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s 0
.

Motivation ingularitfroms ytheory

f : G
*

,0 I s ( 6 , . 0 ) agermofholom .fenc .wlcniticalvalue6 t

Choose O < S《 《 l
,
then

X = {NKEIMf " ID)xf
"

io 3s

Milnor 1968 ↓ f* D = { t 1< 8 }D
*
= D \ { 0→

f ; x
*
→ D

*
is a smooth fibration

I up to homotopy , deteomined by

Ffiben & monodromy topologofffical invariants)

I at the cohomology level

L F .CS T&EAut( HP( F , C ) ]
冏

B RfxGxxonDx ( Cohomological Milnor fibratioulHwcalsystem
Riemaun-Hilbentcrvespondence

vector bundle HP = HDOp*+ flatconnection7 1 Topological Gauss - Manin comnection ]

If 0 is am isolatedsingularityoffExample;

thea the singular fiber Xo is homeomouphic to a coue over O ,

F is homotopic to a bouquet ofspheresmd O ;
Ouifi#spheresdim H" (

F

, 6
)
= rankoH

"
: dimcOx. 01it

NotethatextendedtoanbeH " →rDH
.

H
-fxRx1 /difxrxl")

> Ip ④
"

H
= fxRi

"

/dtndltxR] ( Brieskoon lattice
)

(Rx= */dfr)
I I - dtJan (Algebraic Gauss -Mamin cobnection 了

where
'se' tecvenlocallyfreeoverDherentofrankmifitr

are both
π T

Noutrivial !

o is an isolatedsingularityuet ,



Ia particular ,
when f is homogeneous of degreed ;

Let 号 : ixidxon - ndxin - ndxn .
Then fdx : df n 号

Nakayama
so locallyat o→ dfi

'

ge l
.
t .

"

atapasisand a o -ofy
"

Holdfn 't. ≈ Ox
.
o/Tt is an 49t 3 - basis of

"

H
.

Choose monomial basis HofOxo1iathe

Then
"

H
.

= EStTx ^dx, " Ho -aEStlxmg ,

and dfrxng = f - xmdx
,

X
“

EA

definition
, 7 isgivenby

xms :dtlo ami )xMIII

In particular , T is semisimplewitheigenvalues ( exp1 -2 πi
"

ami+' | XMEA 了

on - isolated casesaremackmorecomplicated, Westill focus on homogeneous

singularities .

In this case ,
we have the affine Milnor fibration

Gm
+
as Gm

*

t" : 0

↓ f ↓ f

C 190PC→ C

which is diffeomorphic to the Milmorfibrationiber

So the Milnon fiber F ic todiffeomorphic f" " 7
, whichadmits a cylic

cover of degree d = deg f to the hypersurtace complement 1p
"

1 9 f = 0 )
,

EM(H1)

wichucomsinatorial structare
case : hyperplane arrangements ( f : TLit ,Lilinearsplest.

%

H = { Hi = { li = 03 } + α



S 1 .

Combinatorics of hyperplane arrangements

The combinatorial data of 21 consists of ;

, a finite set I ( 21 ) = { intersections of hyperplanesin211

, a partial order reverse inclusion : X YYEX

admitting least upper bounds LjoinJ XVY = XMY

& greatest lower bounds ( meet ) XnY = M H

HYcH
for each pair ( X , Y

) inthh set
,
and

a rank fuactionstdmittingo taking value in IN r ( Z ) = codiomz

" > ×< Y ⇒ r ( x 3 ← r ( Y ) ; ② ) r ( x ] < r ( Y ) - 1 3 雪 2
.
X < 2 SY

such forms a ranked lattice
,
called the intersection latticeofah

Prop ; rk ( X ) + rk ( Y ) ≥ rk ( XwY ) + rK ( X ^ Y )
.
EX .
YEL (LJ

For a hyperplane arrangement t in p"
,
its defining equations fomm a point

configuration inP(GJr1 ms A matroid

This gives rise to :

=
rank ofS

. dependent EH St. NMHL #-codimaySSHE S

. independant :-
- …

…

. circuit : minimadependent

. closed ; ≤ tlat IMCI 1 C1 - 1 ⇒CEranycircuitfF
so - called "flats

"

. 1 - 1 corraspondencewithelements (M H ) in ((l )
HEF

F < G ☆FCG ,
FuG = closure of FoG

, FrG = FnG

Any one of them determines L ( 21 )
,
vice versa

,



Mobinsfunction : μ : L ( H ) → R , μ ( 1 p^ ) = O
, x µ ( Y ) = 0

,
θ x > 1p

”

Characteristic polynomial X ( t 1
=

2Elan) μ
M / 2 ) th

+ … …12 )

2alu15
y μ ( 2 )-t

) ↑ 12
)

: n +
" x - E )t)Poincare polynomialπilts

Reduced ones : xa t …

,
x"

=岳一

. For real 1
, ( 11 , AI ( - 13 count # of regious

"

Example : A 3
l.

L5

3

Lo generic
P5

l4
p。

尼 ∅ rank 多

L 3
P
。 > B

,

L , 红 P , Pr P
; Pe Pr Po P, rank 2

↑ ∞
V

ls = l ,
l lz l , lx 1516 rank 1

lo 15 le

l 3
/P

2

ranko

lz

cirouits : { 1 . 2
. 33

,

93 ,
4

.
5 ?

.
S 315, 6

. { 2 ,
4

. 63

XA 3
( t ) = ( t - 1 ( t - 2 ) ( t - 31 ,

πAs (t ) = 11 + t ) ( 1 + 2t ) ( 1 + 3 t 1

= 12 = # of conn , compoments ! = 2 - #boundedegionin
-

. ( - 1 )



Q : Which topological invariantearedetermined byLIHL' MIHI =
P

". 'H )

Nontrivial 1 !Since "moduliof21 with certain Lltl )
"

is mot connected !

T 、 CMIHX Rybnikou 1994

local ( co ) homology group structure of G

HIM (H ) , L ) ? ☆ LCS quotiemts
graG x

LlocalsysteorK-ank, EBJ 202 O
with mowndrommy 2

variation
of 子

LCSranks
Characteristic varieties Chem groups

①
.
( G ) √

VIG
, lk

了
? gra ( G/G

”

了 ?
Need a formula

Arapura 1997 AFRS 2024

Resomamce varieties π ,
lM ( H ) )DQV

R* (G , 1K ) N ←

Alexander matrices

H ( M ( H )
, R ) √

MI2l )isBrieskorn1973 - a formal space
O- lik & Solomon 1980

igher homotopy TMIMIHLI 3 )InCMIl)Qipropertyy" V

Notion :

lower central sevies
Giveon agooup G

,γ . 1 G )
=

G. AK ( G ) = [KILG ) ,
G ],gr . G=KG

8k + lG ]

and GDQ = 。 graG equipped with commutators as the lie bracket .



S 2 .
Combinatorial description of H

*

IMI21 ) , 卫 ]

We first state the conclusion ; I Always assurmethat1 +① ! )

Def : H = 9 H , … .HiSor in
p

" ,denoteby : *re :J : E
*

(2 )

For any S
: ( Hi ,

'

…

. H . ICl li , -csal
,

denote by es : li , … Nlin EEK

Define :

2 : E → E
.
aes = "i"ei . n - nen-neisradedderivation

I (2 l ) =theidealgenerated by (zes 1sdependentlik- Solomon ideal

Orlik . Solomon algebra OS
*

( 21 ) = E/I (2H )
= (H1 ) ckera since ∂

r
= O

educed ( projectivel Orlik . Solomon algebra OS * (21 ) = Ker 2/Ilay

Thom (OS80 ) :Fix adefininglinearfunctionalaiforeachH ; EH
.

9 ail defines a central hyperplane arrangement othconeofHin
Gn

+

OS
*
I1 )

H

* IMI 4IdedR -algebreexistsa somorphism. c

eimapping to znadi[ II !:

Rmk : -theprojectivizat tofitcone , withsamecombimatorial data
×

since 1 t ) ,
we have IUICl) ≈ MIHHYXC

,

In fact ,
we have the commutative diagram since wil θ ) : for θ=☆

x

:录

OS
*
(241

)

H * ( M( L ) ,RJ

l l
Os
*
( 1 )-05

*
H)DLGOGI□ L ≈ H

*

(MIc 1 ), 2 ) = ④ ( E ④ C[ -]) H *( M (1) , 卫 ]

ei … [ ω i ]

so maybe a more reasmable notion is
A
* lt ) - (0

*
l4 ) ,

when thisprojectic ]OS
*
( 2lH , when 2h is central



2
.

USCH, ifaesEIlHH )
,
them :

es = ei
,
n aes E IIH ]

alees) : aeies
- ean aes = es - e + M 2 es EI 1H )

As a conollary ,
IIal ) is gemerated by szecl C circuit } as an ideal

3
.
Iwil is given by the pull-backfrom MI sGuIEcHi ? EC,

which is independent of the choice of ai ,

Denote by R the subalgebra of H
*
( MIa1 ) , a ) generated by ( [wi ] }

,

Brieskorn proved in 1973 that R = H
*
IMIotl ) , R ) by inductiod on dimension ,

Proof of sketch : In this part ,

1 willbecentral

Well - definedness follows trivially from the fact that ;

ωs
θ

1
谎 Iiaij -dai.Λ .- ndndaic = o"i" ^ … n t…si win

"

" ai:
"

local vanishing comdition is all you need
"

Now we prove the concdusion by induction via

Deletion - Restriction

flat F saahbspaceW : MH EV = Gn
+

HEF

H 2 W .
HEH ,↓ ~

HFW .
HEH

⑪

从 inrlw- {H 1FHEFII H = SHMNL 3inHENIF
localization restriction

↑
aeed this

Deletion - Restriction triple : HH, tH, tIH ) fon HEN



FixH = H ;

Cohomolog side : Gysinsequence
real

MIIHJ CIMIIHI is a submamifold of codimension 2

⇒ H
*

IMIHIH ) . MIIL ; RI IH *
L
. iRITtuduarmbhd ≈ H * IMIHH ) : 2 ] [ - 2 ]

So the LES of relative cohomology gives all I -coefficientsLES ,

restriction residue
… → HPIMIHL IJIHPIIHNMIHLL

)

3 HP'
(
MIH )

)HPIIMIHIH ) ) …

no " sinceH = H ,

IWSIIS IWSHI . HES Surjective !
「

O ,
otherwise

Corollary : LES splits into HPIIMIHIIHPYIHMIII ) ,HP 'IMI

Algebraic side : divect construction
Surjective !

OsitlloSt
"
es tefesitH ,

HES grudeda - lineurmap of degree - 1
.

0
,
otherwise

depenelent is emough
well-definedness :Il2 l )isgeueratedby sesnaecdscal , Ccircuitl as a - mod .

It HEC ,
then esnaea

flagnsec.
HES

EI (2H
" )

0 , otheruvise

Otherwise , ea = e . nec ,
C 'isdependentin1 H3 e0 ,

2 CC . EIHH )

esraec - esnec tlsle .nesraec = ESHnec ,
HES1 ε I (H|

H )

1sesizec otherwise

XEIIyKermel: e .nxty - YEImIOSIH ) →OS( HI )
,
e : rsei , iz 2 ]
ω

UC
'

EHH dependent ,
CUEH 1 dependentin21s e ,naec'- eC EI (H )

⇒ UXEI 1 H) ,
C ,
nX is in I ( 1 ) + Im ( OS (HH) →OS( 2 ) 3 )

P P
⇒ OSIHIH 3 SOSIH ) , OS

"
ItHHI ' 0exacts

, fp



of R- mods

Combining two sides together , we obtain a comomutative diagram with exact rows :

OSHIH)sOsIll ' "
OS

"IHIY '0

↓① !0 ⑳
→ HPIMIH JIHPILMILISSHPIMIHIJ O

① . ② are isomorphism by induction hypothesis .

③ is imjective since ④ 0 ③ is injective .

Then isomomphism by fivelemmaasI -mods !butobviousring hom □

Cor : H
*
( MI43 . Ilhas no torsionandH( MI).

R
HPIMA ) , x

]

,

Ex : Prove that πI ( t)
= ".
"

h
"
( MIH ) ) tP

,
VI central

Ronk : Standard pattern ;

determine recover

combinatorics ocaltopologicalinformation 一 invamiauts

l
What if local

"

is not emough ?



s 3
. Open Problems : Is HT ( M (H ) , 4 ) combinatorially determined ?

Fix a base field Ik I = E in most cases )
.

thinpn

rauk - 1 localsystem L
1 :

1representation π ( M ( 21 ) ) > 1Kx

↓
7

H , ( M( H
)
, &)(MH ,a)π∵&rmlat =HEH

r( WH' ) = S , H. local cyde r.
i

.
e,momodromymap m :→Ik*st. M

( H 3 = 1

Q -

- diH * IMit), 4 )determinedby Bettimumbershull.) UlY & m ?

Motivation ; f : ILit
.

Lilincarws th = SHi : { li = 07 } in 1pa

F :all :nilnortiber , Mit)

→ i * 4 :"xaC j

xi : H skT
,

xi
(
Hil = ei
, 2 πa. j

小
α

HIF
,

E
] T^≈9

*
=

↑
≡ H * (Ml , HE1 H ( M —hm

viotetim
Difference from the constant case : ① Beletion - nestriction fails

② Absence of locall generatons ws vanishing in most cases



IK =CKmownresuts & Main conjecture

Main vanishing vesults involve resonaut dense flats ,

Def - it t .FnFflatF iscalled dense FHFHF
,
UIF ,

Fflats F
.
ELF

A dense flat F is calledresonant w . it
.
L ifFM ( H ) = 1

Thm If 雪 HEH St.noesonant dense flat contains H

thea hP ( M 12) , L )0
, pcn “

Non resonaat conlition "1 π
al

1 ) . B = n

Cor HP ( MItH )
, 4 ) = 0

.Epoa for generic 4 & moncomstant L2 :

Thm 3 UPIMIH1 )
, L) ≤ GPIMIN ) . C )

, VP( Cohen 1998 )

Fact 4 Let HC Ipr be a generic hyperplane w .
rit

.

tH

Then SHIMH IHE2 H } isahyperplanearnangement inHaIp

and HPIMIHl 3
.
L ) ≈ HPIMIB ) , LIMIBI ] , VPEn - 2

from Miluor tiber

Simplest case linearrangementtmoaodionyth'
actythmootofunity )

In this case : LIl)L. H ) =SPtE-mutIP1 : 3sonantsdl
dense

Thm ( M 1 H ) , L ) ≤h5 : multipl - 2) for any IEh
PEL , dlomultips d

all cydes come foom resonGat pts .

Fact 6 : All known examples for i
'
s 0 admit highly symmetric structures ,

which only alloowd to be 2
.
3 or 4

,

Conjecture : ( Papadima & Sucin
,
2017 ) h' ( M (H )

,
L ) = 0

,
Fd = ps , 5

↓

prove this holds when mult (p ) : 2 or 3 , VP ,


