MIXED HODGE THEORY FOR UNITARY LOCAL SYSTEMS
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1. INTRODUCTION TO MIXED HODGE STRUCTURES
We all know the famous Hodge decomposition:

Theorem 1.1 (Hodge Theorem for Kéhler Manifolds). Suppose X is a compact Kéhler manifold.
Then we have a decomposition

HYL(X;C) = EB HPI(X).
p+q=Fk
Moreover, for each p, g, complex conjugate induces a C-linear isomorphism H PUX) — HIP(X).

This theorem motivates the following definition of abstract Hodge structures.

Definition. Suppose V is a finite dimensional R-vector space. A real Hodge structure on V is a direct
sum decomposition of C-vector spaces
Ve = @ %0

P,qEZL
with V&P = Vp.a,
If R is a subring of R, and Vj is a finitely generated free R-module, such that V = Vi ®@g R, then
we say Vg carries an R-Hodge structure.
A morphism of R-Hodge structures is an R-linear map Vg — Wg such that its complexification
sends VP4 to WPH,
Given a real Hodge structure on V', denote

v — @ %8
p+q=k

called the weight k part of V' (note it is not a subspace of V). If Vo = V()| then we say V carries
a weight k real Hodge structure. If moreover V = Vi ®r R, we say Vi carries a weight £ R-Hodge
structure. If R = 7Z, we often omit Z and say V7 carries a weight k& Hodge structure.

If V carries a weight k real Hodge structure, we define the Hodge filtration to be
FPVe = Epvre.

r>p
1



2 MIXED HODGE THEORY FOR UNITARY LOCAL SYSTEMS

It is a decreasing filtration on Vg satisfying Vo = FP @ F4 whenever p + ¢ = k + 1. Conversely, any
decreasing filtration FP on V¢ satisfying this property defines a weight k real Hodge structure on V'
via VP4 = FP N F4, for all p+ q = k.

Suppose V, W are real vector spaces with Hodge structures of weight k., [, respectively. Then we can
define a Hodge filtration on (V ®g W)c by

FP(V@rW)c =Y F™(Ve)@c FP~"(We) C Ve ®c We.

This defines a Hodge structure of weight k£ + 1 on V ®r W. The Hodge filtration
FP(Homg(V, W)c) = {f : Ve = Welf(F"(Ve)) € F*P(We)}

defines a Hodge structure of weight [ — k& on Homg (V, W).

One naturally asks what happens for other geometric objects, for example, quasi-projective varieties.
Then one obtains a so-called mixed Hodge structure.

Let R be a noetherian subring of C, such that R ®z Q is a field (which must be Frac R). Let Vi be
a finite free R-module.

Definition. An R-mixed Hodge structure on Vg consists of two filtrations, an increasing filtration W,
on Vrg,o = VrR®zQ, called the weight filtration, and a decreasing filtration F'® on V¢ = VR®RrC, called
the Hodge filtration, such that F'* induces a pure Hodge structure of weight k on each Gr}" (Vzg,0) =

Wi /W1, i.e. FP(Wj,/Wi_1)c = F”‘(V(Vgglfjf)vgkfl)@ is a Hodge filtration of weight k on (W, /Wi_1)c.

2. MIXED HODGE STRUCTURES ARISING FROM QUASI-PROJECTIVE VARIETIES

In this section, we explain how cohomologies of quasi-projective varieties carry a mixed Hodge
structure.

2.1. Simple Normal Crossing Divisors and Logarithmic Poles. Suppose X is a smooth complex
algebraic variety.

Definition. A normal crossing divisor is a divisor that locally looks like union of coordinate hyper-
planes (and each component has multiplicity 1). A simple normal crossing divisor is a normal crossing
divisor with smooth components.

Let D be a simple normal crossing divisor, and U = X\D.

Definition. A holomorphic differential form on U is said to have logarithmic poles along D if w, dw
have at most poles of order 1 along D.

The holomorphic differential forms on U having logarithmic poles along D constitute a subcomplex
Q% (log D) C j. Q.

If locally D is defined by z; ...z, = 0, with (21,...,2,) a system of local coordinates, then locally
0% (log D) = OX% @D OX%’“ & Oxdzppr ® - ® Oxdzy, and QF (log D) = A* QL (log D).
2.1.1. The two filtrations on the logarithmic complex. The weight filtration on Q% (log D) is defined by

Q2 (log D) AN Q5™ <
Wi Q% (log D) = ;‘( og D) A ms=p
QX(logD)? mZP
The Hodge filtration on Q% (log D) is equal to the trivial filtration, that is,
FP=(0—--—0— Q% (logD) = Q% (log D) — ---).
2.2. Some Quasi-isomorphisms of Complexes.
Theorem 2.1. The followings are quasi-isomorphic (i.e. isomorphic in the derived category):

Proof. Q; is a resolution of Cy, hence Rj.Cy ~ Rj.Qf. By Proposition 3.12 in Audoubert and
Tommasi’s note [AT], Qf; is j.-acyclic, thus Rj.Q}, ~ j.Qf. By Theorem 3.13 in Audoubert and
Tommasi’s note [AT], we have a quasi-isomorphism Q% (log D) — 7.Qg;. O

Now we have
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Lemma 2.2. _ _
H' (X, Q% (log D)) = H'(U,Cyp).
Proof. We have
HF (X, 0% (log D)) 2 HF (X, 1,08
=~ W (RD (7. 08))
=~ h*(RT(Rj.QP))
~ BE(R(T 0 1.)0%))
— WH(RD(Q}))
~ H*(U,Cy).
O

So we can define mixed Hodge structures on H*(U,Cy) by weight and Hodge filtrations on the
complex Q% (log D)).
Suppose D = > D;. For a set I of indices, denote D; = N;crD; (as a regular submanifold of X).

Denote
D, = U DI;D[m]: |_| Dy.

| I|=m [I|=m

Denote a,, : D" — X the canonical map. It is proper with finite fibers.
By the holomorphic Poincare lemma, 2%, is a resolution for Cpm), and hence (a.,)«%,.; is a
resolution for (am,)«Cpm). So

Lemma 2.3. The followings are quasi-isomorphic:
(am)«Cpimi (0), (@m) Q2 m-
If |I| = m, then we have a residue map
Resy : Q% (log D) — Q% (log D(1))[—m)],

defined by (if T = {é1,...im}) dZZJ A A d;ﬂ Aw + w' — w|p,, where o’ is not divisible by d;# A
i1 im i1

c A Lim and D(I) = ,,; Dy N D;.
Remark. Here a choice of the orders of i1, ..., 14,,, is involved. A different choice of the orders can lead

to a sign change of Res;. So to be more rigorous, we introduce the rank 1 local system ¢/ = A" C!
on Dy. Then Resy is in fact a morphism

Q% (log D) — QY (log D(I)) ®c €' [-m).

We also denote €™ to be the disjoint union of these local systems on D™}, Note that in the case D
being a simple normal crossing divisor, the local system €™ is trivial, so we can ignore it. The Res;’s
add up to a morphism

Res,, : Q% (log D) — Q%) (log D(m)) ®c €™ [—m)].
Here D(m) is the divisor on D™ obtained by pulling back D,,; through a,, : DI"™l — X.
Lemma 2.4. The Res;’s induce an isomorphism of complexes of sheaves
Res,, : G,y Q% (log D) = (@m)« Q2 m [—m].
Proof. See [PS08] Lemma 4.6. O
So the following are quasi-isomorphic:
GTYXQS{(IOg D), (am)«Qpmi [=m], (am)«C pimi [-m]
This allows us to compute the cohomology sheaves of Grnwf 0% (log D):

(am)*(CD[m], 1= m,

hi(Grn“{Q;((log D)) = bt ((am)+C pimi [-m]) = {0 i m,
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By induction on m, one has

7 (Win Q% (log D)) = {((fi)*cmm ?>§ TZrLS "
where 0 < m < dim¢ X. In particular, take m = dim¢ X, we get

h'(Q% (log D)) 2 (a;)+Cp, 0 < i < dime X.
2.3. The Hodge-de Rham Complex of (X, D).

Definition. Let (K*,dk) be a bounded below differential complex of objects in some abelian category.

o The trivial filtration on K* is the decreasing filtration o2,

o2 :={0—0— - —0— KP — KPT1 — 1
e The canonical filtration on K*® is the increasing filtration 7<,
T<p i ={K’ — K' — ... — K?"! — kerd}, — ... }.
The associated graded is
Grp*(K*)={0—0— - — 0 — KP ! /kerdy. ' — kerd?, — ... }.
There is a canonical map
Grp~ (K*) — hP(K*®)[-p],
which is a quasi-isomorphism. Consequently,
hP(Grp= (K*)) = hP(K*).

If K* — L*® is a quasi-isomorphism, then the filtered morphism (K°®,7<) — (L*®,7<) is a filtered

quasi-isomorphism, i.e.
Gr,= (K*) — Gr,~(L*)

is a quasi-isomorphism for every p.

We apply this to the logarithmic de Rham complex. The inclusion

(2% (log D), 7<) — (2% (log D), W)
is a filtered morphism, because by definition W,,,Q% (log D) = QX (log D) for m > p. In fact it is a
filtered quasi-isomorphism, since Gry; (2% (log D)) has cohomology only in degree m and
h™(Grys (2% (log D))) = h™(Q% (log D)) 2 h™(Gr”Y Q% (log D)).
Moreover,
Q% (log D) =5 4.0k = (2% (log D), 7<) = (2%, 7<),
and ) .
(7%, T<) 3 (R Q%+, 7<)~ (R®jCxx, 7<).

Definition. Let X be a compact complex manifold with Kéhler metric, and D C X a divisor with
normal crossings. The Hodge-de Rham complex KY,(X log D) associated to the couple (X, D) is the
triple:

(1) R®julix~ = j*C:dm(ZX*);

(2) (R*jQx~, 7<) with the natural map

a: R Zx+ Rz, Qx 225 R*5.Qx-,

which is a quasi-isomorphism of complexes of sheaves;
(3) (2% (log D), W, F) with F = 0=, and the following chain 3 of filtered quasi-isomorphisms:

(RjQu, 7<) ®gx Cx

|

(Q;((logD)vTS) (Rj*(CUvTS)

L~ |

(2% (log D), W) (G820, 7<) —— (Rj.Qp, 7<)
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Verdier, following Grothendieck, writes (3) as
B (R.j*QX*vTS) ®0x Cx = (Q;((IOgD)7 W)?

considering § as an isomorphism in the derived category of bounded below filtered complexes of sheaves
of complex vector spaces (it is not in general a map of sheaves).

Remark. There is a strong analogy between the definition of the Hodge-de Rham complex and the
general definition of a mixed Hodge structure: (1) is analogous to the choice of the lattice, (2) to the
rational weight filtration, and (3) to the Hodge filtration. In fact, K}, (X log D) is what is called a
mixed Hodge complex of sheaves.

All maps considered in K%, (X log D) are filtered morphisms. Hence they induce morphisms on the
associated graded, preserving the same properties. In this way we obtain for every m the triple

(Groi R*juZx+, (Gry, Q% (log D), F), Grm(B)),
where
Crm(B) : Gros R*juZix+ Rz, Cx — Grl¥ Q% (log D).
Now consider the action of the Poincaré residue map on this triple. We have
H™(Grps R®5.Cx+) = H™(R*j.Cx+) = R™j,Cx-.
We already know
R™j.Cx- = H™(X, Q% (log D)) = H™ (X, Gr}¥ Q% (log D)) Reom, (am)«Cpim.

q.i.s.
At the integer level we have:
R™j,.Cy = h™(Q%(logD)) = K™(GrY Q% (logD)) —=" 5 (am)yCpim
R™j.Zy = (55)"(am)+ Zpim
The latter sheaf is the (—m)-th Tate twist of (., )+Z pimi:
1 m
m)«Lpim) (— =\ m )« Lpim] -
(@)t (=) 1= (32) ().t
We now verify the commutativity of the diagram locally. Choose coordinates (21, ..., 2,) satisfying
the usual condition (%) near a point € D. For m = 1:
dz; dzg,

(le*(cX*>3: = Hl((A*)k « An—’f’(C) = CZ D --- GBCZ’

(R'juZx-), = H' (A" x A", 7).
The first homology group is
Hl((A*)k % Anfk’Z) — Z"Yl DD Z’)/ka

where +y; is a loop around the origin in A; = {|z;| < €}. By the residue formula,

dz; .
/ = = o,
vj %j
dZ]'

Hence the classes {ﬁ TSk represent integral cohomology classes; they form the dual basis over
J =L...

Z of v1,...,7. This proves the claim for m = 1.
For general m the argument is analogous. The Poincaré residue map induces a quasi-isomorphism

Res,, : Groy (R*juZx+) — (am)«Z pim [—m](—m).
Consequently we obtain an isomorphism
Res,, : (GrTVZQ}(logD),F) = ((am)*Qb[m] [—m], F[—m])
Moreover, Res,, also gives a map corresponding to Gr,,(8), because

Res,,

(@m)«Zpim [=m](=m) @z, Cx = (am)«Cpim [=m] == (am)«Qpm [=m].
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Summarizing, the Poincaré residue map gives a map of triples

(Grris R®jZx-, (Gry, Q% (log D), F), Gry,(B))

Res.,

e

((@m)sZpim[=m)(=m), (@m)+ Qi [~m], Fl=m]), Cpm[0] £ Q3y0y),

consisting of maps that are isomorphisms in the derived category.

2.4. The Theory of Deligne. The general theory of Deligne deals with a complex K*® endowed with
two filtrations W and F'. It considers the spectral sequence associated to the filtered complex (K*, W)
and investigates how the filtration F' induces a filtration there. This study reveals abstract properties
ensuring that various hypercohomology groups of a mixed Hodge complex of sheaves yield a mixed
Hodge structure. A general principle is then as follows: In order to get a mixed Hodge structure on
hypercohomology of some geometric object, it suffices to construct a suitable mixed Hodge complex of
sheaves on this object.

2.4.1. Integral Hodge complex of sheaves. We will see now that the structures naturally arisen in the
previous section are special cases of more general concepts.

Definition ([AT], [PS08]). A Z-Hodge complex of weight m is the given of the following:

(1) A bounded below complex of Z-modules K3 such that rank H*(K3) < oo for all k.
(2) A bounded below complex K¢ of C-vector spaces equipped with a decreasing filtration F' and
a comparison morphism
a: K; ®;,C - K¢,
which is an isomorphism in the derived category.
The data (K7, (K2, F)) have moreover to satisfy the following condition, called Hodge completion
axiom:
(HC) (i) Yk >0, (H*(K3), (H*(KQ), F)) is an integral Hodge structure of weight k + m.
(ii) the spectral sequence of (K¢, F') degenerates at 4 (equivalently, the differential of the complex
K¢ is strictly compatible with the filtration F).

Definition ([AT], [PS08]). A Z-Hodge complex of sheaves on X of weight m, where X is a topological
space, is the given of the following:

(1) A bounded below complex K3 of sheaves of Z-modules on X, such that rank H* (X, K3) < oo
for all k.

(2) A bounded below complex K2 of sheaves of C-vector spaces, equipped with a decreasing
filtration F' and a comparison morphism

a: Ky ®,Cx L)K(E,
which is an isomorphism in the derived category.
The data (K7, (K2, F')) have to satisfy the following condition (Hodge completion axiom for complexes
of sheaves):
(HCS) (i) (H*(X, K2), (H*(X, K2), F)) is an integral Hodge structure of weight &k + m.
(ii) the spectral sequence of (RI'(X, KQ), F') degenerates at E.

Remark. There is a natural relation between the two definitions:
(K3, (K2, F),a) "% (RD(X, K3), (RD(X, K&), F), RT(X, a))

because, by definition, H* (X, K3) = HFRI(X, K2), K& = C2y (K&) and RT(X, K&) = T'(X, C2y,, (KQ)).
Here I'(X, C2,,.(—)) is an exact functor. Then RI'(X, KQ) is filtered by RI'(X, FPKQ).

cdm

Remark. As in the case of mixed Hodge structures, we can define Q- (respectively, R- or C-) Hodge
complexes and complexes of sheaves by substituting Z in the definition with Q (respectively, R or C).

Example. Let X be a complex compact Kéhler manifold. The Hodge-de Rham complex of sheaves
on X is defined by

Kbr(X) = (Zx[0], (2%, 0%),Cx[0] = Q%).
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(The inclusion Cx[0] < QY% is a quasi-isomorphism by the holomorphic Poincaré lemma.) K%, ,(X) is
a Z-Hodge complex of sheaves of weight 0. Let us verify the axiom (HCS).
We have to prove that the filtration

FPHM(X, Q%) = im(H*(X, 02 Q%) — HF (X, Q%))
is a Hodge filtration on H¥(X,Q%). Consider the spectral sequence of (RT'(X,Q%),02):
Bp = HPH(X, Gr” %) = HPYO(X, Ok [p]) = HO(X, %) = HP(X),
EP? = GryHPY(X, Q%) = Gry HpW (X, C).

As a consequence,
Z dim FP? = Z dim H?%(X) = dim¢ H (X, C) = Z dim 5.
pta=Fk p+q=k pta=k

This implies that F; and E., have the same dimension; hence the spectral sequence degenerates at
E;. This is equivalent to the map H*(X,02PQ%) — H¥(X, Q%) being injective Vk. (See Lemma 4.13
below.)

Proposition 2.5. Let (K*, F,d) be a bounded below complex with differential d : K* — K**! and
a decreasing filtration F'. The following are equivalent:

(1) the spectral sequence degenerates at Ff;
(2) the map H*(FPK*®) — H¥(K*) is injective for all k;
(3) d is strictly compatible with the filtration F.

Definition. Let K£* = (K3, (K2, F), o) be a Z-Hodge complex of sheaves of weight m on X. Then for
all n € Z we define the n-th Tate twist of X*,

K*(n) = (K%(n), (K&, Fn]), a)
by taking K3 (n) := (27i)"K3 and the usual shifted filtration (F[n])? = FP*"™. The effect of the Tate
twist on the hypercohomology is

H (X, K&(n)) = HY(X, K¢)(n) = H*(X, K2) ®c C(n),

where C(n) := (27i)"C is the Tate-Hodge structure on C of weight —2n. Thus K*(n) is a Z-Hodge
complex of sheaves of weight m — 2n.

Definition. Let K* = (K}, (K2, F), ) be a Z-Hodge complex of sheaves of weight m on X. Then for
all r € Z we define the shift of ® by r as

Ke[r] = (Kzlr, (Kelr], F), o).
In this case HF (X, K3[r]) = HF" (X, K3) and K°[r] is a Z-Hodge complex of sheaves of weight m + 7.
2.4.2. Integral mized Hodge complex of sheaves.

Definition ([AT], [PS08]). A mixed Z-Hodge complex is the given of the following:

(1) A bounded below complex of Z-modules K7, with rank H*(K3) < co.
(2) A bounded below complex Kg of Q-vector spaces equipped with an increasing filtration W
and a comparison morphism

o Ky ®2Q — K3,

which is an isomorphism in the derived category.
(3) A bounded below complex K& of C-vector spaces equipped with an increasing filtration W, a
decreasing filtration F' and a comparison morphism

B:(KgW)®qC = (K&, W),
which is a map in the derived category such that for all m the induced map
Gryy (8) : Gry) (K3) ®g C — Gy (K2)

is an isomorphism in the derived category.
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The data (K2, (Kg, W), a, (K¢, W, F), 3) have moreover to satisfy the following condition:
(x) ¥m, (G, (K§), (Gry, (K&),F), Gry, (8))
is a Q-Hodge complex of weight m.
Definition ([AT], [PS08]). A mixed Z-Hodge complex of sheaves on a topological space X is the given

of the following:
(1) A bounded below complex K3 of sheaves of Z-modules on X, such that rank H* (X, K3) < ooc.
(2) A bounded below complex K§ of sheaves of Q-vector spaces on X equipped with an increasing
filtration W, and a comparison morphism
a: K Q7 Qx = K@,
which is an isomorphism in the derived category.
(3) A bounded below complex K¢ of sheaves of C-vector spaces on X equipped with an increasing
filtration W, a decreasing filtration F' and a comparison morphism
B (K@’ W) ®x Cx - (K(.IvW)7
which is a map in the derived category such that for all m the induced map
Grp (B) : Gryy (KG) ®ox Cx — Gryy (K2)
is an isomorphism in the derived category.
The data (K3, (Kg, W), a, (K&, W, F'), B) have moreover to satisfy the following condition:

(#%) Vm, (Gry (Kg), (Gryy (K&), F), Gy (8))
is a Q-Hodge complex of sheaves of weight m.
Example. Let X be a compact K&hler manifold, and D C X a normal crossing divisor. Then the
Hodge-de Rham complex associated to (X, D) is
K r(Xlog D) = (R*j.Zx~, (R*j«Qx~, 7<), a, (2% (log D), W, F), B),

where X* = X — D and j : X* — X. As was shown in Section 3.1, the Poincaré residue map gives a
map of triples:
(Groy R®*5.Qx-, (GrlY Q% (log D), F), Gr,,,(8))

lReSm

((am)«Qpim [=m)(=m), (am)« Qi [=m], F[=ml]), Cpm [0] = Q)
constituted by maps that are isomorphisms in the derived category. By Deligne’s results, the collection

(Qp [0], (2% [0], F), Cpimi [0] = Q%001)

is a Q-Hodge complex of sheaves of weight 0. (Recall that D™ is compact Kéhler.) This implies that
Gr,v,‘{lC'DR(X log D) is a Q-Hodge complex of sheaves of weight —m + 2m = m.

2.4.3. The fundamental theorem of Deligne.

Theorem 2.6 (Deligne, Fundamental Theorem). Let (K7, (Kg, W), o, (K2, W, F), 8) be a mixed Z-
Hodge complex of sheaves on a topological space X. Set

K3 :=RI(X,K3), K§:=RI(X,K3), Kg:=RI(X,K),

and denote again by F,W the induced filtrations and by «, the induced comparison morphisms.
Then we have:
(1) The triple (K7, (Kg, W), «a, (K¢, W, F), ) is a mixed Z-Hodge complex.
(2) The filtrations Dec W, defined as W k] on the cohomology in degree k, and F' induce a mixed
Hodge structure on H*(X, K3). In fact we can say:
(a) The filtration W[k] on HF(X, K¢§) and the filtration induced by F' on H* (X, K?) define
a mixed Hodge structure on H¥ (X, K3).
(b) The first differential of the spectral sequence associated to (RI'(X,Kg), W) is strictly
compatible with the filtration induced by F' on E; (RI'(X, Kg), W).
(c) The spectral sequence E,(RI'(X,Kg), W) degenerates at Es.



MIXED HODGE THEORY FOR UNITARY LOCAL SYSTEMS 9

(d) The spectral sequence pE, associated to (RIT'(X,K2), F),
pEPY = HPT(X, G K) = HPT(X, KR),
degenerates at pFE;. Equivalently,
HF (X, FPES) — HF (X, K2
is always injective, and Grh.H*(X, K&) = H* (X, Grf.LL).
(e) The spectral sequence E,(GrRI'(X,K2), W) degenerates at Es.

(3) Any morphism of mixed Hodge complexes of sheaves on X induces a morphism of mixed Hodge
structures on the hypercohomology groups.

If we apply the theorem to K% (X log D), then we get the mixed Hodge structures on each H*(U).

2.4.4. A useful lemma.

Lemma 2.7 ([PS08] Lemma A.42). Let (K°, F) be a differential complex equipped with a biregular
filtration. Then the following are equivalent:

(1) the differential di of K* is strictly compatible with F', i.e., Vp, n,
dg (FP(K™)) = Im(dg) N FP(K™ ).
(2) Vp,n, the sequence
0 — H"(FP(K)) — H"(K) - H"(K/FPK) — 0

is exact.
(3) the spectral sequence F,.(K®, F) degenerates at Fj.

3. MixED HODGE THEORY FOR UNITARY LOCAL SYSTEMS

Let X be a compact Kahler manifold with simple normal crossing divisor D, U = X — D, V a
unitary local system on U. That is, V' is a complex local system on U endowed with a Hermitian inner
product V ® V — C. Denote D,, = union of m-fold intersections of irreducible components of D,
D™ = normalization of D,,. Denote a,, : D™ — X, and let D(m) = a,}(Dy+1). We want to
construct a mixed Hodge structure on the cohomologies H*(U, V). We will follow [Tim&7].

First we want to replace Q% (log D) in the previous case by “Q% (log D) ®c V”, but since V' is only
a local system on U, this needs some careful construction. Luckily, this was explained in [Del70)].

3.1. Canonical Extensions of Local Systems. The goal of this subsection is to construct an ex-
tension of V' to a holomorphic vector bundle with connection (M, V) on X, with at most logarithmic
poles along D. This extension we are going to construct is called the canonical extension of V.

We first consider a local model, that is, assume that X is a polydisc A"T™ with coordinates
(#1,. -+, Zn+m) and that

D={z- 2z, =0}, X" =(A")" x A™,

The fundamental group m1(X*) = Z" is generated by loops «; around {z; = 0}. Let T; be the
monodromy transformation of V' along ~;. The T; commute.

3.1.1. Canonical extension for a unipotent local system. Assume first that all T; are unipotent. Then

we can define ) ) 1
U=-—=—logTy=— > —(I-T)"
PT T 08 2m;k( i)

Set M to be the trivial vector bundle C" x X (where r = rk V) with the connection

V:d+2n:Uidzi.

2
=1 v

This connection is integrable because the U; commute. Its horizontal sections are

exp (— Z(log zl)Ul> -,

i=1
which are single-valued on the universal cover and, due to nilpotence, are polynomials in the log z;.
In particular they grow at most like (log ||z|)* near D. Hence M extends V (the restriction to X* is
isomorphic to the original bundle) and has a logarithmic pole along D.
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3.1.2. General case. Let A = (A1,...,\,) be a tuple of complex numbers, regarded as a representation
A:m(U) — C*. Let Uy be the rank 1 local system on X* with monodromy \; around ~;. Its canonical

extension (which is just a line bundle) can be chosen as follows: pick a determination of the logarithm,
say log, (r) = 27iT (5% log(x)) with 7 a section of C — C/Z (we may choose 7 so that 0 < R(7) < 1).

21

Set o; = 2%” log. A;. Then the connection

d—zazdzzv

defines a line bundle £y on X with logarithmic poles. This is the canonical extension of U,.
Now any local system V' admits a unique decomposition into generalized eigenspaces of the com-
muting monodromies:
V= @ Uy ®Vy,

A
where V), is a unipotent local system (all eigenvalues 1). Applying the unipotent construction to each
V, we obtain vector bundles with flat connections (M, V) extending V). The canonical extension
of V is defined to be

M= @ Ly ® M.
A

The extension is unique in the following sense: if two extensions M; and My of V' to X satisfy that
the horizontal sections (and their duals) have at most logarithmic growth (i.e. O((log ||z||)¥)), then the
identity map on X* extends to an isomorphism M; =2 Ms. This is proved by comparing the identity
map as a section of Hom(M7y, Ms): the growth condition forces it to be holomorphic across D. For
details, see [Del70] Section I1.5. Now since the construction is local (on coordinate charts where D is
a union of coordinate hyperplanes), the uniqueness allows us to glue the local extensions to a global
one on X. Therefore the canonical extension exists globally.

With the canonical extensions, one can define

Definition (Hodge filtration on Q% (log D) ®p, M). FPQ% (log D) ®0, M is given by
0= —=0—Q%(logD) ®o, M— -+ = Q%(logD) oy M —0— - .
But the definition of weight filtrations needs more preliminary constructions.

3.2. Poincare Residues. Define
Vin = 3.V

Dy \Dpmt1-

Proposition 3.1. (i) V,, is a unitary local system on D, \Dy41.
(ii) There exists a unique sub-vector bundle M,, of af M and a unique holomorphic integrable
connection V,, on M,, with logarithmic poles along D(m) such that

kerV o | pimi\ D(m) = G Vin-
(iii) On D™ (M,,, V,,) is the canonical extension of a'V,.
(iv) There exists a unique sub-vector bundle M%, of a}, M with
ap, M =M, & M,
such that for any 2 € D™\ D(m),
Mie = an ({0 € Mo, (@) : (0,7) = 0,57 € (5:V)a,(a) })-

Proof. The Hermitian form on 7,V is inherited from the one on V. So for (1) it suffices to show V,,
is a local system on D,,\D;,+1. The uniqueness assertions in (2), (4) are clear, so it suffices to prove
the proposition locally, that is, for X = A", D =7 *(0)U--- U5 (0). Denote D; = 7T;1<0). Denote
by T; the monodromy operator along the loop that encircles D;. Since 71 (X\D) is abelian, and V is

unitary, we can diagonalize all T; simultaneously. So we have

,
Vix\p = @Vib(\m

i=1

with all V* being rank 1 local systems. Suppose T} acts on V¢ by v;; € C*, then |;;| = 1. If some
vi; = 1, then T} acts by id on Vi, and we can extend the local system V* over D;.
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By construction of the canonical extension, we have

T

(M, V) = @(Mlv vi)v
i=1
where (M?, V?) is the canonical extension of V.

(i) Let us consider the local behaviour of j,V* near y € D,,\D,,11. Suppose y € D;, N---ND;, .
Take a small neighbourhood A, of ¥, so that

Ay\D o~ (A*)Tn X A'Il—m.

Then
y % i (C7 T g 7T‘7n act by identity, i,e, "yi7* = .. = 'yi, i = O
(1) VYA, =VI(A\D) = g i i j
0, else.
So
Vﬂl‘Ay = j*V|(DnL\Dm+1)ﬂAy = @j*vi|(Dm\D7,L+1)ﬂAy
i=1
is a constant sheaf, and V,;, is a local system.
(i) By (1) we can write
Vm = @ j*VZ‘(Dm\Dm+1)'
1<i<lr
’Yzﬂ,jlz"':’n,jm:1
Thus
(am' Vi)l D \D() = @' ( D 3V (0 \D())-
1<i<r
Vi1 =" =Yi,gm =1

So we define

Mm‘DJ = a’;kn( @ Mi|DJ)'

1<i<r
Visg1 = Vi gm =1

The connection V¢ on M? has logarithmic singularities along D; (with 7;; # 1). So the connetion V,,
on M,, induced by the V¥’s has logarithmic singularities along D(.J). By construction,

kerV | pner) = (@ Vi) DA D)
(iii) is clear from (ii).
(iv) Suppose = € D; C DI, Then we have
{U € Mam(ac) : (Uv T) = OaVT € (J*V)am(ac)} = @ fzm(a:)’

1<i<lr
Vi,j, 71 for some [

So define 4
M’tﬂlDJ = a:n( @ Mz‘DJ)'

1<i<r
Vi,j, #1 for some [

g
Now we define Res,;, (M) : Q% (log D) ®oy M = (am)«(5m (log D(m))®0 . Mm,,) as the compo-
sition
Q% (log D) @0 M = (am)« Q71 (log D(m)) ®o M
= (am)*(QqD_[Z]L(logD(m)) QO i) M)
= (am )« (2% (log D(m)) @0 () Mim)-
Lemma 3.2. Res;,(M)oV = V,, oRes,,(M).
Definition (Weight filtration on Q% (log D) ® 0, M). For m < 0, set W,,, (2% (log D) ®0, M) = 0.
For m > 0, define
Wi (2% (log D) @, M) := ker Respy41(M).



12 MIXED HODGE THEORY FOR UNITARY LOCAL SYSTEMS

From the preceding, we clearly have the following local description of W,, (2% (log D) ® M) for a
local system of rank 1: If A C X is a polycylinder with coordinates z1,...,z, such that D N A is
given by 21 ---2, = 0, and if T} is the monodromy transformation of V|a\p around {z; = 0}, then
Wi (Q% (log D) ® M)|a is generated over Oa by Q% ® M|a and by all terms of the form

% A A dzjk
Zj1 2
where p e (A, M), k<gq, 1 <j1 < -+ <jp<8<jry1 <--<jg<m, and for at most m indices
k with 1 < k < k we have Tj, = 1.

Ndzj o N Ndzj, @ p

3.3. Quasi-isomorphisms of Complexes.

Proposition 3.3. Res,, (M) induces an isomorphism
Gryyy (2% (log D) @0y M) 2 (am )« (R (M) [=m].
Proposition 3.4. The inclusion map
(2% (log D), 7<) — (% (log D), W)
is a filtered quasi-isomorphism.
Proposition 3.5. Q% (log D) ® M ~ Rj,V.
Proof. V admits a resolution Qf; @c V = Qf, @0, M|y. So Rj.V ~ Rj. (2} o, M|u) =~ j.(Q @0,

M|y). By [Del70] Chapter II, Corollary 3.14, we have a quasi-isomorphism Q% (log D) @ M —
3+ @0, Mlv). O

Proposition 3.6. For any m, Gr¥ (2% (log D)®M) and R™j,V[—m] are quasi-isomorphic. Moreover,
R™§.V 2 (jm)«Vin, where jp, : Dip\Dpy1 — X.

Proof. Here we only prove the first statement. We have Gr!” (Q% (log D) ® M) ~ Gr.5 (9% (log D) ®
M) ~ ™ ((Q% (log D) ® M))[—m] = R™j,V[—m)]. O

In particular, taking m = 0 we see Q% (M) := WyQ% (log D) and j.V are quasi-isomorphic.
By the results above, the following are quasi-isomorphic:
Gryy, (% (log D) @0y M), (an)s (o (M) [=m0], R 5.V [=1m], (jum) « Vi [=].

If we consider A-structures, with A C C noetherian such that A ®z Q is a field, and assume V is
A-unitary, that is, V' is induced from an A-local system V4 with symmetric positive-definite bilinear
form (,)4 by V = V4 ®4 C, with Hermitian inner product given by (v ® c,w ® ¢’) = c¢c/(v,w) 4. Then
V. are all A-unitary, and

Lemma 3.7. The isomorphism R™j.V — (jm)«Vm maps R™j.Vagg to
(Jm)« Vi, a00(—m) = (27)) ™™ (jm)+Vim, 480 C (Jm)+Vim.

3.4. Pure Hodge Structure on H*(X,4.V). Denote by F'* the Hodge filtration on H*(X, 5.V, in-
duced by the Hodge filtration on Q% (M). Let F'® be the lift under the conjugation map H*(X, j.V) —
H"*(X,7,VV) of the Hodge filtration on H*(X,j,V"), and let

HPY(X,5,V):= (FP N FP)HP" (X, j.V).
Theorem 3.8. Let X be a compact Kédhler manifold, D C X a simple normal crossing divisor,

U:=X\D, j:U < X the inclusion map, V' a unitary local system on U, M the canonical extension
of V.

(i) The spectral sequence
EPT = HI(X, Q% (M) = HPMI(X,j.V)
degenerates at Fj.

(ii) The maps H?9(X,j,V) — HI(X, % (M)) are isomorphisms, and

HY(X,1.V)= @ H"(X,j.V).
p+q=k
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(iii) The conjugation map induces conjugate linear isomorphisms
HY(X, Q5 (M) = HP (X, Q% (V)
where N is the canonical extension of V'V,

3.5. Mixed Hodge Structure on H*(U,V). Now we can finally tackle our main problem for this
section. Let us first define the Hodge and weight filtrations on H*(U,V):

Definition.
FPHMU,V) := im (H*(X, F?(Q% (log D) ® M)) — H* (X, Q% (log D) ® M) = H*(U,V));
For the weight filtration, one uses a shift by k:
Wt HY (U, V) == im (H" (X, W,,, (2% (log D) ® M)) — H* (X, Q% (log D) ® M) = H*(U,V)).

The following lemma is an immediate consequence of the definitions and the description of the
weight filtration on Q% (log D) ® M:

Lemma 3.9. (i) W;H*(U,V) =0 fori < k.

(ii) W H*(U,V) = im(H* (X, j,V) — H*(U,V)).

(iii) Let mg be the largest m € N such that there exist 2 € X and m local components of D through
x such that the monodromy of V' around these components has an eigenvalue 1. Then

Wismo HE(U, V) = H*(U,V).
We now assume that V' is A-unitary with A C R. Our aim is to prove:

Theorem 3.10. Let X be a compact Kédhler manifold, D C X a simple normal crossing divisor,
U:=X\D. Let V be an A-unitary local system on U, with a subring A C R. Then the Hodge and
weight filtrations on H*(U, V) give a mixed Hodge structure on H*(U, V).

By Theorem 2.6, it suffices to show

Proposition 3.11.
(Rj*VAv (Rj*VA(XJQ’ T)’ (Q;((l()g D) @M, F*, W.))
is a mixed A-Hodge complex of sheaves.
Proof. We have (Rj.Vagg, 7<) ® C = (Rj. Ve, 7<) ~ (2% (log D) @ M, 7<) ~ (2% (log D) @ M, W,).
So it remains to show that
(G (RjVagg), (Gryy (2% (log D) @ M), F*®))

is an A ® Q-Hodge complex of weight m, i.e. the spectral sequence associated to the filtration of the
second complex degenerates at F1, and the induced filtration on

HF (X, G} (Q% (log D) ® M)) = HF (X, Grriy (Rj.Vaga)) ® C

defines a pure A ® Q-Hodge structure of weight m + k on H¥(Gr}, (Rj.Vagq))-
We have
Grr: (RjiVago) = R™5.Vase[=m] = (jm)«Vin, axg(—m)[~m].
For the second complex, we use the isomorphism in Proposition 3.3:
Gryy, (5 (log D) @05 M) 2= () () (M) [=m]

(GrlY (2% (log D) ® M), F*) 2o,

where F'* (Q;:)[ml (M,,)) is given by

()« (Qpm (M), F*) [-m],

FP(Q0 (M) = {0’ atm<p

(Mm)a qg+m=>p.

Hence we have to show that

((jm)*vm,A@@(m)[mL (@) (@ <Mm>>,F°)[m])
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is an A ® Q-Hodge complex of weight m. This follows if

((jmnvm,A@@, (@) (3 (M), F'))

(with F'* the usual Hodge filtration) is an A ® Q-Hodge complex of weight 0. Write (jim )+« Vin,ag0 =
(am)s (Gm) s« (@m) ™ Vin, agg, Where jp, : D™\ D(m) — DI™l. Then it suffices to show

<Gm)*(am)lvm,A®Qv (Q;D[m] (Mm)a F.)>

is an A ® Q-Hodge complex of weight 0. But this just follows from Theorem 3.8, applied to D" and
the local system (a,,) ™' Vin 420 O
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