch;(m}, F) = m* H" Jch;(F) so direct ex-
pansion shows o

Za’b(ﬂ'm*F) — anZa/m ,b/m ('I)(F))
and similarly since 7}, Z90(F) = Z9 (1. F) and H" I chj(mmeF) = m?" =21 H" I ch;(F),

the same expansion gives

Za,b(ﬂ_:nF) — anZG,/m2,b/m2 (’U(F))

o By Theorem 2.1, since m,,, and 7, does not change the phase of skyscraper sheaves, then Z
uniquely determines the stability condition, that is @b = gob if and only if ZaW = gab
Therefore, Wm#cr“ﬁ = m2nga/m*b/m* and vt = gm*am?b  The corresponding slicings
satisfy 4P = pa/m*b/m* and aHEPpab = priam?b,

« For the tensor product with a line bundle £ where numerically chi (L) = H, since E" is
an abelian variety, the Todd class is trivial, and numerically ch(£L~') = e~ . Thus:

Za,b(U(F ® £—1)) _ _Ch7(1b+ia)H(F ® ﬁ_l) _ _Ch%b—i-l-i—ia)H(F) _ Za’b+1(U(F))
Again, by the uniqueness result in Theorem 2.1, this implies that the stability condition
is shifted to 0%* @ £ = g®0*1,

O]

2.2 Verification of 2 important property
The Bayer property is verified in 1.3, and the following is verification of restrict-N property.

Proposition 2.6 (Proposition 5.4 [Li26]). For any integer N € Z>1, there exists a stability
condition o®® on E™ as in Theorem 5.2 such that

aa,b ®£N < Ua’b[l}.

Proof. Let 0% = (P®, Z%%) be a given stability condition on E™ as constructed in Theorem 2.2.
By Bridgeland Deformation Theorem, the map forgetting the slicing is a local homeomorphism.
Thus, there exists a sufficiently small 9 > 0 such that for any rational number § with |§| < do,
there exists a unique stability condition w whose central charge is exactly Z®0+9.

By shrinking &y if necessary, we can ensure that dist(c®?,w) < 1, which means

sup oL (E) — ¢ (E)| < 1.
0£E€DY(E™)

and it gives w < ¢®P[1] which is equivalent to P, () C Poapp)(< 0) = Pgap(< 6 + 1), follows
directly from inequality above.
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Now, choose an integer m sufficiently large such that # < do, setting § = #, the corresponding

stability condition w has central charge Z#+1/m* s coincide with ®*T1/™ by the uniqueness
provided by Theorems 2.1 and 2.2. By explicit computation in Lemma 2.5

(ﬂ'm)# ((ﬂ'#LP“’b) ® L) — 73(1,17—#—1/7;12 < Pa’b[l]

Since PY+1/m* i5 the slicing of w = g®b+1/m*,
Next, apply 77 to both sides, we obtain:
b b
(rEPY) @ L < 7P ).

since () PYY = wft(mm)xPs = Pub Using nfiPub = prmiam®  we can rewrite this
strictly in terms of stability conditions:

0_m2a,m26 QL < O_mQa,m2b[1]'
Then pull back the inequality by 7, since 7775 (amQ‘L’me ® .C) = gh’m*ak’m?b o £k o e obtain

O_(km)Za,(km)2b ®£k2 < O_(km)2a,(km)2b[1].

Finally, for the given N € Zs;, we simply choose k large enough such that k? > N. And
oc® L < o® L whenever s < t by Lemma 1.2 and Lemma 1.3. Applying this to our case

ylelds: 2 2 2 2 2 2 2
O_(km) a,(km)?b ®£N < O_(km) a,(km)?b ®£k < O_(km) a,(km) b[l].

So pick @' = (km)?a and b’ = (km)?b, the stability condition ¢ *" satisfies the Restriction-N
property. This completes the proof. ]

3 Descending to Arbitrary Projective Varieties

3.1 combinatorial filtration by Double Schubert polynomials

Let R = C[x1, 2, ...,2y|. The symmetric group S, acts on R by permuting the variables. This
section studies a natural filtration on the R-R bimodule R ®ps, R [Li26, Section 4].

For each w € §,,, define the inversion set and the associated polynomial:
inv(w) :=={(4,7) [ 1 <1 <j < n,w(i) >w(j)}

Aw = H (xz —xj)

(4,7)€inv(w)

Viewing S, as a Coxeter group with simple reflections s; = (j j+1) for 1 < j <n—1, let [(w)
denote the Bruhat length of w. For each 1 < j < n — 1, the Demazure operator is defined as:
s
0; = TS
Lj = Lj+l

Given a reduced expression w = 54, ... 5q () the operator 0, is defined as:
Ow :=0q, --- 8al(w)

For the identity element e € Sy, set 9. = id.
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The Schubert polynomial associated to w € S,, is defined by:
Guw(T) 1= Oy-14, (2 a2 ),

where wy = [n,n — 1,...,2,1] or wo(i) = n + 1 — i denotes the longest element of S,,. In fact,
the set {G,(x)}wes, forms a free basis of R as an R%"-module.

The double Schubert polynomial is defined as:

Gw(x;y) = 8w*1woA(x;y) = Z Gu(x)gv(_y)

w,WE Sy ;w=v " tu;

l(w)=l(v)+i(u)

where A(z;y) = Hi+j§n(xi - yj)'

For any w’ € S,, with I(w') < I(w), direct computations shows

Su(w'z;x) = (=1)" )6, Ay ()

Let R, denote the R-bimodule with the usual left R-action and the right R-action twisted by
w which is explicitly written as:

(R®R) X Ry — Ry, (f®gah)Hfhg(xw(l)w“axw(n))

There is a natural R-bimodule homomorphism:
Fy,:R®ps, R— Ry,
f@ge f9(@uay - s Twm))
Lemma 3.1. [Li26, Lemma 4.1] The R-bimodule R @ ps, R admits a filtration

O:P( )+1CF()C”'CP1CF0:R®RSHR

2 5
by R-bimodules such that, for every j, there is an R-bimodule isomorphism

P Fo:Tj/Tjm= P Auw- Re.

l(w)=j Hw)=j

Let Y = (P!)?, the symmetric group S, acts on Y by permuting the factors, giving a quotient
map f:Y — Y/S, 2 P". For each w € S, define:

Ly :=0pi(a1) @R Opi(ay), a; =the degree of z; in Ay (),

Gry ={(wz,z) |z €Y} CY xY
Extending the filtration from 3.1 to sheaves yields the following corollary.
Corollary 3.2. [Li26, Corollary 4.2] The sheaf Oyx,, s v € Coh(Y xY) admits a filtration

025( )+1CE()C"'CglchZOYXy/SnY

n n
2 2
whose successive quotients are given by

Eil€in = B Ocr, @paLly".

WESn;l(w)=j
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This corollary comes from direct translation of algebraic geometry, one can prove that:

O(C"X@n/sn(cn =R ®R5n R

so one can prove the filtration of Ocny ., /s, Cn on C" x C" by 3.1.

In 3.1, the successive quotients are isomorphic to ,,)—; Ay Ry, which correspond to Oy, n(crn xcn)s
we do homogenization to go from C™ to P", recall that A, () is a polynomial where the variable
x; appears with degree a;, which means A, (x) globalizes to a section of the line bundle:

Ly :=0Opi(a1)®---XOpi(ay) onY

and the multiplication by A, introduces a degree shift in the grading. Therefore, the affine
piece A, - Ry, naturally globalizes to:

OGTw X p; qul

That concludes the proof.

3.2 Inducing stability conditions on projective space

Let 75 : E — E be the reflection involution of the elliptic curve E, and let 7g : B — E/(1g) =
P! be the corresponding double cover. For any smooth projective variety M, these morphisms
naturally extend to 7 = (7g,idy) : Ex M — E x M and f = (ng,idy) : Ex M — P! x M.

Lemma 3.3. [Li26, Lemma 6.1] Assume that o is a T-invariant stability condition on E x M.
Then fyo is a stability condition on P! x M.

Proof. We apply Proposition 1.12 with the finite surjective morphism f: Ex M =Y — X =
P! x M. We need to show that f*f.Py(0) C P,(< 0) for all § € R.

Consider the fiber product Z7 = Y xx Y with natural projections p1,ps : Z — Y. Since f
is a double cover branched along the fixed locus of the involution 7, Z has two irreducible
components: the diagonal A(Y') and the graph of the involution Gr, = {(7y,y) | y € Y'}. These
two components intersect exactly at the branch divisor D = E™ x M, where E” represents the
four 2-torsion points fixed by 75.

Then using the exact sequence 0 — Op(—ANB) - Oaup — O4 — 0 and pick A = A(Y) and
B = Gr,, we obtain the exact sequence:

0 — Ogr, @ 5Oy (—D) — Oz — Opyy — 0.

For any object G € P,(0), we apply the functor pe.(pj(—) ® ) to this sequence, we obtain a
distinguished triangle in D°(Y):

™G ® Oy (—D) — f* £.G — G 14 .

By Lemma 1.3 and 1.2, since ¢ is 7-invariant, we have:
¢ (7*G ® Oy (—D)) = qu@(gy(D)(T*G) < ¢, (T7°G) = ¢ (G) = 6.
combining with the distinguished triangle above, we obtain

oF (f* f+G) < max{¢} (T°G @ Oy (—D)), ¢ (G)} < 0.

This proves f*f.G € Py(< 6). By Proposition 1.12, fyo is a stability condition on P'xM. O

10
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Proposition 3.4. [Li26, Proposition 6.2] Let o be a stability condition on (P)" satisfying:
e 0 18 Sp-invariant;
o 0 <0®L for every effective line bundle L.

Then fuo is a stability condition on P".

Proof. We apply the induction criterion from Proposition 1.12 to the finite surjective quotient
morphism f : Y = (P!)" — X = P". To do this, we must verify that for any 6 € R, f*f.P,(0) C
Ps(<0).

Consider the fiber product Z = Y xx Y with natural projections pi,p2 : Z — Y. For any
object E € D°(Y), flat base change yields the functorial isomorphism f*f.E = po.(piE ® Oz)
now we use corollary 3.2 to give a finite filtration of Oz whose successive quotients are of the
form Og,., @ p3L," for each w € S, where Gr,, is the graph of the permutation w. So f*f.E
simplify precisely to:

{w*E ® L wes, -

Now, suppose E € P,(6). Since o is Sp-invariant, the pullback w*E € P, (0) for all w € S,,. By
our hypothesis, 0 < o ® L,, for the effective line bundle £,,. Using Lemma 1.2, we can bound
the maximum phase of the twisted object:

0g WE® L) =dlop, (wE) < ¢o(w"E) = 0.

Because f*f.E is built via extensions of these factors, its maximum HN phase is bounded by
the maximum phase of its factors. Therefore, ¢} (f* f E) < 6, which means f*f.E € P,(< 6),
so fyo is a valid Bridgeland stability condition on P" by Proposition 1.12.

This satisfies the condition of Proposition 3.4, concluding that O

Theorem 3.5. [Li26, Theorem 6.3] Any stability condition c®® on (P)" as in Theorem 2.2
induces a stability condition Tr#a“’b on P™.

Proof. The quotient map 7 : E™ — P™ by the Weyl group G = (Z/2Z)" x S,, naturally factors
into two finite surjective morphisms:

B 5 Bryziemyn = @Y L pYyrys, = P

First, observe that the central charge Z®® and the lattice A of the stability condition o®® are
invariant under the action of G. Since the G-action preserves central charge and the phase of

skyscraper sheaf, 0% itself is globally G-invariant.

Because 0% is invariant under the reflections (Z/2Z)", we can apply Lemma 3.3 iteratively to

ensure that hyo®® is a well-defined stability condition on (P*)?. Furthermore, since the original
o®® was S,-invariant then hyo is Sy invariant.

Next, we must verify the second condition of Proposition 3.4 for hyo®’. Let £; = pfOpi(1) be
the generator of the Picard group for the i-th factor of (P!)”. By Lemma 1.3, 0% < 0**®@h*L;.

Applying the pushforward hy and Lemma 1.11 and 1.10, we obtain:
hyo®? < hy (0™ @ h*L;) = (hyo®) @ L;.

SO
h#O’a’b < (h#O’a’b) R L.

11
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for any line bundle £ since any effective line bundle £ is a tensor product of positive powers of
the L£;’s.

Now, h#oa’b satisfies both the .Sj,-invariance and the tensor inequality required by Proposition
3.4, that concludes the proof. O
Corollary 3.6. [Li26, Corollary 6.4] For any N € Z>1, there exist stability conditions o €
Stabg,@n)(P") satisfying

0<o®O0(1l) and oc® O(N) <oll].
Moreover, all skyscraper sheaves are in Py(1).

Proof. By Proposition 5.4, we can choose parameters a and b large enough such that the stability
condition o®? on E™ satisfies the restriction-2N property:

Ja,b ® £2N < Ua’b[l],

where £ is the line bundle on E™ with ch;(£) is numerically equivalent to H. By Theorem 3.5,

o= 77#0‘17’) is a stability condition on P™.

Using lemma 1.3 1.10 and 1.11,
o= Tr#ga,b < 71_#(Ua,b Q £2) — W#(Ua’b ® W*Opn(l)) =0 ® Opn(1).

here the second equality comes from 7*O(1) is numerically equivalent to £2 with chy (7*O(1)) =
2H.
0@ Opn(N) = 140" @ 7 O0pn(N)) = 7 (0" @ L2V) < 7 (a™[1]) = o[1].

Finally, we track the skyscraper sheaves. By Theorem 2.2, all skyscraper sheaves on E" belong
to P,as(1). For any closed point p € P", its pullback 7%, is a direct sum of skyscraper sheaves
on E™ supported on the orbit of the preimage. Since P, a5(1) is an additive subcategory,
7*Op € Puas (1), this implies Op, € Py (1). O
3.3 Restricting to arbitrary projective varieties

Theorem 3.7. [Li26, Theorem 6.5] Let X be a projective variety over C. Then there exists a
Bridgeland stability condition on D°(X).

Proof. Let ¢ : X — P™ for some sufficiently large integer n, by the Hilbert Syzygy Theorem,
any finitely generated graded module over the polynomial ring C[zy,...,z,| has a finite free
resolution of length at most n. Consequently, the coherent sheaf 1.Ox € Coh(P") admits a
finite locally free resolution of the form:

0= F = Opn(—ay,_1)%"1 — .. = Opn(—a1)®™ — Opn — 1,0x — 0,

for some non-negative integers a;, m; > 0, and where the kernel F € Coh(PP") is also a coherent
sheaf.

Choose an integer N > 0 large enough such that jN > a; for all 1 < j <n — 1. By Corollary
3.6, there exists a Bridgeland stability condition o on P™ satisfying:

0 <o®0pn(l) and o® Opn(N) < o[l].
Using Lemma 1.2,

0 ® Opn(aj) < 0 ® Opa(jN) < 0@ Opn((j — DN)I] < - - < o[j].

12



Lecture 5: A real reduction on stability manifolds

To prove that ¢'o defines a valid stability condition on X, we apply the induction criterion from
Polishchuk [Pol07, Corollary 2.2.2], it suffices toshow for any E € P,(#) with 6 € (0, 1], we have

¢y (1:Ox @ E) = 0

by Hilbert Syzygy above, we know

¢ (1:0x @ E) = min {65 (E), ¢ (E ® Opn(—a;)[j]), ¢, (E @ Fln])} .

We now estimate each term in this minimum:

1.
2.

Obviously, ¢ (E) = 0.

Since 0 ® Opn(a;) < o[j], which translates via Lemma 1.2 to ¢, (E ® Opn(—a;)[j]) >
¢ (E) = 0.

. For the final term E ® F[n|, we rely on the homological dimension bounds. Since all

skyscraper sheaves O, on P" belong to P,(1), according to [Bri08, Lemma 10.1],
E € P,(0) C Coh(P")[0,n —1] Coh(P") C P,((1 —n,1])

then we know E ® F[n] € P,((1,3n]), which ensures that £ @ F[n] € P,((1,3n]). an
object E € P,(0) for 6 € (0,1] is a complex concentrated in degrees [0,n — 1],

By above 3 conditions, we conclude that:

gf);(L*OX X E) > 0.

which completes the proof. O

4 Open Problems

o Topology and Geometry of Stab(X): Investigate the global structure of the stability mani-

fold. Key questions include determining the number of connected components, identifying
non-trivial open subsets, and understanding its detailed topological and manifold proper-
ties.

A small result in [WZ26] gives the non-empty property of G-invariant stability conditions,
which is quite easy to prove.

Proposition 4.1. Let X be a smooth projective variety with an action of a finite group
G. Then Stab(X)% is non-empty.

Progress of the I'-BMT Conjecture: Apply the newly established techniques and existence
results from Li (2026) to attack and potentially solve the T-BMT conjecture for higher-
dimensional varieties.

Conjecture 4.2 (BMT-conjecture). [BMT14, conjecture 4.1]
For X smooth projective threefold, and H € NS(X) an ample class. Assume that E is
Vgﬁ—semistable then:

oAy (E) 4 4(H chy (E))? — 6H? ch? (E) chf} (E) > 0

equivalently, for any tilt-semistable object E € By, p satisfying v, g(E) =0,
w2
chB(F) < ﬁchlB(E).

here B = BH and w = v/3aH and Ay (E) = (H*chP(E))? — 2H3chf (E)Hch¥ (E)

13
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Conjecture 4.3 (I-BMT Conjecture, [?]). Let X be a smooth projective threefold and
H an ample divisor on X, E be a vgo-semistable object. Find a 1-cycle I' € A(X)r
satisfying I'.H > 0, then Qgﬁ(E) >0 holds.

Here, the quadratic form Qgﬂ is defined as:

@ o(B) i= (20— ) (B(B) + 35 (O (2)?)
+ 2(Hch (E))(2HchS (E) — 3T.Hchl) (E))
— 6(Hch!(E))(chj (E) — Tch{ (E))

Remark 4.4. The primary motivation for introducing BMT-conjecture in [BMS16] is to
establish the support property for Bridgeland stability conditions on threefolds, such as
Abelian threefolds.

Here are the results of Feyzbakhsh of I-BMT conjecture for threefolds.

Theorem 4.5 (Feyzbakhsh, Koseki, Liu, Rekuski, 2025). Let (X, H) be a polarised Calabi-
Yau threefold. The I'-BMT conjecture holds for (X, H) and some 1-cycle I" with I'"H > 0
if it belongs to one of the following classes:

1. X is a quasi-smooth complete intersection Calabi- Yau threefold in a weighted projec-
tive space and H is the generator of Pic(X).

2. X is a general divisor in |— K| of a Fano fourfold M of indexr and H = (f%KM)]X,
where either r > 3 or both r = 2 and M has Picard number one.

3. X is a cyclic cover m : X — Y of a Fano threefold Y of index r and H = W*(—%Ky),
where either r > 2 or bothr =1 and Y has Picard number one.

Remark 4.6 (Proof Strategy: Dimensional Reduction). The proof idea relies on a power-
ful three-step dimensional reduction strategy, effectively converting the highly non-linear
chg inequality on a threefold into a Brill-Noether problem on a curve.

And Feyzbakhsh will give a big progress '-BMT conjecture soon.

Complete Classification for Special Varieties: Classify all Bridgeland stability conditions
on abelian varieties or specific products of elliptic curves, such as E” endowed with com-
plex multiplication (CM).

Definition 4.7. An elliptic curve E = C/A with A = Zw; @ Zws lattice in C is said to
be without complex multiplication (or generic) if

End(F) = Z.
In this generic case, the only analytic scalings that preserve the lattice A are real integers.

And F is said to have complex multiplication (CM) if its endomorphism ring is strictly
larger than Z, in this case

End(F) = 0 Cc Q(vV—d)
for some integer d > 0, for example, if A = Z & Zi, it has complex multiplication.

Theorem 4.8 (Rank of the Numerical Grothendieck Group). Let E be an elliptic curve
and E™ be its n-fold product.

— If E is a generic elliptic curve without CM, the rank is given by:

1 <2n—|—2

rk Knum(Db(E")) - n+2\n+1

>:2,5,14,42,...

14
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— If E is an elliptic curve with CM, the rank is given by:

2n

rk Kyum (DP(E™)) = ( ;

>:2,6,20,70,...

Consequently, the CM case achieves the maximal rank among all abelian varieties of di-
mension n, which implies that the stability manifold Stab(E™) attains the maximal possible
dimension.

Conjecture 4.9 (Haiden—Sung). Let E be any elliptic curve with complex multiplication
(e.g., E =C/(Z+1Z)). The space of Bridgeland stability conditions on its bounded derived
category is exactly the universal cover of the mazrimal domain:

Stab(D°(E™)) = V*(n).

Furthermore, for a general abelian variety A, the space Stab(DY(A)) is expected to be the
universal cover of a linear slice of V*(n) of dimension rk Kyum(A).

Here we need to define V*(n) completely and in detail, which comes from [Hail8].
Definition 4.10 (The classifying domain V*(n) and its universal cover).

Let (W,w) be a symplectic vector space of dimension 2n over R. We define the classifying

domain V*(n) and its universal cover V*(n) through the following steps|cite: 8]:

— Let /\ngV denote the space of primitive n-forms on W. An n-form « is primitive if
ahNw=0

— Define V(W) as the set of complex-valued primitive n-forms Q € (A% WY) ® C that
are non-vanishing on all Lagrangian subspaces L C W.

— Any form Q € V(W) induces a phase map ¢q : LGr(W) — R/7Z given by L +—
Arg(Q|) since A, LY®C = C for any L € LGr(W), where LGr(WW) is the Lagrangian
Grassmannian.

— Define V(W) as the connected component of V(W) consisting of forms  for
which the induced map ¢q on fundamental groups sends the canonical generator
of m (LGr(W)) = Z to a positive loop in m1(R/7Z).

— Finally, define V*(n) as the universal covering space of V(W) (where W = R??).

Remark 4.11. In their upcoming joint work, Haiden and B. Sung prove this conjec-
ture specifically for the case n = 3. We already know the case when n = 3 (means
Stab(DY(E™))) for E with or without complex multiplication. But for n > 4, the proof
technique of n = 3 completely fails, and proving n = 4 now facing a big difficulty.

Stability conditions on special categories such as Higgs(X): Develop stability conditions
and related theoretical frameworks for specialized categories except D’(Coh(X)), such as

Higgs(X).
Definition 4.12 (The Category of Higgs Sheaves Higgs(X)).

Let X be a smooth projective variety over C, and let wx be its canonical line bundle. The
category of Higgs sheaves on X, denoted by Higgs(X), is defined as follows:

— Objects: An object is a pair (E,0), where E € Coh(X) is a coherent sheaf on X,
and 6 is a morphism of coherent sheaves called the Higgs field:

6:F— E®Qk

15
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which satisfies 8 A 8 = 0. For a curve, Q_IX = wx and the integrability condition is
automatically satisfied.

— Morphisms: A morphism between two Higgs sheaves (F1,0) and (Es, 63) is a mor-
phism of coherent sheaves f : 1 — FEs such that the following diagram commutes:

Ey 9—1> Fi® Q_IX

L L f@idgy

FEs 9—2> Fo® Q}(

In other words, f must satisfy (f ® idgk) 001 =050 f.
The category Higgs(X) is an abelian category.

Remark 4.13. A good perspective of research is developing the theory of Bridgeland
stability conditions for Higgs sheaves / Higgs bundles, or constructing a parallel dictio-
nary generalizing the classical theory on Coh(X) to Higgs(X). Here are some possible
structural steps:

— Give precise construction of D®(Higgs(X)) and explore basic properties.

— Defining "slope stability" on D?(Higgs(X)), here one can change subsheaves to 6-
invariant subsheaves 0 C FF C F | i.e., 0(F) C F ® wx.

— Gives "tilting" and "t-structures" on D?(Higgs(X)), comparing with [BMS16, Section
2] construction.

— Gives central charges and Bridgeland stability, here we must focus on support prop-
erties, and exactly defines Stab(D®(Higgs(X))), determine whether it is a manifold
or an algebraic variety.

— Research on moduli spaces, wall-crossing behavior and general properties such as
connected component or non-empty of Stab(D®(Higgs(X))), for some simple X, try
to compute Stab(D®(Higgs(X))).

Stability conditions on singular varieties

Here one can try to compute the precise total stability space of X with singularities, such
as dim X = 1 with ADE type singularity, or Abelian surface with some simple singularities,
but it is very hard to compute, but we can change D’(Coh(X)) to Dsy(X), which has
some good properties.

Definition 4.14 (Singularity Category [Orl04]).

Let X be a Noetherian algebraic scheme. The derived category of perfect complexes,
denoted by Perf(X), is the full triangulated subcategory of D?(Coh(X)) consisting of
complexes that are locally quasi-isomorphic to bounded complexes of locally free sheaves,
and Dy, (X) is defined as:

Dyy(X) := D’(Coh(X))/ Perf(X).

For a smooth scheme X, every coherent sheaf admits a finite locally free resolution, means
Dyy(X) = 0, therefore, Dyy(X) isolates and captures the “purely singular” homological
phenomena of X.

Theorem 4.15 (Bridgeland, [Bri09]). Let G C SLy(C) be a finite subgroup, and I" be the
associated Dynkin graph via the McKay correspondence. Let D be the triangulated category
defined as the full subcategory of D(Cohq(C?)) consisting of complexes whose cohomology
sheaves are supported at the origin and have no non-trivial G-invariant sections.
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Let g be the finite-dimensional complex simple Lie algebra corresponding to the Dynkin
graph I', and let h C g be its Cartan subalgebra. Let 79 C b be the reqular semisimple
part defined as

"9 ={0€b:a(@) #£0 for all roots a € A}.

Let W be the Weyl group acting freely on h™¢9.

Then, there exists a connected component of the space of Bridgeland stability conditions,
denoted by Staby(D) C Stab(D), which is a regular covering space of the quotient space
hred /W

Furthermore, the subgroup Br(D) C Aut(D), generated by the twist functors (spherical
twists) along the simple objects of the canonical heart, preserves this connected component
Staby(D) and acts as the group of deck transformations.

Remark 4.16. The fundamental group of the quotient space h7 /W is naturally iso-
morphic to the Artin braid group Br(I") associated to the Dynkin graph I'. Bridgeland’s
theorem provides a surjective group homomorphism from the braid group to the group of
deck transformations:

p: Br(I') — Br(D).

In the special case of type A,, relying on the prior results of Seidel and Thomas, p is an
isomorphism and the covering space Staby(D) is simply-connected.

Therefore, for type A,, Staby(D) is precisely the universal cover of h"9 /W . For general
ADE types, showing that Staby(D) is the universal cover requires independently proving
that Staby(D) is simply-connected, which Bridgeland posed as a natural hope.
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