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§0 MO‘L;VA‘IH'OV\: ‘)CNM Sinjular'l{y -H\eory
'f : (@.\xﬂ ,0) — (@t 0) & germ of holom. fume . W/ cribical value O

CLaose 0< 8 « s «| | 'I;k@n
x* = x\Floy e—— X = {i<eI N 47(D)

filwor 1168 ‘J"F l’P
¢ DF=D\fo] —=D = {iH1<S]

-P : X* — D* is & cmorth Fibradion
i w ) hamo‘boPy , de";uwined by
‘Pi[)ef F g( W\OV\OAFOMY {) (-l:oPalOg;eAJ invariAerS’ D‘F 'JC)

i a’t‘ the cokomlajy {eve,
HIFE) & T =1e"" ¢ A (HTF.¢))

loca, sym@em HP = RP']E* Qx* on D* ( Cahﬂhvlﬂj‘ica’ Mi}vmr -Fibra";iow)
T Riemam - Hilbert correspondence

vgaJWr L.,ma“{; HP‘—'HP@ DD* + ‘Hﬁ'& COHMC‘HOVI v (Tara}oj:m’ Bovss - Manin covmec,;l'unj

ExAmple? I-p 0 s an iSolA"}@J Cinﬁu’t«r:"éy of ‘F
‘H\en -H\e g;njnlar 7[\;I>er Xo Is J‘OMCOMO"P‘I"C 0 a cone over 0,

ar\a[ 1S homo{wP;C fo n bougue‘ﬁ OP Some spheres. .
i) & % spheres = dim H(F. L) = MnL@ H" = dimg Ox.o /g,

Note -Hm'l' (VA H“ —%DE*®IH’,M can be ex%enleu[ ‘ﬁo

Do [d hesti) - s RSV A A ) (Brieskom Inice)
f [ddicy) - W —>DD® " Padifnn)

(1] — H® [dn ] (Alsebraic Giauss-Manin commection)

o TJ
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here /a_t ;HL)"}{ are  bobh wkere,:‘b. EVer/l‘ ‘ocn”y free o‘)l" rank }Al‘h over D

Nondivial |
Due 0 0 IS an iso’AJveo[ sir\gmlariJoy.



L parjm'cmjar, when -F Iy ;\OW\ojey\enus‘ mD p[ejree 5[.-
et ¥ - —p'r é(»;)i XiMoA -~ ATC A - AdXa. Then $dx = df A
G loca”y o0 2 (M), = 4 TH, L and any € basis of
"H./H,\'a.go = Ox.o/]-+ s an (17 - baes of HH.,
Choose $he momomial bagis A D‘I'\ Ox.o/jf_,
Thon "M, =B LR Mo~ B CHA"  and dhaxs -
X x"e
By Ae'rEmi-Lian. 7 is given [>7
o [x"¢] = d© (25 )x"dx]

Tn Pnr'!;;cklﬁr . T is cemisimple with eifenvalues fgxp{-miéﬂ;ﬁ') [ xMeAf

Non-isoIafed casec are much more complicated . We il foeus on  homogeneons
singularities . In this case . we have the affine Milnor fibrodion
C N\ — €
Lt ki
C\fo] &—— C
which is fiber diffeomorphic 4o dhe Milnor fibration .
¢, dhe Milnor fibec F ic ditfeomorphic $0 £ (1) . which admits a eyelic

A

cover of degree d =deg f 4o fhe hypersmmcacc complement P'\ft=0] 0
ritch aaMLihklwrial sbruck ,

Cimplest  case hyperpla'ﬁ' armnjemenh (f- WL‘,31 L linear )

l
A=fH=flLi=ol{ + d



$ 1. Combinatorice o }\yperplane armngemeﬂr&
The coml);'nwéorial AA‘LA O'P A coMf&“‘LS 0‘)0:
O -Fini%ﬁ SB‘& L(oL\) = fin“f—’ffet‘f;vnf mc A;/Perpfanes in {Ar

o Par-l-ial ora(er reverse nelusion : X 2 Y & Ye X
aJmiHing least npper bound s [jom) XvY = XAY

& 5rm+es+ lower bounds (meet) XAY = N H

ppy

for each pair (X, Y) in th cet , am)(
sdwibbing @ rank Fanchion r daking value in IN c.t r(Z) = codim 2
0y X<Y D) <rlY) ;@) rX)criY)~1 D FZ.X<2<LY
Such pair -ﬁormg a anea{ lotlsoe ca”ep{ the intercection l:xH—{ce of A

Pr,,P: Ph(X )+ rk (V) 2 rk(XvY) +rk(XxaY) ., VX.Y € LIA)

For « LyperP[Ana armnfememé A in }Pm s p(eqﬂiy\inj eiMA‘HonS -porw\ A P°i“+
5on‘Fijurm§iun in ,P((@M)V) ~—> A wadroid

This gives vise {o : ok ok S
' AQP@“”(‘Z”+ : § €A o, r(HQS H) = codim ('-Q-S H) < #S
. }na[epeﬂo{en{'i - — = = = — = - = ...

‘ circui-f;: minimal p{epena(ew‘t

closed © Fed of. forany cirewit C, FACI2IC] -1 = CCF
so-colled “Flots” . -1 corresPom{euce with elements (HQ\FH) in LIA)

F<G® Fgﬁ , Fv& = closwe of Fug , Fab = Fn b
Ary one of them defermimes L(A) . vice versa.



Mibine Fancion: p:Ldy—=2 , uP Y =0, > pu(Y) =0 Y x =P

YaX
Charatherishic polymmia) XAHF) = > )A(ZH/'W )
2ELIA)
, . e A .
Poincare P°|}”‘°"""", TI‘AH,—) = zeLLIJ\\ }A(Z)(—'f;) = -£) %(—:L:)
Reduced omec ° 7_6;‘ S .:Cf\, . T—r_a\ E .Zr__ﬁ

For real A | Ty (1) . Tal-1) comnt # of regiDV\S’
ExaMPle'- /‘\g

[ feneric L
rank 3
7'M
rank 2
lw = rank |
ronk 0

L

cirenibs - (a3l (e g fasby f;ﬂu,“
N, (01 = (B-ng-0(8-3) . Ta, (8) = (149 (1428) (1437)

?T(I) = 1) = # o-P Loﬂﬂ.LOMPoy\gn_Ls; ﬁl—l) . #”Lo“n:!e/ w\?;o”.,



R : Which Jcopolojical invariants of N\(J\\=(IPh\HlEJJ\ H) are defermined by L(A) 2
Noptrivial | Sinee " modnli oF & with cerdain L(A) " ks nob connected |

Eo= T (MAY) X Rybmskov 1994
I

local 20) homology group sbuchwre of &
I"HMH\)U-) () K LeS iuo'L'iervLS
IL: renk-t K- local cyﬂ‘m Eﬂé"_é' X
with w\ov-oa[ro-v\y & 'J 2020
variation
\ i+ o / ‘
Choracherishic varieties Chen groups LcS ronks
V(6. K) 7 4r(6/5" ) ? 96) )
Aeapurs 1997 AFRS 2004 Need & Formula
Pesonance varietiec T, (N\(A) )@ @ \/
Re (6, 1K) /
Alexander madrices T
H(MAY.Z) /
OrllLX{ gulow\a/\ H’%O EF;ESLDPV\ 1473' M((A) ;S Q ‘J(\DFIMA[ SPAC&

|

Higher homatopy = TTa (MIAY) 7 K(T. 1) property 7 1T, (MIAV)® @ /

Nobion :
[ower Cen-lrml SeriesS

@ﬁven /8 ﬁrouP é s B’,Ié:) S G\, 61(6’\\ = [M-.(G), G\] 6’}6\ :Xke‘/ﬂ (6)
&N{ 6@@ - (&90 gl‘kG\ eﬂuiPPeA with commutotors as fhe lie bracket .



§ ) . Combinatorial descripion of H (MIA). Z)

We first sfate the conclusion : [ Always ascume hot A+ @ )

Det < For = fH.. Hel in P*. focte by E-E'(AN) = A[©2Ze)
Fur ony S = [Hi HTEA (iie i), donske by es=ein-atic €E°
Define :

geaded derivation d: E —F . Jes = d,=Zkl(—n)i_' ei./\"'/‘a/‘""\gik
Dulik- Solomon ideal T[&) = Fhe idesl generabed by (385 | S dependent |
Oclk - Sloman yebra 0S”(4) = E/11a) 1) € kerd since =0
reduced (projective) Delik- Colomon algebra DS *(A) = kerd/7(a)

Thm (0S&0): Fix a AE-anir\ﬂ linear fwnchional &: for each H: e d .

(il defines a central hyperplane acrangement cA in @ cone of A
There exishs a graded Z - algebra isomorphiom 0S¥ (A) 25 H¥(MIcA) . Z)

mapping  e; to [w,-]: [)rr_|.!-1 D{To\ |

Dk | A is +he projectivization ¢ of if cone. with same combimstorial data

Cine A # P . we have Mlcd) = MIA) x €™

In fact, we have the commubabive dingram — cince wiig) = 1 Jor 9:;?19"%%;
0S¥ (A) = H¥(MIA), Z)

J I

TN O (EOCI-T) = 0s* (D) 2 * Mled).Z) = H' (MWD O €D EL-1T)

e; — [wi)

Co maybg s more reasonable nobion is A*(A) = fﬁ*{c)\‘ . whea A i projective
0S¥ (R) . when A\ is central



> YCch . i des eTIA). then -

e = e, A des € [(N)

D(Eubs) = d8n Bs - BHAJEs = B5 - EnAIEe € IIA)

As o corollary . T(A) is 5enem{;eal by foec]| € cirewt| as an ideal

3. [w] is given by the pull -back from M(cd) HC“+'\ch|7 = E/""ﬁlx,
which s ma[epenclen‘[? 0'p the choice 0‘)"' a; .

Denobe Ly R {he guLaneLm of H*(IV\(LJ\\,Z) 3eneM‘L’€(J by fEW;]f_

RBrieskorn Provea[ in 1973 +thet R = H*(M(cA). Z) ]>\/ induction on dimension |
roo¥ o-p cl:e%ck : L\ +his Po\ri‘ , aL\ w:” be cewffm,.
Well- definedness Follows 'h;vmﬂy -From the fact that -

k - k /N
Wt 2 (1) Wi A AT A A, S +<u Z(') &ij - ddi A - A A A ddi =0

AEL k

J=0 J

" Jocal vanis}m\ﬂ condition is all you mect{

Now we prove the conclusion Ly induckion  via

Deletion - Restriction
V flek Fch —— subgpace W= [1H C V= c™'

SR /\/ H2W. Hed

(]

. )
= TR | HEF T in V/w A= (Haw [HeaF | in W
(Om‘iaA'Ll'oﬂ restrickion
T
need this

Deletion - Restriction %iple ' ((A \H, A, OL\H) Lr HEA



Fix H =
e llow\olo_l-}ma‘ cw[e: E.ycm cequence

N\(A ) < M(J‘\\H) s a S‘M’)MM\IJ:DM U'P CoollmenSIor\ 2_

? -Lul)ulln- ml\kc[

> H MM MR, Z) = HY(T.oT:2) = HT(MIA)Z)[-2
§o -“\e LES o-p IA-L;'ve ca'r\oma}ogy 31\/35‘ LES (G” Z-coe#hien‘és):

s 1P MEANHY ) SR M) ) (MIA)) — HY I MIAVH) ) —s -

no 1" gince H=Hs

[UJ;] — } L_ Wg\H] . He S QMVJZL'A'VQ!

0 . ofherwice

Corollary : LES splibs inbo  HEMANHY) = H M) —> H™ (MIA™)

Algel)ra;c side + direct construction Cioghive!
uvje e !
A) — 0S(&) e — I es . HES  grided Z-linear mop of dlegree —| .

0 . otherwise
Aepemlev\'l: 15 eV\o"\ﬁL\

wc”—a(e'FineJhess : T(A) is 3enem£eal By feg 4\ aecl Sch.C crcwH oe Z- wm[.
I+ He C . then ecnde. — S\H ] -
¢ A ]e nde, . HES c 11

0 . otherwise

Obherwise . o= €A , (' is dependent in AN > e¢r, 36 € T(AY)

|S1
g NI€c = EsNEpr + (1) einesgn By = Ec\HAL He S
: c 1(A)

ISI Bs A D@ . otherwise

I(erne(i enxty., Xéi—.“\[_l) . Ve Im(DS(J-\\H)—5O§(J\\,e;!—ae;,(z)_)
&

Ve a(epcmleh-l;, CVIHY dependent in & = eindey -y € T(A)
SVxETIA), eax is in [([A)+ L [0S(ANH)=>0S(A) )
> oS AF) — 0STA) — 08 (AY) — 0 is exact. Vp



O'F Z—W\OJS
Coml)in;hj vao fialef ‘i‘r)ﬁe‘liker, we UH‘AM 0 cvmmmh‘kive o{;’ajmm with exaet vows :

oy s o) — 0s"A
0] ®| 0
0 — HImM@d\HY) — HiM@) — H T (MA™) — 0

H)_>0

D .0 are isomorphism by induction hypohesis

@ is injective smce @R is injective.

Then ® is isomorphicm by Five lemma a8 Z-wmods | buh obviously ring hom [J
Cor: HYMIAY. Z) has no forsion and Hp(MIA). Z) = HT(MIA).2)"

Ex © Pove that Talh) = > WA+ | VA contra

le('- §hnc(aro( Ph‘!:'(:ﬂb"h-‘

. t Min s . N . .
Combinadoric s ey (loesl) -f:apulojlml informickion —22=s  invarints

\

What i "Jom|ﬁ is ot er\oujln?



§ 2 Open Problems - Is HY (MIAY, L) comf:inajform”y determined ?
Fix o base Feld K (= € in woeh cases) . A i P

rank-1  [ocal cychem [ representoation T(MA)) — K™

L /z = H' (M), 2) = H,(MJ[J\\,Z)/
Wby = gH ol eple
e Wﬂoﬂ’rom*y map war A=K sb. Tomt) = |
O Me Bebti mambers h"(MALIL) = dimy FTOAQ) L) determined by [ (A) & m ?
Mobivadion :+ F = j{L‘;’B L linear  ~——> A = fHa'—fL;w” o p"
p: Minor fiber F d=(E8) 1, )

Q — P* = @ L-%J
L ywp-

xJ A— K ,%A(H\ e?
=T (R LY = Himw, —O H* (Y, Ly )

2= ph‘H ble ,/ MJ: erterdiom

Ditlerence from the constant cace : © Delefion= reshrebion Luils

® Absence of (loeal ) fenerscdors A vaniskin_c, in moch cotes



Kpown reculhs % Main conjecture K = (

Main wniching resulbs involve resonant dense Flats .

Del : At F is colled dense i Ap# dpvdg, Vs FR<F st Fak=F

A dence £lot Fois called resonant word L it T mcH) =

Thm|* T4 JHEA ct. no resonant dense laf contains H

then  h(mia). L) = (o . penm " Nemresontl condilion”
Tal1) o p=w

Cor S: hP(MIA), L) = 0. Vpen For generic A & nonconstant ||

Then 3 (Cohen #98) WPOMIA), (L) < K (M(A). VP

Fact U2 Let HC P be o genere Ayperplane wrt. A
Then B= HAH LH'EAT is o hyperplne ammgement in H =P

and HOMAY. L) = HP(MB). Lfye) . Y pen-2

-Prowx Miluar fiber
gf""PIEY'[' case : conct Momgﬁ[rom/ (L{ th ron"; of lAm'L/)-f— )1 F”'H'

’ine p«rmngemevq(;

In this case : LIA) «—= o, VpeLa(d) - Yo fpls (| pesonant = o(} mutb(p) >3

——————— glence

Thin ¢ W' [MIA),IL) & > (mubip)=2) or ay L€ A

PEL, dmuthp) v

all eycles come feom resonant pbs.

Foct b Al kaown examples for h' >0 admit hn'gHy :ymme'érv'c Shructures
which 0/\]‘/ allow d Lo be 3.3 or .

COMJQC'L‘IAP@ : (PLP&JI.MA & gucim,lUW) h'(MU\) L) =0, VA=P§>1_
v
prove. this holds when mukipy =2 or 3. Vp .



