PREFACE

This manuscript is based upon lectures given at Princeton University
during the fall semester of 1971-72. The central theme is Artin’s braid
group, and the many ways that the notion of a braid has ;ﬁroved to be im-
portant in low dimensional topology.

Chapter 1 is concerned with the concept of a braid as a group of
motions of points in a manifold. Structural and algebraic properties of the
braid groups of two manifolds are studied, and systems of defining rela-
tions are derived for the braid groups of the plane and sphere. Chapter 2
facuses on the connections between the classical braid group and the
classical knot problem. This is an area of research which has not pro-
gressed rapidly, yet there seem 1o be many interesting questions. The
basic results are reviewed, and we then go on to prove an important
theorem which was announced by Markov in 1935 but never proved in de-
tail. This is followed by a discussion of a much newer result, Garside’s
solution to the conjugacy problem in the braid group. The last section of
Chapter 2 explores some of the possible implications of the Garside and
Markov théorer’ns.

In Chapter 3 we discuss matrix representations of the free group and
of subgroups of the automorphism group of the free group. These ideas
come to a focus in the difficult open question of whether Burau’s matrix
representation of the braid group is faithful. In Chapter 4, we give an
overview of recent results on the connections between braid groﬁpé and
mapping class groups of surfacaS._ Finally, in Chapter 5, we discuss
briefly the theory of *‘plats.”” The Appendix contains a list of problems.

All are of a research nature, many of unknown difficulty.



vi. - PREFACE

It will be-assumed that the reader is familiar with the basic ideas of
elementary homotopy th'eery, such as the noti.ons of covering spaces and
fiber spaces, and of exact sequences of homotopy groups of pairs of
spaces {a good reference is Hu's ‘“Homotopy Theory,"’ 1959};' also, with
elementary concepts in infinite group theory, such as the Schreier-
Rei@emeister rewriting process (see, for example, Magnus, Karass and |
Soliar, ‘*Combinatorial Group Theory,’’ 1966), With this qualification, we

have attempted to make the manuscript self-contained.

On the matter of notation: Theorems are labeled consecu.tively w.ithin.
each chapter, e.g., Theorem 3.2 means the second theorem in Chapter 3;
Corollary 3.2.2 means the second corollary to Theorem 3.2; Lemma 3.2.1
means the first lemma used in the proof of Thgorem 3.2. Equations are
numbered consecutively within each chapter, e.g., equation (3-33) means

the 'thirty-thir‘d equation of Chapter 3. A double bar || is used to signify
the end of a proof. ‘ |

The suggestioﬁ that the lecture notes bé the basis for a monograph
originated with Ralph H. Fox. His lively interest and continuing en-
couragement, and his willingness to share completely the wealth of his
knowledge and experiencé , did much to make this manuscript a reality,

' Iam dééply iﬁdebted to Charles F. Miller III, whose careful reading '
of the manuscript and many questions, criticisms and suggestions helped
to make it both more readable and more accurate. The monograph was.
also reviewed by Jose Maria Montesinos; there is no adequate way to
thank him for the time and effort and .expertise which he brought to the
task. The original lecture notes were taken by James Cannon, and [
wish to thank him for his interest in the topics presented, and for the
large ‘amount of time and energy which he expended in the preparation of
the notes. However, any errors which exist are certainly mine, because
the manuscript has undergone .extensive revisions from the original notes.
I would also like to thank K. Murasugi, for numerous discussions about
the possibility of applying braid theory to knots, which helped to clarify
for me many ;ﬁf my own ideas. [ am also grateful to all who attended th_g

lectures, for their interest, questions and insights. .
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Finally, my thanks to J. H. Roberts, for communicating his unpublished
proof of Theorem 4.4; to an unknown seminar speaker at Princeton Univer-
sity, circa 1954, for his notes on Theorem 2.3; and to the National Science

Foundation of the United States for partial support.

JOAN S. BIRMAN



. CHAPTER 1
BRAID GROUPS

The central theme in this manuscript is the concept of a braid group,
and the many ways that the notion of a braid has been important in low
dimensional topology. In particular, we will be interested in the largely
unexplored possibilitj} of ap;plying braid theory to the study of knots and
links, and also to the study of ,surfacemappings; ‘

Our objéct in this first chapter will be to develop the main structural
‘and algebraic properties of braid groups on manifolds. (Our bralid gr(;ups

‘will be limited to groups of inotions of points; we will not treat generali-
zations to motions of a sub-manifold of dimension > 0 in a manifold.) In
this setting the ‘‘classical’ braid group B of Artin appears as the ““full
braid group of the Euclidean iﬂane EZ2.»

Section 1.1 is concerned with definitions. - The problem of how to
~ properly define a braid, in order to capture the essential significant pro-
~ perties of ‘“‘weaving patterns’’ and so study them mathematically, is a
very basic one, for if the definition ié too narrow the range of application
will be severely limited, while if it is too broad there will not be an inter-
.esting_theory. It is a tribute to Artin's extraordinary insig}it as a Maihe-
matician that the definition he proposed in 1925 [éee Artin, 1925} for
equivalence of geometric braids could ultimately be broadened and general-

ized in many different directions wit.haut destroying the essential featl_lrés
of the theory. For a discussion of_sevei'al such generaiizatidns, see
Section 1.1; for generalizations to higher dimensions see [{D. Dahm, 1962]
and [D. Goldsmith, 1972]; for other generalizations, see [Brieskorn and

‘Saito, 1972; Amold, 1968b; Gorin and Lin, 1969).
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‘Section 1.2 contains a development of the mein properties ofl“configu-
ration spaces,”’ introduced by E. Fadell and L. Neuwitth in 1962. Con-
figuration spaces will be our tool for finding defining relations in the
braid groups of surfaces. We chose this method because we felt that it
gave particular geometnc insight into the algebraic structure of the
. classical braid group as a sequence of semi-direct products of free groups.
This same structure is exhibited by other methods in [Magnus 1934;
Markoff 1945; Chow 1948). | |

 In Section 1.3 we review the chief properties of braid groups on mani-
folds other than E? and S2 ‘Theotem 1.5 shows that bra1d gmups of

mamfolds M of dimension n>2 are really not. of much interest, since

th

they are finite extensions (by the full symmetric group) of the n carte-

sian product of 7 M. Theorems 1.6 and 1.7 arg concerned with the rela-
tionships between Artin’s classical braid group on E? and the braid
groups of other closed 2-manifolds.

In Section 1.4 we study the braid group of E2. In Theorem 1.8 we -
find generators and defining relations for the full braid group B, of EZ.
Coroilanes 1.8.1 and 1.8.2 relate to the algebraic structure of B, as a

. seguence of semi-direct products of free groups, and lead to solutions to
the ‘‘word problem’” in B,. In Corollary 1.8.3 we estabhsh that B, has
a faithful representation as a subgroup of the automotphism group of a free
group. This subgroup is characterized in Theorem 1.9, by giving neces- l
sary and sufficient condltmns for an automorphism of a free group of rank

' n to be in B,. Corollary '1.8.4 identifies the center of B.. Finally, in

Theorem 1.10 we establish another interpretation of B, as the group of

topologically- -induced automorphzsms of the fundamental group of an
n-punctured disc, where admxssxble maps are required to keep the boundary

of the disc fixed pointwise. . A

Section 1.5 discusses the braxd gtoup of the sphere which will play
an important tole later in this book, in relation to the theory of surface
mappings. In Section 1.6 we give a list of references for further results

_ on braid groups of .clo‘sed -2-manifolds.
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1.1. Definitions -

We begin not with the classical braid group, but with a somewhat
morte general concept of a braid as a motion of points in a manifold. Our
definition will be shown to reduce to the classical case when the mani-
fold is taken to be the Euclidean plane. n

Let M be a manifold of dimension > 2, let IIM denote the n-fold
- .

Eg,
product space, and let F, qM denote the subspace
. ! ’

"
Fy M = (zl,_..._,z_n)cil:[lrﬁ/ zihzy if ik}

(The meaning of the subscript ““0’* in the symbol Fy p will be\t\:‘ome clear
later.) The fundamental group m, Fo; oM of the space -Fo,nM isl the pure
(or unpermuted) braid group with n strings of the manifold M.

Two poinfs z and z° of Fo,nM are said to be equivalent if the
coordinates (zi,-v-,zn) of z differ from the coordinates (z'l,---,z’n) of
2z’ bya permutation. Let Bo,nM denote the identification space of
Fa,nM under thlis equivalence relation. The fundamental group ﬂ‘iBé’ M
of the space Bg’nM is'called the full braid group of M, or more simply,
the braid group of M Note that the natural projection p: Fﬂ,nM_"’ BO,nM
_is a regular covering projection. _ .

The classical braid group of Artin [cf. Artin 1925 and 19474] is the
‘ braid group 7y BO,HEZ, where EZ? | denotes the Euclidean plane, Artin's
geometric definition of "lBo,nE? can be recovered from the definitipn
sbove as follows: '

Choose a base point 2% = (z?,u-_,zg) ¢ I""O’ﬂE2 for "lFo,nEz and a.
point z0 ¢ ]30’"]512 ‘such that p(zo) = 20, Agy element in m BO,nE2 =
my (Bo"nEZ,io) is represented by a loop o
f1 110,11 » By E?,20

which lifts uniquely to a pé{_th |

' f; oo 2 0
f:1,101 » Fy E°, 2",
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If ft) = (fil(t),...,gn(t)), tel, then each of the coordinate functions [ i
defines (via its graph) an arc &.i =.(Ei(t), t) in E?x L ._-S.ince f(t) e FO"HEZ
the arcs @1 ,---,@n are diSjoint. “Their union @ = @1 UU Gn is called
8 gebmetric beaid (see Figure 1). The arc &i is called the i_th' braid
string. -

A geometric braid is & :epreseﬁtative-of a path class in the funda-
mental group nlBo’nﬁz. Thus if @ and ® are geometric braids, then
@ ~ @ (that is, they represent the same element of "1Bo,n) if the paths
f end {’ which define these braids are homotopic relative to the base
‘point (z?.m,zﬁ) in the space FO’HE2. Thus we require the existence of

‘@ continuous mapping F:iix1+F ’nEz with

@90 Qo - 60 @O
| "

‘Fig.-1,
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Ft,0) = F,t, 00,0+, F (6, 00) = €, 1), ., ()
Fo 1 = G0 n 0 F 6 1) = @0, L)
F0,5)= 5,0, 9),+, 5,0, 59 = @0,0++,20)

F.9) = F )T, = @ e

“n)

where (pl,m;;zn) is a permutation of the array (1,:*:,n). The homotopy
J defines a continuous sequence of geometric braids ((s) = @, (s)u--u
A, (s) sel, where @,(s)= (Fy(t,s),t), such that J(0)=@& and @(1)=@".
The reader is referred to Figures 2(b) and 2(c) for pictﬁres of ge(Smetric
braids which are equivalent to the ‘‘trivial’’ braid.

One may also define various stronger and weaker forms of equivalence

" between geometric braids,' and we mention several of these briefly:

i). Let @ and @ be geometric braids. Note that @ and @ are
| subsets of EZ2x L Then, we write & = @ if there ig an isotopic deforma-
“tion G of E2 x I which is the identity on E2 x [0} and on EZ2 x {1}
. foreach s ¢[0,1] and which has the property:
~ *Foreach s¢{0,1] the image set @(s) of @ under Qs'-
is a geometric braxd that is, @(s) meets each plane
2 % It i, ty € 1, in precisely n pomts, and moreover
&(0) (i &(1) q’. _
It was proved by Artin {see. 1947a] that @~ @ if and only if @ ~ @’
Thus a braid homotopy may always be “‘extended’’ to EZ x I, in the
sense defined above. _ _
ii). If we think of our braid strings (‘1’ K @n as being made of
| elast:c, one might m:agme a more general type of equivalence in whlch
‘the strings could be stretched or deformed in the region E? x 1 without
requiring that @(s} meet each plane E? x “0‘;' ty €1, in precisely n
points. In this situation, it might héppen, for example, that some inter-
mediate set (il(sﬂ)‘u---u Gn(s_o) is as il_\lustrated in Figure 3. (This
intermediate set is not a geometric braid.) More precisely, under this
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[i] 4]
£ ‘ zy 4 Zir2 Zn
. o » r 2 9
-1
. a‘
¢l . & » 1

A
\\._
i

(b) 0;9; ai"“laj'l #z identity

%
if li-jl>2

_ IR R R |
(©) 9,9,,1% %1% sl

_ : . a identity
: _Fig. 2.. : :
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S

[

more general notion, & = @ if there is an isotopy S .whic,h is exactly
- like that defined in i) above except that Q need not satisﬁf'y the |

property *. Apgain, Artin established [1947a) that @ & @ if and only if
@ ~ @ (This is the first hint of a relationship between the concepts of

equivalence of braids and equivalence of links, a relationship which will

4

Fig. 3

be studied in detail in Chapter 2.) -

iit). D. Goldsmith [1974] has defined a concept of “homotopy” of -
braids by defining two geometnc braids to be homotopic if one can be de-
formed to the other by Sxmultaneous homotopies of the individual paths
' (f t),t) in E2 x I, flxmg the end points, and subject to the restriction
that a string may intersect itself, but not any other string. Note that if
@~ then @ and @ ére.glso equivalent under Goldsmith’s rule, but
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the convetse need not be true. In fact, Goldsmith has exhibited not-
trivial elements of the group ”1BO.SE2 which are homotopic to the identity
element of 7, By, 315:£ She goes on to define a ‘‘homotopy braid group,”
By, and finds a group presentatxon for B which exhibits én as a
quotient group of the group ”1BO,nE . We note that Goldsmith’s results
were suggested by J. 'Milnor’s work on homotopy of links and isotopy of
links [see J. Milnor, 1954]. o | _

iv). The concept of a braid group has been generahzed by D.Dahm
- [1962] and by D. Goldsmith [1972] to a group of motions of a submanifold
) in a manifold. We now give Goldsmith’s definition of that group. Let N
. be a subspace contaihe& in the interior of a manifoid M. Denéte by Hop)
the group of autohomeomorphisms of M with the compact open topology,
where if M has boundary oM, all homeomorphisms are requlred to fix
dM pointwise. Denote the identity map of M by 1y :M -+ M. A motion
of N in M is a path £t in }((M) beginning at EO =1, and ending at
f,, where f,(N) = N. The motion is said to be a stationary motion of N
_‘ in M if E{(N) N for all te¢[0,1]. To compose two motions, translate
" the second by multiplication in the group o) so that its initial pamt
coincides with the endpoint of the first, and multiply as in the groupoui of
paths Define the inverse =1 of a motion f to be the inverse of the
path £ in H(M), translated so that its initial point is 1y.

Finally, let motions f and g be equivalent if the path lg 1s
homotopic modulo its endpoint to a stationary motion. The group of
motions of N in M is the set of equivalence classes of motions of N
in M, with maltzphcat:on induced by composition of motions. From this
point of view, the group of motions of an interior point in a mamfold M is
the group ”IM and the group of motions of n distinct pomts is the pure
braid group of M (cf. Chapter 4 of this text, also Theorem 1.10).

Dahm [1962] stud:es the group of motions of n disjoint cucies m S

and Goldsmith [1972 stud).es the group of motmns of torus lmks in S .
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1.2. Configuration Sp{!cesl
'PRoposr'_rxow 1.1. The natural projection map g : Fo,nM+Bo M is a
regular covering space projection. The group of covering transformations
is the full symmetric group’ Z_ on n letters. Therefore there is a

canonical isomorphism -
(1-3) | "180_,nm/”1F0,nM = Eq .

The geometric interpretation of the product of two braids is immediate:
suffice it to say that, in Figure 1, the configuration of arcs between any
two consecutive dotted horizontal levels can be considered to be geometric

braids (Q,.,,2,,Q,) of which the entire braid () = 01929304\2- is the
- product. ‘ )

- Geometric intuition suggests_that an arbitrary braid is equivalent to a
braid that is a preduct of simple braids of the types illustrated in Figure 2.
The equivalence classes of these elementary braids wili.be denoted by

{ _ e

the symbols ¢, and o).

i In the example of Figure 1,

| -1
] = 010303 .

Geometric intuition thus suggests that 0y, 0, Eenerate the group
m B, ﬁEz, a fact which will be proved later. ’
¥ . . .
The following relations in B, ﬂE2 are obvious from Figure 2:
. [) . X )
a-1 0;0; = 0;0;" if Ji-jl > 2, 1<, j< n=1

1-2) 939419 = %141 %i%41 1<i<n-2.

- It will be proved below that tl-l) and (1-2) comprise al set of defining re-
lations in "130,:‘132‘ Odr proof,___which allows us at the same time to -
compute defining relations for the braid groups Qf arbitrary Z-manifolds,
will make use of the concept of the *‘configuration space’’ of a manifold.
Other proofs (ft;f the special case M= E?) can be found in Artin 1925;
1947a; Magnus 1934; Bohnenblust 1947; Fox and Neuwirth 1962).
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Proof. Clear. |

Since the map p is known explicitly, it follows from Proposition 1.1
that it is not difficult- to analyze ”IBO,nM once ”1F0,nM is known.
Therefore, the remainder of this section will be devoted to the group
ﬂlFO,nM‘ . . _

. Let Q= lqg,-“,qmi be a set of fixed distinguished points of M.
Following Fadell and Neuwirth [1962] and Fadell and Van Buskirk (1962}

we define the configuration space Fgﬁ’nM of M to be the space

] Fg,n(Mme). Note that the topological type of Fm,nM does not depend

on the choice of the particular points Qm, since one may always find an

isotopy of M which deforms any one such point set Qm into aﬁ:iyl other

Q' Note that Fm,IM = M~Q_. (One may, similarly, define spaces

: Bm,nM = Bo,n(M -Q.) however we will only be interested in -Bo,nM')

Ve are interested in the relationship between the configuration spaces

F, M and F, M. The key observation is the following theorem:

THEOREM 1.2 [Fadell and Neuwirth, 1962 Let #:F, M-+ F, M be
defined by ' | _ .
(1-4) "(31:”':1“)“ (zlv‘"’zr)n _ 1<r<n.

Then n exhibits F M asa locally trivial fibre space over the base
space F_ M, with fibre F_ ..o M.

) ¥ ]

Proof. First consider, for some base point (z?,---,ze) in. Fm'rM, thg .

fibre "n~1 (ztl)"';' z?);

T 0 0 ) -
o (zg’aot’zr)= [(zl."..’z?’yr-}l"..'y‘n)’ where

If we select. Qm+r equal to Q_m U {z?,-u,zz?l,. then

F, M= {@tﬂ,?}‘-,yn), w_hefe .yr+i"'"'yn are distinct and in

AHL,N—T. 7
| M "Qm-t-rl '
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and there is an obvious homeomorphism

CE S Ml 0.0
ki Fm+r,n~—rM - 1T (Zg )

defined by
- 0 0
LUV MR CTRIENS APRLN MR

The proof _()f the local triviality of 7 will be carried out, for notational
and descriptive convenience, only in the case of r= 1. The other cases
will be léft to the reader as exercises. Fix for consideration, thereforé, a
point x5 e M-Q = Fm,IM = Fn",r"M. Add another point q. ., -to the set
Q. toform Q ., and picka homeomorphism a:M - M, fixed on Qe
such that a{q,,;) =X, Let U denote a neighborhood of x5 in M-Q
which is homeomorphic to an open ball, and let U denote the closure of U.
Défine a map 9.‘ Ux U » 3] ‘with th‘e following properties. Setting GZ(Y) =
8z, y) we require: .

ce (D)8, :U » U is a homeomorphism which fixes BU

(i) 0,(z)=x, .
By (i), 0 can be extended to 8:UxM-+ M by defining 8(z,y) = y for
y ¢ U. The requxred local product representation

‘ P
_UmeH’n__lMTn )

"is given by

(;&(Z, 22,".-, zn_)' “""“ (Z, 6;1“"(22)?“:3;1“(3“)) .
| qsmx(z»zg:""rzn) = (zy“_102(3’;2)?":““163(3“)) ' “

Two important consequences of Theorem 1.2 now follow:

~ PROPOSITION L3, If myM~Q ) =w;M~Q )= 0 for ea_g:h__ m> 0,
then ”ZFG,nM = 0.
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Proof. The exact homotopy sequence of the fibration 7w Fm nM - Fm 1Mm
. ) ¥

‘M-Q,, of Theorem 1.2 gwes an exact sequence
"o "3(M—Q ) “'z m+i i 1M > ”2F Mo 7, (M-Qp) > -

Since ﬂz(M ~Q.)= 1r3(M—Q ) 0, it follows that 7 F 1, n— _yM and

F M are isomorphic.’ An inductive argument shows that ”

(1"5) . I ﬂ'zFO nM =N ﬂzF“ 1 l = (M“"Qn l) = 0 #

This completes the proof. l]

Let 7 be the projection map from Fy nM to Fy M define::i by
(1-4). Let (z?, vy n) be base point for rrlF M. Let Foy, 1M<m
M—Q _=M- 531, e ,zgmli. ‘Let j be the mcluszon map from F,_, M
to Fy M, defined by

(1—6) .j(zn): (Z?,“',Zg_l,zn) . ZHGM“{Z?"",ZE,:-lx .

THEOREM 1.4. If nz(M—Q Y=y M-Q ) = nO(M—Q Y= 1 for every

m 2> 0, then the following sequeﬂce of groups and homomorphism is exact:

a-n 1 mEF g ,Me )—-», 7y (Fy, nM @2,+, 200
.
* .
T ”1(F0’nm1M:(z?s'"s z?l—l))“—'“_" 1
where n, and j,  are the homomorphism induced by the mappings m |

and ;.

Proof. The sequence (1-7). 15 part of the exact hemotopy sequence of t_he
fibration of Theorem 1.2, The identity terms reflect the equahtxes
ﬂzFo g1 = 1, established m Proposition 1.3, and rran 1, (M=

.”o(M"Qn 1) 1. “
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The exact sequence (1-7) will be used later, in conjunction with
Ptoposmon 1.1, to determine group presentatmns for nlB E% and
2
n. B .

750,05

1.3. Braid groups of manifolds
An indication that the most interesting braid groups are those on

2-dimensional manifolds is given by the following theorem:

THEOREM 1.5 [Birman, 1969a, pp. 42-44]. Let M bea closed, smooth
mamfo!d of dimension .n. Then for each integer k the mclus:on map

iy FO nM-«- HM induces a homomorphrsm
(1-3) | (ak)* t mFo M - [[7M
- n
which is surjective if dim M> k and also injective if dimM> 1 + k.

Since our interest here is-primari'ly in surfaces, we will not prove
Theorem 1.5. The reader is referred to [Bitman, 1969a}, or to [Dahm, 1962];
for proofs. _ |

Among the braid gréups on 2-dimensional manifolds, Artin’s classical
braid group my By nE2 and Artin's pure braid group ﬂlF E? hold -
central positions. ’ This assertion is justified by the remarks which follow,
and by Theorems 1.6 and 1.7 below, which are based on material in
{Birman, 1969a)l and in [Goldberg, 1573].

Let (z1 ot ) be the base point for the group ‘-'TIF Ez, as before,
and regard E2 as an open disc in M which contains the n points
z?, ,z and also the dxstmgmshed set Q ‘Let P.n = (pyetts pn) be a

‘fixed n-point set for each .n.  Then we may regard Fm,nM “as the set of
embeddings of Pn in --(M—-Om); ‘From this point of view, the space
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'F E2 may be 1dent1fxed with a subset of F,, oM by composing any map
from P, to F E2 w1th the inclusion map E2 C M. Let “mn’ F‘ E2
- F M be the resultmg identification. Then the induced map

m 07 Fpy E - m Fy, M takes any n-string braid on (E?'-Q ) and
considers :t as é_ brald in M~ Qm)- :

THEOREM 1.6. If M is any compact surface except s? or P2, then

ker ""3,[\ = {1},

~ Proof [Birman, 1969a; see also Goldberg, 1973 for a different proofl. The
homomorphism aa:i o together with the exact sequences of Theorem 1.4

yield a commutative diagram:
5

1 _“'”1(3 "'Qn 1) = " Fo E? - ”1?0,;14152 — 1

& * * :
n-1,1. “0,n ' “0,n~1 '

1 — mM-Qy_y) == mFy M —> mFy o M —=1

* .
Note that e, 4, is injective for each n. This fact and the diagram
*
may be used inductively to establish that ‘0 n 18 injective as weli
Clearly e.o ; is injective since 7 Fy, 1E = ”1E2 = 1. This begins the
induction. Suppose mductwely that eg g is injective. Then the

strong S-Iemma implies that "0 is injective. This completes the in-

duction and the proof of the proposition. ||

F&cusing on the braid group 7 F, M of a compact 2-manifold M,
one readily discerns two distinct types of phenomena which are exhibited

by representatives of eiements of the group an M.
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' :) There is “‘classical brmdmg, whlch may be thought of as taking
place in the open disc EZ2 C M. '

~ii) There is wandering of the individual strands ahout on the sutface
M. The next theorem says that, in effect, for a closed surface M£S? or

P?, nothmg else happens

THEOREM 1.7 [Goldberg, 1973] Let M be a closed surface different
from $% or P2. Let i: Fo ﬂM "‘HM be the mcfusxon map. Then in the

" following sequence. of (not necessanly abelian) groups

Ay

: ' 2_0Opnm
e 5 Fo,nE T F{),nM

HfrlM —— 1
i=1 _
the kernel of each homomorph:sm 1s equal to the norma! closure of the

tmage of the prekus homomorph:sm 1 the sequence.

Proof. The reader is referred to Goldberg's paper for the proof of
Theorem 1.7, |

‘1.4. The braid group of the plane
In view of Theorem 1.5, Proposition 1.6 and Theorem 1.7 it is -

apparent that the grou‘ps rrIB E2 and rrlF E? merit special atten-
. tion. In this sectxon we wxll conmder only the case M= EZ, Accordingly,
abbreviations B0 n and F mll be adopted for the spaces Bo.ﬁlﬁzf ‘
and F, EZ R

In this section the short exact sequence of Theorem 1.4 will be used
inductively to show that "ip{},n is constructed in nice ways from the
~ building blocks #,(E*~Q.), 1< i< n—1 (Coroliary 1.8.1), finding simul-
taneously generators and defining relations for the groups " Bo,n s.md
: :r1 O n (’i‘heorem 1.8 and Lemma 1.8.1}. From the stfucture of the group
Fy n (uncovered in Corollary 1.8.1) a unique normal form is developed

in Corollary 1.8.2, for elements in rrlﬁ - This leads to a solution to
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the word problem in m, By . In Corollary 1.8.3 it is proved that vrlBU f
has a faithful representatxon as a group of automorphlsms of a free group
of rank n. - In Theotem 1.9 the particular subgroup of the automorphism

group of a free group which is so obtained is characterized algebraically,

“Theotem 1.10 gives a new geometric meaning to the group 7, By .
. . . ¥

THEOREM 1.8 [Artin, 1925]. The group =By . admits a presentation

with generators gy, 0, , and defining relations

17} 11

(-1 0,0, =00y if limil221<iign-1

(1-2) 0101+10 _alﬂo i1 1<i<n-2.
Proof [ The proof given here is due to Fadell and Van Buskirk, 1962}, Let

B, _be the abstract group with the presentation of Theorem 1.8. Unt11 we

" have established the isomorphism between B, and =B, ., we will use

ny for elements of ”lBo,n with ¢:B, » "180,11

defined by ¢(0}) = 0;, 1 < i< n—1. The elements o; were aiready defined

' by pictures in Figure 2. (Anticipating the result of Theorem 1.8, we used

the symbols o; and o =~ in Figute 2 ) We now give an equivalent defini-
tion which is more precise. Recall the covermg pro;ectmn p F{) n BO a
‘Choose the point p((l 0),++,(n, 0)) = 20 as base point for the group

rrlBo q Lift loops based at p((1,0),--+,(n,0)) in Bo g to paths in Fy n

_ twith initial point ((1,0), (0, 0)) = zo “Then the generator - cr € rrlBD n
" is represented by the path E(t) in FD o, given by

,um'M)mmxmmwmﬁmwmmwm

where {;(t) = (i+t, -—\/ 2 ) and £1+1(t) (i+1-t, \/tmt ). That is, {(t) is

ith gnd: 1+1St strings and interchanges those

. two in a nice way.

The proof of Theorem 1.8 will be by induction on n, and will explmt
the relatwnshlp already developed in Proposition 1.1 between, 1r1 Bo n
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and 7, FO,n‘ Let
P ”I.(Bo,n’ 20) - En
be defined as follows: Let e wIBO n be represented by a loop

(I {0 11) - (B0 W20

and let g = (g5,%,4,) :_(I,fﬂl) -+ (_Fo’n,zo)_ be the unique lift of 3. Define

| . 0.', 4.0 .
-E(a)=<?1( ol )) es, .
RO PHCORNIGY

- The kernel of the hdmomorphism v is the pure braid group, =, F, n Cot-
responding to the homomorphism v is the homomorphism

viBy X
“from the abstract group B, to the symmetric group Zn on n letters

defined by: : s
(1-10) - vloy) = (i, i+1) o 1gign-1,

Let Pn = ker v,

LEMMA 1.8.1. The homomorphism t:B, - "IBO n is an 1somorphxsm

onto if (P, fs an isomorphism.onto 7y
. !

Proof of Lemma 1.8.1. The homomorphism v is clearly surjective, since
the transpositions lv(0;) 1< i< n—11 generate X . Hence we have a

commutative diagram

1 ———— 'Pa e Bn - En -1
ta=ilP, t I 1
1 ”_1F0,n By e 2:1 - 1
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with exact rows. Applying the *Five Le_mma,”l we obtain the desired re-
sult, This completes the proof of Lemma 1.8.1. 1

In order to demonstrétg that i|P, is an isomorphism onto, we next
find a presentation for P, - '
LE@&MA 1.8.2. The group P, admits a presentation with enerators
(1-11) A =0 0 oo, 0267k raTloTl (1<i<j<n)

1) j-1Yj=2  THLTE T j=2"1-1 - -

2

(112) AAj Ay = Ay if r<s<i<y or i<r<s<j.

-1
;_A A”Arj if s=1i.

= AUASJA A”AS} if r=i<j<s. )
-1
_1 _.1 -«-1 »-1
= ArJAs;A AT A Ar’ASJA Al

if r<1<s<j.

(The reader is referred to Figure 4 for a picture of the geomet_ric braid Aij_‘)

Proof of Lemma 1.8.2. The group Iin is of index n! in B,. We may

choose as coset representatives. for P, in B, any set of n! words in
the generators of By whose images under v range over ail of 2 .

partlcular, a set of nght ‘coset :epresentatxves are the collection of all

) products of the form {H M; k 3>k > 1l where M] =05 101 2-'-0

j=2

See, for example, Eilenberg and Steenrod, "Foundatmns of Algebraic
Topology,”’ Princeton Univ, Press (1952), p. 16.

2 Note that our relations are shghtiy different from,; but equivalent to, the sys-
tem of relations found by Artin, 19471, p. 120. Our method is different from
Artin’s. The presentation of Artin, 1947e, is reproduced in Magnus, Karass and
Solitar, 1966, p. 174. We remark that the relations given by Artin on p. 120 of his
1947a paper are correct if €= +1, but incorrect if £ = =1, The relations given -
in Magnus, Karass and Soutar are based on Artin's relations for the case &= +1,.

 and are cotrect.
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(a} The geometric braid Aii

7
I

(b} Combed 4-braid

i
H
b

Fig- 4- .‘:
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if § ;é. i, or 1'if j=1i, Thus, for example, cdset'represéntatives for P,
in By are the set My,M,, = 1, My, My, = 0ys MyaMyy = 0,00, My My,
=0y, My M3, =0,0,, and M, M, = 0,0,0;. This is a Schreier set;
that is, any initial segment of a coset representative is again a coset

 representative. _He'nce‘wé maj apply the.Schre-ier-Re’ider_neister method
R [see,. for eﬁcample, Magnﬁs, Karaés and Solitar, 1966, Section 2.3) to obtain
a group presentation for Py | N |

Fér the reader who wishes to verify our presentation, we note that an

alternative metliod of proving Lemma 1.8.2, which is conceptuaily more
complex than that described above, but mechanically easier to handle, is
given by [Chow, 1948]. Chow’s approach is to treat the calculation in _
stages, by first bbtaining a presentation for the subgroup D, ’Bf all ele-
'. ments in B, which have permutations which leave the letter n invariant.

A Schreier set of coset representatives for D_ in B, are the set

1
mn’kn; n> k, > 1}, The Schreier-Reidemeister method applied to D, ex-
hibits D, as the semi-direct product of the normal subgroup U, gener-

ated by A i Azn""; Anml,n and the subgroup of D, € B, generated by

0440, 0, . The latter subgroup is naturally isomorphic to B and.

in—1’
may so be identified with B,_;- A second application of the Schreier-
which is

n—p+ FPro-

ceeding in this way, one finally obtains that every element of the group

Reidemeister method treats the subgroup D,_4 of B_,,

similarly exhibited as a semi-direct product of U, ; and B

n
2<i<n. Each M;, is commutative with u
’ .

B_ is a product of the form u2M2,k2u3.M3,k3"'unMn,kn with u; € U‘i’
¢ if j<s, hence every

~ element of the group JBﬁ is of the form uyuyeeru M, where “2“3.""'.‘:3 L

- covers all elements of F,, and where M is a product of the form

- . bwy ’ H

MZ,R2M3,k3 Mn,kn' .The, advantage of Chow’s method is that the

~ Schreier-Reidemeister calculation need only be applied to & single sub-

group of index n, as the calculatians for Bn-—l’Bﬁ—Z""’Bz may all be

" obtained by analogy to_thel' calculation for B, I

- We may now establish Theorem 1.8. The group F,_, can be regarded
~ as the subgroup of P, which is generated by {A;;, 1< i< j< n-1]. Note )
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that a natural homomorphism n:P, » P,_, may be defined by the rule
is the normal closure in P, of the elements A, , A, Ay 4 1. An

examination of relations (1-12) shows that in fact the subgroup U, of P,

is normal in F,, hence U,

i

which is generated by A, , Azn’ --,A 11

= ker 7.

Correspondmg to the homomorphxsm 7 P,+F,., we have the homo-
_morphism 7, 1F0,n
also know that ker 7, = ﬂan__I’l =_:_11(E2--Qn_1), which is a free group

>mFy net of Theorem 1.4. By Theorem 1.4, we

of rtank n — 1.

It is easy to see that the following diagram is commutative:

1- Uy P - P, =1

‘n_‘un ‘n L.t

}———mF 11 —1

.—n——URIF

o,n =715 n-1

with exact rows. In the bottom row (following‘ the notation used in Theo-

O
f

base point for "an R 1:’1(£'22—z1 Ueseld zn 1)- Now, from equation (1.11)

rem 1.4) the base pomt for m Fy a “is (zl, . 0), so that z_. is the
and our picture definition of the geometric braids ar1 =t (0,) one may
identify the image ¢ (Am) of the generator A of U, as being repre-
" sented by a _loop based at zg which encucles the point z{j’ " once and
separates it from z?,-'-, z? 1 z?“,--- zg + Clearly the image set

bt a(Ajn); 1< j<nl is a free basis for the free group m Fyy , ;. By the
Hopf1an propetty for free groups [see Magnus, ‘Karass and Solitar, 1966]
it then follows that U, must also be free and that IU is an isomor-
~phism onto. Now observe that Py=1 and mFy, = 1. Therefore ¢, is
an 1somorphxsm. Assume mductweiy therefore that {41 is an isomot:
phism. Then, since i lU _is an 1somorphxsm for each n, ¢, is an

nsommphlsm by the five 1emma This completes the proof of Theorem
1.8. 4 ‘
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COROLLARY 1.8.1." The group’ P, isa semi direct product of | U, and
P, 1

Proof. Implicit in the proof of Theorem 1.8.

DEFINITION. Theorem LB_establishes an isomorphism ¢:B, » 7y Bo,n‘

| which takes the abstract group B, with the prese’ntatioﬁ of Theorem 1.8
onto the Artin braid group my BO a of the plane E2. The two groups will
now be identified and notation for the two groups used interchangeably.
Similarly, the group Py will be idontified with w1F0 oo In particular, ele-
ments of B, (respectively P} will be called braids (respectwely pure
braids) and B (respectively P,) will be called the braid group (pure |
braid group) of the plane. The coset representatives for P, in B which
are defined by equation (1-13) will be called the permutation braids. The
relations (1-1) and (1-2) will be callied the braid relations.

COROLLARY 1.8.2. Every element 8 ¢ B, can be written uniquely in

the form

(1-13) ., B = ﬁg ﬁ;;"'Bn“ r .

where - "8 is a permutation. bra:d and each ﬁ' belongs to the free sub-

group U defined in the proof of Tbeorem 1.8.

Proof. Since the permutétioh braids form & complete set of coset repre--
sentatives for P, -in Bn’ B = ﬁnﬂ"B for some ﬁn ¢ P, - and permutation
braid g By Corollary 1.8.1 and its proof, Bn Bn 1B (n>2) for
some B ¢U, and By ;€P_;. By induction,

B Bz Bg ﬁ

where ﬁleU 1=3,--,n and B, ¢P,="U,. Let B, = By~ This com-
pletes'the proof of existence. The uniqueness of ”ﬁ is clear. The
umqueness of each B, (i= 2,-++,n) derives, by induction, from the proper-

ties of semi-direct products of groups.
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Since each f3; of Corollary 1.8.2 lies in a free group on known free
generators, it is possible to algorithmicélly calculate standard répresenta-
tives for B2,Bs,--',ﬁn‘, and rrﬁ' in the given generators for B,. This
solves the word problem in B._. |

The procedure for putting a braid word into the normal form (1 13) is
" called ““combing the braid.”” Note that each entry Bj. in (1- 13)-15 a

product of the free generators A, o A of the free group Uj. The

1
geometric braid corresponding to the geniarat:)i Aij is illustrated in
Figure 4, together with an example of a braid which has been combed.
Artin discourages any éttémpt to carry out this procednre experimenta'liy
on a living person, fearing that it would ‘“only lead to violent protests and

dzscnmmatlon agamst mathematzcs“ {Artin, 1947a p. 126].

COROLLARY 1.8.3: The brér'd group B, hasa faithful representation as
a group of (nght) automorphisms of a free group ¥ = <x;,***,X;7>, of

rank n. The representation is induced by a mappmg ¢ from B, to
Aut Fn defined by:

(1-14) A Nt

x, -+ x; if j;éi,i+1.

The restriction of & to the pure braid group P, maps the generator A

of P, to the automorph:sm

(1-15_) _ (Ars)‘f DXy Xy (f s<i. or ‘i< 1)
'-f xriix;fl (if’ = i)
- :nxlzﬁcsz‘rlxs1 -1 i = 1)

: ~1.=1 ~ly~1 ¢ ..
-+ xrxsx: S xlxsxrxs P (if r<i<s).
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Proof. To seethat & induces a represenfation is simply a matter of
checking that relations are preserved.

In the usual way & induces a :epresentation of B, as a group of
automorphisms of the commutator factor group F,=F /’[F F,l of F,.
Denoting the generators of Fn by %4, n' we find from (1-14) that the
automorphism of F, induced by o; maps Xj - ";+‘1' Rjq @ %; and
%+ %; if j# i Cleariy, the automorph15m of F, induced by elements of

i §
P. are trivial, and thxs is a faithful representation of the permutation

n
group B /P, = > 2. Hence it follows from the 5-lemma that & will be
faithful if £]P, is faithful. '

We now show ‘that the tepresentahou defined by ¢ arises in a natural

manner. R’eca!l that P,y = PoeUgiqr Note that U, { isa free subgroup

n

of P, of rank n. It has al:eady been observed that U_ , is normal in
Po.1i hence P, acts by conjugation as a group of automorphisms oE
Ugiqe Define an isomorphism from U, , to F, by sending Aj,m-l to

X; for each j= i,-+-,n. Comparison of equations (1-12) and (1-15) shows

that one obtains theteby a commutative diagram

. K -
P - e

) Aut F,

" Thus kernel & is precisely the subgroup of all elements of B, wh’ich

commute with U, ;, where both P, and U, , are now regarded as ele-
ments of P -

Suppose, now, that B ¢ ker £, with B ;é 1. By Corollary 1.8.2 we
‘may then write B8 in the form B = By By Bz’ where i is the lmgest
integer such that B; # 1; but Bivi = Biyz == B,=1. Now, B: com-
mutes with each element of Up,q» hence B. commutes with Al ar1® BY
equation (1-11), the element An arl depends only on @,,***, 0. Note
‘that each B (2<3i<hH belengs to the free subgroup U of P il freely .
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generated by Ai,j""-"Aj—I,j’l énd hence (by equation (1-11)) ﬁj depends
only on 01Oy Therefore, &8 a consequence of relation (1-1) it
follows that ﬁj commutes with Ai,n+1 whenever j< i~1. Therefore,

the condition that )9 commutes With Ai ne1 implies:
(iflﬁ) ﬁlhl 1 ﬂ“ Aj ey (i=1,00m).

We will now show that (1-16) impliés that Bx is 1, giving the sought-for
contradiction, so that kemel & =1,

To moti#ate the algebraic manipuiations' which follow, we remark .that
the elements iAI FUMY yA;_y i A, i+1""'*Ai-n+zl generate a fréé subgroup
of P, , which is naturally isomorphic to the subgroup Unt freely
1,041 A2,n+1.'"°’ A {, for each i= 2,-- n-1, This

is intuitively clear because it is quite arbitrary how we assign indices to

generated by {A n,n+1

the braid ‘‘strings.”” We will now establish this fact algebraically, in
. order to be able to use the fact that equatmn (1-16) is a statement that a

pau of elements in a fiee group commute, and hence to conclude that . B i

and A nel are powers of the same element.

%

Let =00, ;0;. Using relatwns (1 1) and (1-2) and equation

© (1-11) we claim that

1

3 -1 A1 = e
| 3 ~1. iy
(1-18) mAp 7l = Ay ey (K=l isl)
3 . P,
. To establish equation (1-17), 'note first that Ai asl = 020i+1 g 0
o 0“1" 020' "'G‘i 'i'he easiest way to see this is to mspect the genmet-
ric braid A (Figure 4), and to observe that when the n+i string is pulled

i, 04
taut, with the i string loose, the geometric braid defined by the left expression

for Ai n+l goes over to the geometric braid defined by the expression on the
right. This can also be established algebraically, as a consequence of equatxons
(1-1) and (1-2). Using the expressxon on the right above for Ai a1’ equation
(1-17) then follows easily. Equation (1-18) is an immediate consequence of the
definitio:_ns of Ak.i and of- Ak nel 98 given by eguation (1-11).
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Transforming equation (1-16) by ,7, and ‘applying (1-17), we obtain:
(1-19) ' (&B-rrr“‘l)A-' ) (ﬂﬂTl -1y = A

, o VBT et T 7 )= Banet e
But, by eqﬁatiéns’ (1-18), the element 73 iir"l belongs to the free group
Ui ,
| be powers of some element in that group., Since Ay .4 is a generatot

of Um»l' it then follows that nﬁiw"l = Az,mli for some integer s. But

then B; = "“1. A?i,m—t’?* and by equation (1-17) this is precisely Ais,m»l'

, and if two elements in a free group commute, then they must each |

We now have the soughb[or'cqntradiction,’ for B i belongs to the free
" group U {* and the only way that A?'ml can be in U, is if s=0,
giving B; = 1. But then B=1, hence ker £=1.1

From now on we will use the symbol B, to mean not only the abstract
group of Theorem 1.8, and the geometric braid group wIBD’nEz, but also
its realization és a group of right automorphisms of F- That is, we will
replace the symbols (Bp)é, (B¢, UL, @€, (AE by By Py Ups

_ai, Aij ':espectively.

COROLLARY 1.8;4. If n» 3 the center of By, is the infinite cyclic
subgroup generated by (04 05" "n.,.l.)n = (A;p) (A13A23_)"'(A1 nAZn"'An——l ’h).
{Chow, 1948]. ' '

Proof. We leave it to the reader to verify that as a consequence of rela-

§

tions (1-12): C _
(i) The element (A;5)(A By (A By Ag g o) € Center P,
(if) The element _(Al nAZ n'"Anm} ,ﬂ)e Centralizer of P, m P
where P, is regarded as the subgroup of P, which is
generated by {A 3 1Sr<s < n=1l.
Suppose_that B € Center Bn. The symmetric group En is centerless
for n> 3, he:_':ce B must be in the kernel of the homombrphism viBg -

Ly e BeP,. By Corollary 1.8.1 it then follows that B has a
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unique representahon B Bn 1B, where B €U, Bn leP 1+ The

condition that B € Center B, then implies:

(1-20) BB_IBH mB“l oy =A, I<i<n-l,

Multiplying together the n—1 equations obtained by setting i= 1,2, n-l
in equahon (1-20), we get

-1 "
Bn(Aln 2n""" nwl,n)Bn = Bn 1810820 An—l,n)Bn—l y
Since Bn—l e P f' condxtlon (u) above then implies:
-1 '
ﬁn(Aln 2n “Antn B = (Aln 2n’ “Apgn)

This equality holds in the free group Un' hence the only possibility is

~ for some integer m. Using this information in (1-20), we thus obtéin:__'

: ._1 : -m
(1-21) - AmBn 1 “(Ain 2n A n-—1 n)mAm(Aln 20’ 'Anmi,n) )

Equation (1-21) expresses the action of the element B8 n.i on the ﬁfee

10 fanr
1.8.3, this action induces a fa1thfu1 representation'of P, ., as a group of

generators A An 1,0 of U, by conjugation. By Corollary
automorphisms of the free g‘roup U,- Now, a calculation based on equa-
tions (1-12) shows that the eiement [(Alz)(AmAzs) {(Ap n1 Az,n—l e
A 2,0 1)] “has precisely the effect which our element B~ n-1 is re-
quired to have, hence B;_l_l ‘must be precisely. [(A12)(A13A23)~"

: —m ' o
(Al,n—lAz,nf—-l'“An--2,n--i)] _\for some integer m. Thus our original

element 8 = En-lﬁn ‘can only hé've been:

B = [(A A A YAy 1Ay oy An-z 0= 1)(51 LTI ) o
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" (In this last step we made use of property (n) above ) Since by property
(i) this efement is in fact in the center for every mteger m, the proof of

_ Comllary 1.8.4is complete e

" THEOREM 1.9 [Artin, 1925]. Let ¥, = <Xyttt K> be a freé group of |
rank n. Let B be an endomorphism of F,. Then B¢ B, C Aut F, if

and only if B satisfies the two conditions

(1-22) B R AixuiA-.;i- 1<i<n

a2 Gxyxpxp)f = X %y %y

wheré ml"...,un)_ :'s_.a permutation of .(1,-~-,n), and A= Ai(xl,.‘-‘-,xn)

is a word in the generators of F.

Proof. The necessity of conditions (1-22) and (1-23) are immediate, there-
fore we need only establish that they are sufficient. This will be accom-
plished by proving that every endomorphism of Fp' which satisfies (1 22)
and (1-23) is a product of powers of o4, "’n—l’ and hence i8 in )B

To prove this, we examine how cancellations occur in the equality
(1-24) A, % A“‘AxA"iAx Aimxx X,
_ 1y 1 271y LT 1¥2"" " n:

which results from (1-22) and (1-23). If is assumed that each term

Ax A ~1 s freely reduced.
iTpii

We assert that in order for (1-24) to hold in the free group F» ther_e'ﬂ

must exist some v =1,,n=1 such that either '
{a) .xuvA;" 1 is ahsqrbed_\.by A

ot

-1
(b) A absorbs A% Moy

This assertion will imply the truth of Theorem 1. 9 by the following rea-

soning: Defme the “length” of the automorphxsm ﬁ to be the sum of

e
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the letter lengths of the words Axxn A"‘1 1< i< n. We will show that if
assertion (a) is true, then ¢, B has shorter length than B, while if (b)
is true then o IB has shorter length than f3. (Remember that braid auto-
morphisms act on the r1ght hence o, 8 means apply o, first, then apply
B.) This implies that every automorphxsm B of F, which satisfies con-
ditions (1-22) and (1-23) can be reduced to the identity by repeated appii-
cation of appropriate elementary automorphish\s o, or o, 1. Thus B is
a power product of the o;, hence B¢ B,.

" To show that the length can always be reduced as mdmated suppose

is given by:

~ first that (a) is true. Then the action of B on x, and %,

it

o < )8 ~1
(1-25) - | (x,)B : Av"vav
5 -1 X ~1 -
(xv-!-_l)ﬁ - AV Av+1 ,uV+IAv+lxuvA
Using the actioa'giﬁen in (1-14), we now compute the product 'ob.,B:
: ' ~1l x=1
(1-26) _ (xv)ov_B = AvAw»i i, +1Av+1Av

_\(xv+i)gvﬁ = Aux,uVA; .

‘Since both B and o, have the same effect on X if jEv,v+l, a
comparison of (1-25) and (1-26) shows that o, B8 has shorter length than
B. An identical argument holds in case (b) Thus Theorem 1.9 will be

~ true if we can show that our assertmn_ about cancellation is true.

We examine the manner in which the left hand side of (1-24) reduces ’

to the right hagd side. 'Su;:pose first that one of the terms Avx#VA; 1 s

completely absorbed by the other terms in the free cancellations which re-

. duce the LHS of (1-24) to the RHS. We ask how the letter x!Jl is ab-

sotbed in these canceilatmns’ If x“ is absorbed by a letter to the left

of x ' then (a) is satisfied. If x# is absorbed by a letter in Ay 1

iy,
then (b) 1s sahsfled If :tiu is absorbed by a letter in A, s then (a)
v
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is gatisfied, If %y is absbrhed by a letter to the right of X, ! then
v v+

{b) ig satisfied. Since x, cannot be absorbed by either x or X ,
s Pyt ”‘m-l

hoth of which have ﬁuhm'riptn which are different from the ﬂubscnpt i,
all ponnible conen have been treuted ,

it remains to consxder the case where there is no subscript v thh
the property that A X, A 1_ is completely absorbed. In this case, some

" residue R wxll remam for each Avprvl after all free reductions have

been made. Then (1-24) implies R R, 'R = = Xy Xy Ky This implies

_ that Rimxi for each i=i,~-,n. Now examine the term A x A 1 The

initial letter in this term can only be Xge We consider first the case where

A xﬁ Ay is not identically 'xl. ie.,

1771
N

Since by hypothesis Aix ﬁk‘"i " is completely absorbed, there are

-t _ . a sl -1
A X A = flitlAll:c‘mlA1 N

two possibilities: x is absorbed by A, (in which case (a) is sat18-

1ty
fied) or by a ietter to the right of x (in which case (b) is satisfied). If,

Ha
on the other hand A x oy A‘“I = ¥, the entire argument can be repeated
for A, x A“l , etc. In thls way we see that in every case either {a) or

(b) is true, hence Theotem 1.9 is established. |

Using Theorem 1.9, we will now be able to place a new geometric
interpretation on the group B..

Let D? be a disc,' and let Qn = iql."',qn] be a set of fixed, distin-
guished points of D?. The fundamental group 'rrl(i)2 ~Q,) isa free
group of :ank n. Let’ xl, Xy be a basis for 7 (D"Z Q ), where
xy(i=1, n) is represented by a simple loop which encloses the boundary‘

point q;, but no boundary point 4 for j£#i. See Figure 5.

THEOREM 1,10. Let .M be-the érpup of automorphisms of ) (D2 -Qp)
which are induced by homeomorphisms of D?—Q n which keep the bound-
ary of D? fixed pointwise. ?‘hen M is precisely the group B.
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Fig. 5.

. Proof of Theorem 1.10. For geometric reasons, each element B¢ M satis-
fies conditions (1*22) anci (1-23), hence MC B, |

Recall that B, is generated by the automorph;sms Gyt 0n (cf.
equation (1-14)). Since the action of oy on F,, canbe realized by a
homeomorphxsm which maps the point q; ~q;,,, maps q%1 > gy, and is
the identity outside a disc which includes g, and q;,, ~ (but no 95 for
j#1i, i+1) it follows that By C M. Hence By =M. |

Remark. Let A be an autohomeomorphism of D? —Q, which keeps the
boundary of D? fixed pointwise. Thus A represents an element of M.
Then A has a unique extension A to D? whzch permutes the points of

Qm. The map A- is 1sotop:c to the 1dent1ty in " D?. This isotopy may be
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used to define an autohomeomorphis:n of D? x.1 which preserves D?x {0}
pomtw:se, preserves D? x {th, tel, sethse, and coincides with A on
2 x {1}, The image of Q ESS under this extensxon is a geome‘ric braid

'in the sense defined earlier.

1.5. Bréid group of the sphere
THEOREM 1.11 [Fadell-Van Buskirk, 19621. The braid group m By S?
of the 2-sphere $* admits a presentat:on with generatm's SpaeaBy g

and defmmg relations:

a-2n 8;8; = 8;8; if l|i~jl22,i<ij<n-1
-' (1-28) L 6181+1 81 = 3i+1 3i3i+i 1sicg :1---2

. . 2
e I NUNPELE S B

Proof, The proof wii'l. only be outlined. It rests on an inductive argument
‘which is exactly like that used in the proof of Theorem 1.8. The only
difficulty is that the fundamental exact sequence (1-7), which was crucial
in the establishment of Theorem 1.8, is -on.ly vqiid' for n> 4 when M=5§2.
Therefore the inductive argument whiéh was the basis of the proof of
Theorem 1.8 begins with n=23 rather than 1. The following addxtmnai

facts are needed to establish Theorem 1.11:
() = Fy,8% =1
(i) ”130,252
(iii) nyFy 3S°

cyclic group of order 2

il

It

cyclic group of order 2

(iv) rrlBo 382 =238 'metacycli;: group of order 12
a _

) mF, 8% =1,

The fitst of these follows easily from the fibration of Theorem 1.2 using

the well-known facts that », F, ’_152 and 7y F0'1IS2 are both trivial groups.
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To prove (ii), one need only note that ﬂPIBO'QS2 maps homomorphically
onto X,, which is of order 2, and use (i). For proofs of (iii)-(v) the
reader is referred to Fad'e:li and Van Buskirk, 1967. |

We note, for completeness, that the faithful representation found for
‘ "y BO-,nE2 as a group of automorphisms of the fundamental group of the
n-punctured plane (Corollary 1.8.3 and Theorem 1.10) does not generalize '

to a faithful representation of =, B $? asa ‘group of automorphismé of

0,n
the fundamental group of the n-punctured sphere. To be sure, the action

given in equations (1-14) does induce an action of m, B, nsz on ﬁn—l ,
- ! ’
where F,_, is the quotient group of F, obtained by adding the single

relatioﬁ x‘lxz---xn = 1. This action is, however, not a represehtation of
7y BO\'nsz, because relation (1-29) is not satisfied. Moteover, one may
verify without difficulty that the element (,8,--8 n-i)n induces the
identity automorphism of ﬁn;l , yet the relation (3,8, Sn_l)n cannot
be a consequence of relations (1-27), (1-28) and (1—29).5 This induced

action on ﬁ‘n_l will be studied further in Chapter 4, Section 4.2.

1.6. Survey of 2-manifold braid groups. If M is aclosed ofientablie
2-manifolds and either n> 4 or P% £ M#£8% and n>2, thenas shown

- in Theorem 1.4, there is an exact seqdence
1= ﬂan_LiM -+ ”iFﬂ,nM * "1F0,n—1M -+ 1.

This sequence was the basis for the structural analysis of “150, nEZ
carried out in Section 1.3. The same sort of analysis can be carried out
with successively more difficulty for other 2-manifold braid groups. The

results appear in the following papers:

4 81"‘ 3n_.25§w1,8n_2.,-'81 mQuces an inner autog:brphism of ﬁn—i' and the
norm#] closure of this element is the full group Inn ant. :

5 gee [Fadelt and Van Buskirk, 1962],
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E*[Chow (1948); Fadell-Van Buskirk (1962)}
P¥(Van Buskick (1966)] |

s? [Fadell-Van Buskirk (1962)]

Totus [Bi'rmén_(lQGQa)} S

All closed 2-manifolds [G. P. Scott (1970)].



CHAPTER 2
BRAIDS AND LINKS

Our focus in this «;:hapter will be on Artin’s braid group #, Bo’nEz,
which as before will be denoted simply by B,. In particular, we will be
interested in the possibility of using braid theory as an approach to the
study of knots and links. _ '

We will begin by defining the notion of a closed braid, and proving the .
basic result, due to Alexander, that every link type may be represented by
a closed braid (Theorem 2.1).We will then establish a second. classical
result (Theorem 2.2) due to Artin,1 which establishes that braid automor-
phisms may be used to obtain presentations for the fundamental group of
the complement of any tame link in S?, and moreover that braid automor-
phisms may be used to give a complete characterization of link groups as
a class of groups which admit certain canonical presentations (Corollary
22.1). | I |
Section 2.2 is devoted fo a resuit of Markov (Theorem 2.3). The state-
ment of Markov’s theorem begins with a listing of certain special moveé,
denoted type R and type U, which may be applied to links, and which
take closed braids to closed braids, and do not alter link type. Markov's
theorem establishes that a finite sequence of these moves suffices to take
any closed braid representative V of a given Iink. type to any other.. closed
braid representative V' of the same link type. This theorem is of particu-

lar interest because it allows us to restate the link problem as a purely

Cur prodf of Theorem 2.2 is, however, different from Artin’s proof.

37
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algebraic problem (which we denote *‘the algebraic link problem’’) about
- the sequence of braid groups B,,B,, 83,~-- . This: restatement will be
- accomplished in Corollary 2.3.1.

The ‘‘algebraic link problem,’’ as defined in Corollary 2.3.1, includes
as a sub-problem the conju'gacy problem in the braid group B,. For this
reason, it is of particular interest that an algorithm now exists to solve
the conjugacy problem in B,. This algorithm, which is due to F. Garside,
will be presented in Theorem 6 of Section 2.3. The algorithm is, unfor-
ttmate.ly, quite complicated, as well as difficult to'establish, and i& is
clear that further work is required before it can be used profitably to attack
the algebraic link problem. As a first step in this direction, we present a
new result of the author (Thebrem 2.7) which leads to a simplified solution
to the conjugacy problem (Corollary 2.7:1), and also gives some insigﬁt '
into the properties of a braid word which cause it to be in one conjugacy
class rather than another.

At the conclusion of this chapter, in Section 2.4, we will attempt to
indicate some of the difficulties and problems encountered when one
attempts to épply braid theory to link theory:

A semi-linear viewpoint will be adopted in this chapter. Thus all
curves will be considered to be polygonal, and all isotopies will be

assumed to be piecewise linear.

2.1. Closed braids and links
DEFINITION. A link V is the union of g > 1 mutually ‘disjoint simple

closed polygonal curves, embedded in E3. The case g = 1, will some-

times be referred to as a knot.

NoTATION. If a,,8,," are points- in _Es, then [“1'“2""’311] denotes
the convex hull of the points a;,ay,"",a,. The symbol .ab will some-

times also be used for {a,b]. The symbol [al,---,an]V means -
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Iﬁi’:“’un] n v- The Symbol "I[l]l ,“',ﬂn] [i]1 ,“',bn] !ﬁeaﬂs [ﬂi’;"!an] n
u‘ls'"rh .]-

it

DEFINITION. Let V be a link with edge ac, and let b be a point
which is not on V. Suppose that

[allb, el = {a,blfc] = @
fa,b,elV =_[a, el .

Then we defin.e

. b,
2-1) E»acv =V-—ac+ ab + be

b . . ‘ :
and say that & ac 18 applicable to V. The operation 5Zc and its in-
verse are called elementary or {ype & deformations. The operation ‘SZC
aters V by the adjunction of a new vertex, b, while the operation

' (520}"1 removes the vertex b.

Two links V,V’ are said to be combinatorially equivalent if théte

exists a finite sequence of links joining V to V’ with the property that

' each link in the sequence can be obtained from its predec.essor by a single
type & deformation. The combinatorial equivalence class of a link V
will be referred to as a link 1sotopy type [cf. Crowell and Fox, 1963, p. 8.
Let { be an arbitrary, but henceforth fixed, line in E2 which does not
meet the link V. The line £ will be referred to as the axis. V will be
said to be in general position .“’ith: :espect"fd ¢ if none of its edges arte

coplanar with £.

LEMMA 2.1.1. Every link IS combinatorially equivalent to some link in

general position.

Proof. If V contains an edge ac which is coplanar with {, choose a
point b noton V and not in the plane of ¢ and ac, but very close to
the edge’ ac. -Then 6ch has one less edge which is coplanar with £,

Continuing this way, we may remove all edges which are coplanar with £.
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We next define a special type of‘link.which is known as a '‘closed
braid.”” We first assign an orientation to V. This induces an drientation
‘in each edge. If V is in general position with respect to £, then V may
be cqnve.niently pictured by means of its projection onto a plane E? .I
which is perpendicular to [ at E {see Figure 4). We now assign a posi~
tive direction of rotation about {, which will be indicated on the link
diagram by a small arrow {J about the point § where [ pierces E?,

Let. ab be an (oriented) edge of V. The edge ab will be said to be
positive (respectively negative), denoted ab > 0 (respectively ab < 0)

if a radius vector from E to ab rotates in a positive (respectively nega-
tive) direction about { in going from a to b along ab. Note that,

since V_ is in general position, every edge of V is either positive or
negative. A link is said to be a closed braid? if all of its edges are posi- .
tive. The height of a link, denoted h(V), is the number of negative edges,
and is a measure of how far the link is from being a closed braid.

To illustrate these ideas, see Figure 6. The links V and V’ bath
represent the trefoil knot tyf)e. The edges cd, de, ef and fg of the link -
V are negative, hence V has height 4; hence V is not a closed braid.
The link V’ has height 0, ‘and hence is a closed braid. A radius vector
from £ to the link V’ néver ceases to rotate in a positive direction abc_mt" .
{ as the link V' is trayﬁ‘erééd in the direction of the arrow.

We note that any ge{z‘ometr:_ic braid (or open braid) 8 may be used to
- construct a closed braid é, 55 by identifying the initial points and end
points of each of the braid strihgs, (cf'. Chapter 1). Also, that an open
braid representative of a given élosed braid may be obtained by cutting
“open the closed braid at its points of intersection with a plane through

the axis; the braid word corresponding to 8 may then be read off from a

projection of B.

2 ~We stress that a closed braid is an oriented link.
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Fig. 6.

Closed braids seem, at first glance, to constitute a vefy special class

of links. The following basic theorem, due to Alexander, will be of funda-

mental importance in what follows:



42 BRAIDS AND LINKS

THEOREM 2.1 [Alexander, 1923a). Every link is combinatorially équiva-

lent to a closed braid,

Proof. For the remainder of this chapter, it will be assumed that all links

are oriented, The proof begins with a definition and a lemma.

DEFINITION. Let ag, ', a., bo,---,bm be given points such that

ax—-lbi> 0, biai >0, a; ,a;<0, and a; ¢ [ag. am], i=1,+,m, Then if

1—1"1
m - .
2 la;_;.bpadV = lag 8yl
we set i=1 '
bybpy i ' i ai' |
QD) SoanV - &6 ) iml;[_l_&ai_pam v

= V — aaan + 2 (ai__lbi+ biﬂi N
i=1

s | by b |
We call 5 1 . an operation of type S, If 5 1 o is applicable to
. %m m

V we say that the set of lines a; 1l:vi and b, Ch 1s a sawtooth on aja..

The effect of applying a type S operation is to repiace a singie negative
edge with a sequence of positive edges.

The reader is referred to Figure 7(a) for a plctute of a sawtooth. In the

b
case jllustrated, m = 3, and the operation 51;1 azasa is applicable to
01

V. The effect of applying this operation is to replace the negative edge
a.a of the link by the sequence of positive edges aghy + bya; +a, b, +

0
bya, + &12113 + baa. This is accomplished by first applymg the operatmns

& aza & aia to V (reading from right to left), in order to subdivide the
1 0
negative edge “aa into a suitable numbet of subedges. The operatlons

& b3 5 & by are then applied to replace the new negative edp'f

aza,’ "ayd;" "8
agay, Ay 8y, a8y by appropnate positive edges. Note that if th- '.mk V

««b
has height h, the link 5 mV will always have height h - 1 in-

dependent of the integer m.
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iy 4 g
Fig; 7.

(a)} A sawtooth on aga.

\ @y /
\ /
\

- \
n(“iul'ai) Q{& Mia;_;.2)

f 4
! 1V(ﬂi»1,&i) \t

a 8,1 B9

() Ilocating the tip of & sawtooth.
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If S is a simplex in' 3-space, then a sawtooth will be said toav: d
S iaf m
U la;_; b8l NS=0 or [ag] or fa ]

i=1

LEMMA 2,1.2.3 Let V be a link which is in general position, and let
{ay, al be any negative edge of V. Then a sawtooth may be erected on
[ao, al. Moreover, suppose S is a simplex in 3-space which has the

) properties:

() sn [30, *11] =@ or [ao] or [31],

(i) If SN [ao,al] 4@, then S0 lag, a ] is a vertex of S.
(iii) The 1-simplices of S are not parallel to L.

Then the sawtooth may be chosen to avoid S.

Befote provmg Lemma 2.1.2, we show that it implies the truth of
Theorem 2.1. Let V be an arbitrary link, and suppose that h(V)= h. If.
h=0, then V is aclosed braid and we are done. If h> 0, choose any
negative edge aga of V. By Lemma 2.1. 2, we may fmd pomts

=a and bi'bz'"" bm such that S 1 is applicable

By By By tty By am
by+b -
to V. Then Sal My contains one less negative edge than V, and is
O .

combinatorially eqmvalent to V. Induction on h completes the proof. i

Proof of Lemma 2.1. 2. We wish to show that a sawtooth may be erected
on aga which avoids S. We will first show that such a sawtooth may
always be erected, and then show that it may be modnfxed if necessary to

avoid S.
If a;_y,a; areany points on #ga such that a; -8, <0, then the

planes through the axis { dnd the points .a;_, and a, respectively

divide 3-space into 4-regions, which we label I(a; ;. ai), IiGa, ;. di), '

.3 Lemma 2.1.2 is a somewhat maore general result then is needed for the proof
of Theorem 2.1. However, wWe will require the stronger resuit later, hence we
establish it now to avoid repetition,
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Hia;_;,a;) and IV(a;_;.a;), as in Figure 7. Observe that if b, is any
point in the region I(aiml:;, a;) then we will have aiulbi > 0, biai > 0.

Suppose first that the projection of the edge aga is free of double
points, so that no point of V lies directly above (or below) aoa.' By
choosing b ¢ I{ag, a) to be sufficiently-far above (ot below) E? we can
make the angle between the plane agba and the plane E? arbitrarily
close to 7/2. It then follows that we can always find a point bel(a,, a)
such that [ag, b,alV = [ag, al, hence 5 will be applicable to V.

Moreover, Sbl ‘will also be applicable to V for all _points b, which

a.a
lie ditectly a};}ove (respectively below) b. Since the sxmplex S satisfies
hypotheses (i), (ii) and (iii), each such triangle agb,a, will meet S in
at most a (possibly degenerate) triangle, and by moving b, still further
above or below b we can arrange it so that the sawtooth aveids S.

In the general case, the edge aja may contain a finite set of points,
say py.***»P,» which project to double points in the link diagram. If this
occurs, it may not be possible to choose a single point b, such that
Szla is applicable to 'V, and our construction will be more complicated.
Our idea will be to first place sharp teeth about each double point, making-
each such tooth sufficiently narrow so that it can be slipped in between
the edges of the link, and to then complete the construction by the .method
used before. We consider the points p,,"**,p, one at a time. 'Let P be
a plane through p, and £. This plane meets S in a convex set, hence
it is always possible to draw a line from p; to {, in the piane P,
which avoids both the link and S. Thickening the line, we may produce
a triangle with base [a 1., si:,_] C [ao, al and__ vertex b2 € l(ay,a, ), such
that the triangle [ay, b,, aZ] avoids S and meets V in [a,, 32]. Ob-
serve that the segment [ao, a ] is free of double points hence the eatlier
construction may now be applied to locate a point by ¢ I{a,. a,) such
that [ag. by, a,] U S=@ or a,, and la, bj.a,]1V=1ag, a,]. Repeating
the constructlon on the points p,,***,p, We may locate points a,; 4,

b b,. for each i= 2,-++,t and finally a single point by

32}.’ 2i1'P2j
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g LTI
Then 858y ey g will be apphcable to V and will avmd S. This com-
pletes the proof of Lemma 2.1.2. ||
 The connection between braids and links which is given in Theorem 2.1
can be exploited to characterize the fundamental grcups of the comple-

-ments of all possible links in g3:

THEOREM 2.2 [Artin, 1925; the proof given here is different from that
given by Artin]. Let B¢ B, and suppose that the action of 3 on the
free group K, is given by equations (1-22). Let B be the Imk deter-
mined by the braxd B. Then the {undamental group wl(S - B) of the

complement of ‘8 in 8% admits the presentation:

generators: yy.'**s ¥y

2-3) S
defining relations: y; = Ai(yl""’yn) y#'Ag"l(yl,---,yn) 1<i<n~l.
' i

Moreover, every link group admits such a presentation.

Proof. The reader is referred to Theorem 1.10 of Chapter 1. The disc
D? -—Q will be assumed to have the meaning given it there (cf. Figure 5),
“and the braid group B, will be interpreted as the group of automorphxsms
of my (D? ~Q,) which are induced by topological mappings which keep
aD% fixed pointwise. | _

let b: {D2 —Q) (D2 -~Q,) bea topological mapping which induces
the automorphism £ € By C Aut '.'1'1(D2 Q. ). The action of B8 onthe
of nl(D -0Q ) will be assumed to be given by

generators Xy ¥y

equations (1-22). Then b may be used to construct a manifold (D -Qn Y%

xl/~, defmed as the quotient space of (D Q%I obtamed by
identifying points on (D - Q) X ¢ with pomts on (D ~Qp) % 1 by the
mle (z,1) = (b{z), 0). Our manifold may be visualized geometncaily as

the complement of a link in the solid torus T = D? x I/ ~ . We denote

the quotient space (D Qn) x 1/~ by (T~ B) In view- of Theorem 2.1,
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the complement of every iink in a solid torus may be obtained in t.his way,
by allowing B torange over B, and n to range over the positive
integers.

Our manifold (T - B) clearly fibers over the cncle sl, the fiber
being (D2 —-Qn)._ The exact sequence of the fxbratmn then gives a short

exact sequence:

2-4) Lo m@ -0 - a (T=B) » myS' » 1

where the trivial grour} on the left is nz(Si) = 1, and the trivial group on.
the right is nO(D -Q)=1 -

Let ¥y ¥n denote the images of X4, ¥p under the natural em-
bedding of rrl(D -Q) =7 ((D -Q )xioi) in ﬂl('r B) Let tenl(T—-B) ,
be represented by zx1, z¢ op?, oriented from gD? x {1} to .dD 2xfot o
{Thus ¢ is a longxtude on the boundary of the sohd torus T.) Note that
t ig alsoa hft of a generator of ”1 st (T B) Then the short
exact sequence above defines a presentation for rrl(T B), w;th genera-

tors ¥yt Ype t and defining relations:
(2-5) ty 7 = A;(yl,---,'yn)yuiA;‘(ylr--.yn , 1< t<n.

To obtain from this aJp:esentation for the complement of the same link
E? in g3 let m bea meridian on the boundary of (T - ES) and let M
and 'L bea meridian and ionguude on the boundary of (S -—T) Then,
by Van Kampen’s theo:em the fundamental group of (8° -—B) (T - B) U
(s? - T), where (T B) N (S - T)= 0T, admits the presentatmn

@ 6) generators yl, . ,yn,m L M,t
defining reIat:ons ty;t7 = Ay ,yn)yu A7 (yl, e ,yn) 1<i<n

M= 1 ' y
t=M S
m= L

m=y¥y" Y-
e
4 see, for example, i—hlton “An introduction to homotopy theoty,"”’ Cambridge
 Mmiversity Press 1963, pe 55. ' -
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A imple sequence of Tietze transformations now shows that the presenta-

tion defined by (2-6) is equivalent to the presentation defined by (2-3). |

The relation Yy = A (},,rI R ,yn)yﬂ l(yl »r Y ) has been omitted be-
cause condition (1-24) implies that it is a consequence of the remammg

relations. ||

COROLLARY 2.2.1. Let F, be a free group of rank n, freely generated

by %y, kg Let (oo py) bea permutation of the letters 1,+-+,n,
and let Ay, A (where A denotes A.(x;,'>,x,)) be any set of
words in the generators Xy, -, %, of F, which satisfy the free equality
(1-24). Then the abstract group defined by the presentation (2-2) is the
fundamental group bf the complement 61‘ a link in S3. Coanversely, every .

link group admits a presentation of this fype.

Proof. By Theorem 1.9, the eéndomorphism B from F, to F, defined by
x)B8 = AixuiAi_l’ 1< i< n, is a braid automorphism of F,. By Theorem
1.8 and Corollary 1.8.3 the braid automorphism £ can be reaiized by a
geometric braid By Theorem 2.2 the fundamentai group my (S -»3) of

the complement of the closed braid B in 8% admits the presentation (2-2).
 Conversely, if V is an arbitrary link, then by Theorem 2.1 there

exists a closed braid Ei which represents V. This closed braid can be -
associated (non-uniquely) with an open braid B. The open braid 8 can

be associated with a unique bra;d automorphxsm and this braid automor-

phism determines the presentatmn (2-2) for-'a, (S - B) i

2.2, Markov’s Theorem

’fhe theorem which will be stated and proved in this sectton (Theo-
rem 2.3) will allow us to translate the question of whether two links are
equivalent into a purely algebraic question (Corollary 2.3.1) about the
collection of braid groups {Bﬁ1 s Bz, Bs,ml. This theorem was am:munced
by Markov in 1935 in a report which gave the broad qutlines of a proof,

but omitted details ,' The details were never publishéd. Several years
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later, there was another brief announcement [Weinberg, 1939] of an im-
proved version of Markov’s Theorem. The heart of Markov's asserted

proof rests on a long and exacting calculation, requiring the patient ‘
erumeration of a large number of sepérate cases. The proof we give here
is based on notes taken at a seminar at Princeton University in 1954. The
‘speaker is unknown to us; we thank him for his help!

The basic idea behind Markov’s theorem is to replace the notion of
combinatorial equivalence of closed braids by a more restrictive notion,
beaid equivalence which guarantees that the intermediate links in a -
sequence of deformations will always be closed braids. This is accom-
plished by replacmg the type & deformations introduced in Section 2.1,
which do not necessarily preserve closed braids, by alternative types of
deformations (each of which is an appropriate product of type & deforma-
tions), which do preserve closed braids. Beforé stating the theorem, it
will be necessary to define these operations and to establish certain rela-
tionships between them. The type d operations, also introduced in Sec-
tion 2.1, will play an important role in the proof of Theorem 2.3, but do not
appear in the statement.

The symbols V, V', v V’t‘l v, Vi will be used to denote an oriented
link which is in general position w:tb respect to a braid axis . This link
“is not, in general, a closed braid. In our link diagrams, the symbol . U

will be used to denote the intersection of the axis with the plane of pro-

jection, with the arrow indicating the posztwe sense of rotation about i’..

In certain of our link diagrams we will wish to indicate the edges of a link

both before and after a deformation, and for this purpose we will use

dashed lines to indicate the original edges and solid lines to indicate
their replécements.

'DEFINITION. If 52{: is applicable to V, and if ab> 0, be >0, ac> 0

then we shall write

(.7) Slbv &bV = V - ac + ab+ be.

This operation and xts inverse will be called type R (see If‘igu;e 8).
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Suppose that ggd is applicable to V and that 6gd is applicab'. to
G5V, If ab>0, be>0, ed>0, ca>0, db>0, ad >0 apdsic
{a, b, e, d][V] = [a, d] then we set

(2:8) : Iﬁbv &g 5‘;dvuv”qd+ab+hc+cd.

We call [bbd and its inverse operations of type . (See Fxgure 8.}

We may now state Markov’s Theorem.

THEOREM 2.3 [Markov, 1935). Let V, V" be two closed braids which
are combx‘natoriahy equivalenﬁs Then there exists a finite sequence of
closed braids V = Vy, V,,V,,+, Vg = V' such that each V;, 1<i<s, is
obtained from | Vi_i by a single application of an operation of 'type R or
of type Q. ' ' :

Theorem 2.3 may be interpreted as a strong version of Theorem 2.1.
Recall that Theorem 2.1 says that every link type may be represented
(non-uniquefy) ‘by a closed braid, Theorem 2.3 describes how the various
closed braid representatives of a given link type are related to one
another. We will show later (Corollary 2.3.1) that if we choose an open -’
braid representative of a given closed braid, say B;¢By representing
V;, then the effect on B; of a type R operation acting on V; may be
realized algebraically by conjugation within the braid group, while the
effect of type 0 operations nﬁay be r.éalized by altering B; and string
index n ina particulariy simple way (roughly speaking).
| The proof of Theorem 2.3 will occupy most of the remainder of this
section. While simple in concept, it involves a large number of details,
some of a computational nature, with certain of these being rather deli-

cate. Lemmas 2.3.1-2.3.3 are techaical in nature, and will serve to

5 Note that V and V° will not, in general, have .the same string index.
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reduce the computational parts of the proof to manageable proportions.
Lemmas 2.3.4 and 2.3.5 are the heart of the matter. Following the state-
ment of Lemmas 2.3.4 and 2.3.5 we will establish that the truths of
Lemmas 2.3.4 and 2.3.% implies the truth of Theorem 2.3. We will then
prove Lemmas 2.3.4 and 2.3.5,

DEFINITION, 'Let V and V° be links. A-sequence of links V= Vo~
Vy »-e» Vo = V7 which have the property that each V, = ?iviml’ where.
ffi is a single operation of type 5,5{, B or 5, will be calied a deforma-
 tion chain joining V to V. Observe that if V and V’ are combinatori-
ally equivalent (cf. Section 2.1) then it is trivially true that there is
always a deformation chain joining V to V', since V may be defotimed'

to V’ by a finite sequence of type & operations.

* ®% . e ' L
LEMMA 2.3.1. If V' and V  are in general position and are combina-
, . S . . * *ok
torially equivalent, then there is deformation chain from V' to V .~

such that all links in the chain are in general posii:'on.

Proof of Lemma 2.3.1. If ggc creates an edge which is coplanér with £
we replace it by f‘;g; where b’ is close to b but not in the plane of |
[é, b, cl. Afterward replace b by b” in all links which follow. If
{520)“1 creates an edge ac m}hich is coplanar with £, and if ed is

the edge following be, choose a point ¢’ close to ¢ and on he, re-
place ‘(62(:)“1 by (ggvd)ml(ggcr)ui(gg;), and replace ¢ by ¢’ in all
links of the deformation chain. This will create a new deformation chailn
joining V. to V’ which has two more links than the old one, but one .

less édge coplanar with {. Induction on the number of edges coplanar

with £ completes the proof. ||

" In view of Lemma 2.3.1, we may assume without loss of generality

that all links in a deformation chain are in general positi_qn. "This -

' assumption will not be repeéted explicitly in the lemmgs' which follow,
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To allow greater fiekil}fility in the proof, we now introduce one more
special type of link deformation, denoted type 3'.‘ We will then show
(Lemma 2.3.2 below) that an operatibn of type T may aiways be ex-
pressed in terms of operations of type R and U. Thus any time that we
use an operation of type T, it will be equivalhent to a sequence of opera-
tions of type R ang .
Suppose that (5 d) is applicable to V, and that (Sgd is applica-
ble to (c%ad)“lv, if ab> 0, ae> O,i bd >0, ¢d> 0, ad < 0; then we
define

(2:9) ghey 6°d(5"’ 1y - V—ab—bd+acted.

We call jbd and its inverse operations of type F. (See Figure 8.)

LEMMA 2.3. 2 [Weinberg, 1939]. Any operation of type 9 may be ex-

pressed in terms of operations of types R and W.

Proof. To see that a type J operation (which has been defined in terms
of type & operations) can be expressed as a product of operations of

type R and @, we show that there exist points a’,d” such that
(2-10) ghev - @4~ @F )"1@“* R2,V

is applicable. We may choose the point a’ in the plane of [a,b,d] close
to a and with aa”> 0. Since ab) 0, we have a’b > 0, thus .‘Rg; is
applicable. Choose d” in the piane of [a,e,d] close to: d Since
(a,b,d] + [a, ¢, dDV = [a, bl + [b,d] and since a” and d’ are close to

a and d respectively, we have
[8, c, d’v a’][ﬂgi)vl = [ﬂ., ﬂ'] .
Also ac> 0, cd’ >0, &a ’>0, da> 0, a’c> 0, and aa>B hence

(@gg: is applicable to ﬁ{abv. Similarly, (m(rd)"1 and | (ﬂ )'-'1
applicable. |
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We now have at our disposal 5 types of link deformations:
Type &: The basic elementary combinatorial deformation. A type
' & operation may (or may not) alter height h(V).
Type R: A special type & deformation which always leaves
h(V) unaltered.
Type {: Leaves h(V) unaltered.
Type J: Leaves h(V) unaltered,
Type o: Always alters h(V) by precisely 1.
The lemma which follows develops certain properties of the operatién

ay+++a which will be useful later.
m

Ca Cm

d,--d b, -
LEMMA 2.3.3. The operation (5 1 ‘“)(S 1
{co, c m], may be expressed in terms of operations of type R and ©.

b V1 ' :
n
ao'"an) , where lag, a ]=

‘

Proof. First we show that if we have a sawtooth on aga, . we ~uy always
construct a finer sawtooth on a,a having a given point’;&"k [“0’ an] S
lying on the sawtooth, and using only opérations of txpes- O and J. Let ,
d e [aiwl’ni}' If l)id > 0, pick a point e such that de >0, ea, >0, |
with e close enough to {a;_;. by, a;] so that tﬁg;ai is applicable to V
(see Figure 9). This operation produces the finer sawtooth., If bid <0,

d b, Finally,

we pick e such that a, ;e> 0, ed > 0, and apply Iﬁg' .

i-1771
if bd =0, we move b; by an operation of type J. Hence if we have a
sawtooth at aja  we may produce a finer sawtooth at any finite set of

points by operations of type ©® and J. Clearly the process is reversible.

d,«d by+e+b, \-1 : :
To perform (5 cl... c"‘) (Sa:,--- a“ we construct a finer sawtooth at
0" "“m n S

[ag.a ] intersecting [ay, a ] at the points. fag,+,aplU fegsr eyl

use oper\ations of type J to place each tooth properly and reverse’the
process of producing a fine sawtooth.= Since, by Lemma 2.3.2, an opera-
tion of type J may be replaced by a sequence of cpqratit;ns of type R
and U, the statement of Lemma 2.3.3.f0110§}s. I
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- Fig 9

The preparatory material is now complete,rand we are now ready to
state and prove the twolemmas which together imply the truth of Theorem
2.3. Recall that if V is a link in general position, then the height of ‘U’,
denoted h(V), is ihe number of negative edges of V. Thus h(V) = 0 if
and only if V is a clésed braid. | |

LEMMA 2.3.4. If V¥ 5 V™™ is a deformation chain, and if hV") = h(v™)
> 0, then there exists a second deformation chain V*—a Vl -+ ---».VS—rV*T

such that s > 1 #and also h(V;) < h(Vf) for every i= 1,+,s.

LEMMA 2.3.5. 1f V*+VV*™ is a deformation chain, and if h(V™)< h(D),

- and also h(V**) < h(\?), then there exists a second deformation chain

V¥, 9o Vs VY such that s> 1 and also (V) < i(V) for every

i= 1,8,

Lemma 2.3.5 says that if two points in a “‘valley’” may be joined by a
pafh that goes over the ‘‘mountain,’” and if at some point a subpath con-
tains a local peak, then this subpath may always be replaced by another.

(possibly longer) subpath with a lower peak. Lemma 2.3.4 says that if a
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“subpath is level, then this subpath may be replaced by a new (longer) path

which dips down, thereby creating two potential new peaks. Together
these lemmas will imply that if any two points in the valley can be joined
by a path which goes over the mountain, then there is another (longer)
path joining them which remains always in the valley,

Before proving Lemmas 2.3.4 and 2.3.5 we show that they imply the

truth of Theorem 2.3. By hypothesis, V and V' are closed braids which

are combinatorially equivalent. Hence there is a deformation chain
VsV, »V,2 -+ V>V joining V to V. By Lemma 2.3.1, each V; in
this chain may be assumed to be in general position. Hence the height
h(Vi) of each link in the chain is well-defined. :

It may happen that h(V;) =0 forevery i= 1,+<,r. In this case every.

link in the chain is a closed braid. It then follows that the deformations

which join the ﬁ_nk Vi_y to Vii=2,.-, r) must have all been type 5{
and type W, since opefations of type E LR or of type & either create
negative edges or requite the existence of a négative edge, and since
none of the links in the chain has a negative edge, it follows that the
chain only admits operations of type R or W.

If h(V)#O for some i=1,~+,r let h=max h(V)>0. Now, there
may be some j for which h(V 1) h(V) h., By Lemma 2.3.4, the chain
can then be replaced by a new chain \.I—-Vl »V#4V joining V to V’,
where the new chain has the property that h = max h(V )> 0, but no j
exists with h(VY_ ) = h(Vf) = h. .

Now we must be in the situation of L.emma 2.3.5. Usmg Lemma 2.3. S,
we next construct another deformation chain V- Vi - qu—rV whxch
likewise connects V to V’, but such that max h(V;) < h(i= 1,-,9).
Continuing in this way, we ultimately obtain a deformation chain joining
V to V’ such that the height of every link in the chain is zero. In f?ais )
final chain, only. operations of type R and O are admissible. This" com-
pletes the probf of Theorem 2.3, assuming the truth of }Jézi;h:as 2.3.4 and
2.3.5. It remains to establish Lemmas 2.3.4 and 2.3/.5’.
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Proof of Lemma 2.3.4. By hypothesis, V** = ?V*, where ns a single

operation of type &, R, D or S. Operations of type O necessarily alter

h(V*), hence J cannot be type 8. Operations R and O leave h(V*) '
unaltered and are therefore admissible. Operations of type & may or may
not change h(V*), and it is necessary to consider the various cases

separately. We distinguish between the 8 different possibilities for type

5, denoted E;k. or &bk

o, where k=0,,7, according to the table below!

. Table 1
K ac ab be HEBVH-RVY) h((ggc)-*v*)-h(v?")
R 0 "0
1 -+ + - +1
2+ o+ —_ +1 \ -1
< - + - 0 0
4 + - +1 S |
5§ - - +. 0 0
6 + - _ +2 -
S | ’ -1

Since &? is type R and &t type 5, we may restrict our attention
to k=2,:,7. Of these, only &3 and &9 leave h(V*) unaltered,
hence F must be either type R, lB,f;3 or &° , ot the invetse of any of
these. _ | ' _

If F is type g{il or type lf)il, choose any negative edge a,a of
V* (6ne always e_x'ists because h(V*.) > 0) and const:ruct a sawtooéh on
aga by the method of Lemma 2.1.2, avoiding the triangle formed by R or
the tetrahedron of . The sawtooth may be used to define an operétionJ-
of type &, and we may replace ¥ by $—19§. The first deform=*ion )
reduces the height, the second leaves it unaltered, and the toird increases

it, thus satisfying the conditions of the lemma.
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if F is type (5k)t1, k= 3.0r 5, andif h(V*) > 1, a similar argu-
ment applies, because each of these type & operations involves a single
negative edge V*, hence if h(V*) > 1 we may choose any bther negative
edge of V*, and use it to define an operation S (avoiding the triangle
formed by &). We then replace F by 7'FS. Hence the lemma is easily
established whenever h(V*) >1. If h(V*) =1 we must work a little
harder to take care of the cases J = (gk)il, k=3 or 5..

If ¥ - 522, we first consider the case where we can erect sawteeth
on ac and bec which share points (l’i""rbm) (see Figuré 10). This will
always be possjble if ac and bc are very close together. We shall de-
note the subdivisions on ac by a; and those on be by c;, with

ag=4a, ¢ = k. These sawteeth shall be such that the pyramids

*
Ia RITSEACTA z+1’bi+'1]V = [ai’ai+1] :

‘This is always possible because we have assumed that ac is close to
be. Also, we ééquire that ae, £ 0, that is the edge ac, does not lie on
a line which is coplanar with £. A calculation shows that % can then be

replaced by the sequence of deformations:

by b\ byeeb,
(211) ¥ = (SC;,,,C“‘) FoF T 1530,“&"’

g- - ﬂ} i a.¢. () d #

-1 C'_ '_
(R bu_l) (g{b;ai) if a;c; <0 and if0

c
Ty = R0y, = R

abi .

‘In the replacement sequence the first & operation replaces the negative

_edge ac by a sawtooth on ac, thereby reducing ‘th'é height.' The ¢peration
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operation iFi may be visualited as sliding a single vertex g of the link
BCross the triangle abe to a new position at c;. The product

5 ? ) m 1
{(plus the positive edge ab). Each ffi operation leaves height invariant,
The final 51 operation replaces the sawtooth on be by a negative

edge on be, thereby increasing the height again. Thus the requirements

thus repla'cesf*ﬁ:he sawtooth on ac by a sawtooth on be

of the lemma are satisfied.

In the general case, we will show that there exist a finite set of
points @gg Bgqs'tty Boy € la,bl, with ag, =a, ay, = b, such that every
adjacent pair of lines aj, i© and a, -1 j= 1,01, admit a common
sawtooth (just as ac and be did in the special case considered above).

It will then be possible to replace J by a product of the form

r
F - j[}l(sjrl FoiFoi T 1S

where each 5 S is an appropriate type S operation and each 3" . sa

product of two type R operations. Each S (5 1) 1 may by Lemma

2.3.3 be replaced by operations of type R and (ﬂ Hence F = (5 )y~ 1NS,

where J is a product of operations of type R and B as required.-

In order to show that the required sequence of points {acji Iexis_t_, we
examine the projection of the link v* onto the plane E2 (cf. Section 2. 1,
proof of Lemma 2.1.2). We now study carefully the constraints whn:h exlst
when we attempt to construct a sawtooth on a negative edge of V¥

1. Let rs be a negative edge of v*. In general, rs ‘will contain a
finite set of double points, and we restrict ourselves initially to the situa-
tion where all double points correspond to undercrossings. Then, we
assert that it is always possible to find a point q such that rq > 0,
qs > 0, and also [r, q,s] v* = {r,8]. To see why this is so, observe that
ig>0, gs >0 will be satisfied for any point g which lies in the wedge
of 3-space which is labeled I{rs) in Figure 7 (here r=8;_ 1 , 8= 4, )
Moreover, the angle between the plane of pro;ectxon and the triangle

it, s, q} can be made arbltrarzly close to rr/2 by choosmg q to be
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sufficiently far above the plane of projection. Since no edge of .V* lies
- directly above rs, ‘it 15 thus clear that by choosing q to be sufficiently
far above the plane of projection we can ensure that [r, q, s} v < lr, sl

2. More generally, let rs and r’s” be a pair of coplanar negative
edges of v* which have the property that no other edges of the link lie
above the quadrilateral [r,s,s,1’]. Also, it will be assumed that the !‘
axis [ does not pierce [r,s,s",r']. Then we assert that it is always
poséible to find a point q such that
| i) rq>0, qs >0

(ii) rq>0 qs >0

(iii) [r 8,851, q]V = slUlr, sl
The construction is identical to the previous case. Each edge rs, or
r's’, determines a region I(rs), I(r',s') in 3-space from which admissible
points q may be chosen to satisfy conditions (i) and (ii) respectively.
The intersection of these regions is necessarily nonémpty, b‘ecause,-ﬂ;
does not pierce [r,s, s’ r’]. To satisfy (iii) we choose q sufficiently far
- above the plane of projection. Since no edges of V* lie abb_ve {r,s,8% 1"}
we can always find a suitable point q.

In the discussion above, if all edges of V" lie above [r,s,8%¢'] we
can again find q sufficiently far below the plane of projection.

3. Let rs and t's” be a pair of coplénar negative edges, which have
the property that [r, s, s’ r’] v* = [r,s]U [r,s’], that [r,s,8%1’] does not
contain £, and also that v contains precisely one edge (say &) which
lies entirely above [r, s, ', r’] and precisely one edge (say £) which
lies entirely below [r, s, s, '] so that the projection of [r,s,s,r’] con-
tains one double point, where B crosses over £ Let p'elr,s,8r]
correspond to this double point. It will be assumed that r, 8,85t  are all
very close to p. Then we claim that as before we can always find a point
q which satisfies condition (i), ‘(ii) and (iii) above. To locate q, con-
struct the plane through the axis £ and the point p. The link is in
general position, hence it meets this plane in a finite set of points. Hence

we can always draw a line from p to ¢ which avoids the link, and thzcken
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it to produce a cone with vertex ¢ which avoids the link. The vertex of
the cone will be in the region Kr,s) N 1¢', s”), as before, The. base of
this cone will cover the quadrilateral [r._ s,s, '} if the points r, 8,851
are sufficiently close to p. Hence, by construction, conditions (i), (ii)
and (iil) will be satisfied. (This situation differs from that in (2) above,
because mstead of choosmg q  far above or below the plane of projection,
we squeeze the pyramid fr, s, 8% ql into the available space between
the other link edges.)

' 4. We now consider the general case. Let ac be a negative edge of
the link v* , and suppose that @bB’ ‘is applicable. Then {a, b, e} v*=-ac.
Since there are only a finite number of double points in the triangle -
[a,b, cl, it will always be possible to subdivide [a,b,c] into a network
of su‘ntnang}.es {ag j—1720,5" ,cl, where agq =8, a5, = b; and each

Bg; € [a, b]l, and to subdivide each such triangle into a network of m
quadrilaterals {a;_; FIRTLIRIRYL R L ’J] (if i=m, the quadrile* rals.
degenerate into triangles) in such a way that either:

(a) all edges of the link lie above a quadrilateral,
ot ' ' _ .
' (b) all edges of the link lie below a quadrilateral,

or
(¢} The quadrilateral is very small and contains a single double

point corresponding to a pair of edges, one of which lies
‘below the quadrilateral and the other above it. |
By the discussion in (2) and (3) above, for each such quadrilateral we may

find a point h-- such that

(i) 1-1,J-—1sz>o bi] i,j— 1 >0

(ii) a;_ 13b11>0 bnauf)o

ah) [31-1',3—1’ i,j~124,§ 81 ]’bu]V =@ or [al 1,084, 0]
if j=0.

It then follows that each pair of (negative) edges a, i ¢ and g i€

tshares’’ a sawtooth. The bases of these sawteeth are the pomts
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“(},j_wl’.“l,j_;r"'*“m,j..1 =e¢ on 8, ;C

H +, B L | PR a '
0,i"%1,5"" " m, j on %o,

-and the common vertices are the points bl]’bzl -+, b .. This completes
the proof of Lemma 2.3.4, for the case E:m
Next suppose ¥ - ubs As in the case f &b3  we first consider

ac!
the case where ac and be are close enough so that we can erect saw-

teeth on both edges which share tips  (d;,*, m) Denote the subdivi-

sions on ac by 'a=ag a4, 8, =0 and those on ab by

8= bo, bl""' bm = hb. These sawteethlshall be such that

"
i+1'di]V = [ai"-ai-r-i] :

b

lag,a3,1 by

(if ac and be are sufficiently close this is always-possibié). Then ff

can be replaced by the sequence of deformations /

doe-d_\}
?ﬁ(sb;.__b:) F, - 55,551 gn

-1
b.
i (ﬁb d:+1) (Razdu—l) if biai<0 and i m

(s Y S{b i

where

)
]

b .
R.m L R
dmam d_c

i

K}

m

The generalization to the case where ac and be are not close proceeds

by the method used m the case J = 5b3
The cases (5 ) and (55) may be handled by using the in-

verses of the replacement sequences for 63 and 55 Thus the proof of

Lemma 2.3.4 is-:.compiete. i
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“Proof of Lemma 2.3.5. Write V** in the form V™" - 3: ‘f AN must
prove the Iemma for all pairs f ., where J: ranges over (62, &4, &9,
&7, 81 and 3: ranges over the inverses of this set (cf. Table 1). First
observe that, from the symmetry of the hypotheses in Lemma 2.3.5, if

5‘-2 3‘1 is admissible, then ?{"1 ?{i is also admissible. Moreﬁver, if
‘there is a deformation chain satisfying the conclusions of Lemma 2.3.5
and replacing 3:2 ¥,, then its inverse will be a replacement chain for
-ffl”l F;71. Therefore the cases to be considered separately are 5,5 =
3-1, 8&, and 16 (since a solution for && implies a solution for
_g“IS' , ete.).

Case 1: F = 8§-1, Suppose ® = Si;gi and 81! = (5::;“‘ 22) i.

if [aG, an] = [co, cm} thién by Lemma 2.3.3 the chain may be réplaced
by an equivalent chain of type R and type o operatidns, both of which
leave height unaltered and so satisfy the condition’s of Lemma 2.3.5.

Next consider the case [ao,an] # [cﬁ,cm]. Note that if h(V*) = h,
then h({?) =h+1 and h(V**) = h. To begin the replacement sequence,
construct a sawtooth on cge,, which avo:ds lag by, a,], thereby reduc- ~
ing height to h—1. We then apply (5 l)hl, increasing height to h.
Next replace the sawtooth on cge, by a second sawtooth which avoids
la,, by, a,]. By Lemma 2.3.3, this may be accomplished by a sequence of

operations of type R and [0, both of which leave height fixed at h.
51 Bk

Now construct a sawtooth on aga,, say S o ak’ to redu.ce the height

Byb -
k 2) , returning the height'

to h—1, and following this, apply (SBIM
to h. In this fashion we may remove the teeth from the sawtooth at aga n’
one at a time, by a sequence of operations whzch never increase the

height to mote than h. At the last step, the sawtoqth on eo.{:'m may be

moved to its final position.

-1 ' .
§ The operation (81) is also admissible, however it may be regarded as a

special case of type §-1,
o~ ’



2.2, MARKOV’S THEOREM 65

e? . F _SE R R b
Case 2! fﬁsg. Let S_H Spo_"pm and 5“5ac-

I (pg Pl 4 (b, ¢l or [a,bl, then wemay by Lemma 2.1.2 erect &

sawtooth on [po,pm] that avoids [a, b, cl, say 52;02 We tentatively

AR ] L XN ] —1 -
5‘11 Am (gdi dn) gb 5‘11 dy
vc .

n

Po’ " Pm \ 07 ac "Cq*" Cy

~ replace F by:

-1

' ) . ql.-.qm dln.. dﬂ ;
and then gse Lemma 2.3.3 to replace SPO'" Py -(SCG'" Cﬂ) by @

i

' _ d,-d
sequence of operations of type R ot U, Since 'h(5c;,,, c“ V*) < h(V*),
n

d * ) -~
b§l. .~ vH< h(@‘;cv*)= h(V), and since type R and

ac CO-.' n
type {0 operations {eave height fixed, the conditions of Lemma 2.3.5 are
 satisfied. The cases [pa,pm] = {b,¢] and [pu,pm] = {a,b] will be

 treated next. Each of these will involve several subcases, depending on

* e

therefore &

the choice of the admiSsible type & operation. Recall that pgPp <0
If [po,pm]w [b, ], and k=2 or b{ac> 0), pick a point d on ac
such that dp; > 0 for each i=0,,m —1. Such a point exists because

cp; > 0 for each i= 0,++,m~1, hence we can always find d close to' ¢

Use the replacement sequence:

9" 9mghb 4 ~1aPodt ,, pPm-1%mgd
Spﬂ---;:omg’ac: “'(‘Rab) IllTjd Py '"‘Bd pmmac ’

: ' g, 4

(Each type-zﬁ operation is applicable because Sp;,__ pm is app}icable.)

. - m -
if [pg:Pml = (a,b] and k=4 or 6(ac> 0) a similar replacement

gequence may be found, as follows: pick a poin't' d on ac such that

pd>o0 for each i= 1,-++,m~1. (Choose d close to a.) Then:
4" Imgb 4 -indm Pm, 431 qd
Spo-"pmg’ac ('Sbc) .mpm__id. Iﬁpu‘.,d tRat:



66 BRAIDS AND LINKS

Next consider the case [po,pm] =[b,e] and k=7(ac <0). Let

S=1Ipg qy: Pyt Gy Pyl Note that § includes lpor a1 P11V [py.9,.p,]

.. U[pm 1,qm,pm], and also that S meets the edge ac in precisely

the single point ¢ = By trivial modifications of the proof of Lemma

P
2.1.2, we may establish that it is possible to erect a sawtooth on the edge
- ac in such a way that it avoxds the convex set S. Suppose that th1s saw-~
tooth results from applying Se:) e" to the edge ac = eqe, of V Now,
choose a point d on e nfa in such a way that dp; > 0 for each
i=1,-,m—1., Such a point exists because by hypothesis be < 0, hence
cb > 0, hence ep; > 0 for each i=1,---,m—1, hence we may find d
close to ¢. Introduce the replacement sequence
s34 qmgb -6y (S £, ...fn)miEr mpﬁql N wpm__.lqmﬂ £y by

s

(In this replacement sequence, each type-w operation' is applicable be-
cause the sawtooth on ac was constructed to avoid 8.) Then replace _
the type-J operation by an appropriate product of operatxons of type R
and type {0, by the method of Lemma 2.3. 2,

Finally, suppose [pg,pyl={a,b]l and k=7 (ac <0). As above, we
may erect a sawtooth on ac by some operation of type 5, say 52; en
in such a way that this sawtooth avoids the set S which was defined
above. Choose a point d on eyf; insucha way that p,d> 0 for each
i=1,---,m~1 (we may find d close to a). Then construct the replace-.

ment seguence:

sU g gay M (sh i) T gdagin Bn puiPiga ghify
po P be .eg"'en 1 Pm l Pod af eome *

Case 3: F =618, Suppose &1 - (gef)-l and & —"(5b ). Observe

that 5bc produces at lcast one negative edge. Construct a sawtooth.on

one of the negative _edge.; produced by 526, gay Sa(l, ...am- Usmg it,

construct the temporary teplacement sequence:

;
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~1 , —1 by b, N\ by b
Egp &2 - Gp (5;:,‘) (Sao. a )@

This replacement sequence is of the form (5“15”2)(55). Let V= 5\7*,
V=8V, Vy= 81y, V™= E7tv,. Observe that h(V")< h(¥) by
hypothesis and h(Vi) < h(V) because an & operation reduces height,
Then the subsequence viavoa \f1 satisfies the condition of Lemma
2.3.5, case 2, because it is type d&, hence we may apply the prevxousiy
determzned replacement sequence to this subsequence. Similarly, in the
subsequence V;,» V, - v** we have h(Vl) < h(V,) = h(v) and h(V**) <
h(V;), hence we may apply the results of case 2 a second time to the
subsequence V, =V, - v**. The product of the two replacement sequence
s0 obtained then yields a replacement sequence for case 3.

Thls completes the ‘proof of Lemma 2.3.5, ‘and hence of Theorem 2. 3 "

The algebraic analogue of Theorem 2.3 now follows almost zmmedzately.
As before, we will represent a braid 8 by a word on the generators
0,00, of B If we wish to stress the fact that a link is a closed
braid, we will use the symbbl E} instead of V. If é is a link which is
represented by the braid B ¢ B, and if we wish to stress the fact that

B is a braid on n strings, we will use the symbol (8,n) instead of B.

COROLLARY 2.3.1. Let B and B be two closed br&:dg, with braid
representatives (8, n) = _(.au1 o, ,n), (B,n) = (o ar ry ,n) Then B
t

is combinatorially equivalent to 5'7 if and only if there is a deformation
chain (B,n) = .(51!“1) (Bz,nz)—v-w»(ﬁs,n )= (B'n’") joining (B,m) fo "
(Bn"), such that each closed braid (8, {.m,,) in the chain can be ob-
tained from its predecessor (,81,n .) by applying one of the following moves:

7 The reader is :x‘emmded that closed braids which are combinatorially equiva-
ient define the same oriented link isotopy type, m the notation of Crowell and Fox,
1963, p. 8. o
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M,: Replace B; by ény other word in B which is conjugate to
; _ _
‘Bi' Set n; ;= nj
1

, ; + . +
M, Replace By by (Byopr,ng+ D on il By=yon 1
where the braid word y only involves the generators

01,-",0ni_2, replace (ﬁi’ ﬂi) by (}’;ni“l?-

Proof. Let B, B’ be closed braids, which are defined by means of
particular projections onto a plane g2 which is perpendicular to the
braid axis L. Observe that open braids (B8,n), (B,n") can be recovered
from the closed braids B, B by cutting open along a half-plane P |
through the axis and reading off the braid words 0;1"- oer, a(;l"- arak

o ' S S S T
from the projections of 8, " The integers n, n’ will be the cardinality
of the point sets 8 O P, g np. (Of course,\ the braid words so~optained
are only unique up to cyclic permutation, but n and n’ are uniquely del-.
termined by the link diagram for ﬁ and E'.) | |

if B and B’ are combinatorially eduivalenf, there is (by Theorem

'2.3) a deformation chain B = 50 - 31 - 32 s Bs = B’ joining B to
ﬁ', with the property that each f)’ ; isa closed braid, and also ﬁi =
s:iﬁimz' 1<i<s, where ?i is a single operation of type R of tybe {ﬁ
if E {= Iﬂg‘géiml, then the projection of the tetrahedron {a, b, e, d}
will in general contain double points. However, we may always alter the
sequence" by moving the rest of the braid away from [a, b, ¢, d] by opera-
‘tions of type R, then berform ®, and afterwards restore the braid to its
Icriginai position by further operations of type R. Hence we may assume

without loss of generality that whenever ﬁi = Iﬁﬁgéi_l "in the deforma-

tion chain joining B to ﬁ’, the projection of the tetrahedron la,b, e, dl]
is free of double points,

We now associate with each closed braid in the deformation chain a
pair (8;,ny), where B; ¢ B, . Observe that if B, m.?iBi-ll' and'if 3:i
is type R, then the string index n; will be the s;me as,‘;hi_i,. howe\fe’i('

it J; is type U, then mj=ny_; *1.
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The group Bni is the fundamental group of the space Bo,niE2 of
Chapter 1. Hence we may associate with each braid word in B, a
homotopy equivalence class of z0.-based loops, where two loopslare
homotopy-equivalent if there is a homotopy (rel z2°) between them. On the
other hand, we may associate with each closed braid an equivalence
class of freely homotopic loops in the space Bﬁ,niEz’ where two loops
are (freely) homotopic if there is a homotopy between them which is not
required to keep zo fixed. It then follows that we may associate with
- each closed braid a conjugacy class of elements in the group B [See,
for example, Hu’s “Homotopy Theory,”’ p. 125, Section 14]. i

Now suppose that Bi - (ﬁi,-ni) and that f}i = ﬂgc Bi-—-l' Since type
R operations preserve string index, it follows that n;=mn; , and that
B; and B, ; represent conjugate elements of Bn Hence f8; may be
obtained from B, , a move of type M,. If B = (@ab Bi-—l' then
n;=n;_; 1. Since the tetrahedron [a, b, e,d] contains no double points,
| the operation ( Iﬁadr may be realized by a single operation of type I,.
This completes the proof of the first part of Corollary 2.3.1, The second

part of the proof is trivial, ||

Corollary 2.3.1 contains a complete translation of the question of
when two links are combinatorially equivalent (as defined in Section 2.1)
into an algebraic problem about the sequence of braid groups
| iB’l, }32,83,--4. This problem naturally divides into two sub-problems,
'the first of which (corresponding to the moves M,) is the conjugacy
problem in the braid group Accordingly, our next step wxll be to discuss
the solution to the conjugacy problem which was given by F. Garside m
1969. Following that, we will return (in Section 2.4) to the larger questxon

of combinatorial equivalence of arbitrary closed braids.

2.3, The conjugacy problems in Artin’s braid group
Our goal in this section will be to present and to extend results due
to F. Garside, 1969, on the solution to the conjugdcy problem in the group
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Bn, i.e., to give an algorithm which enables one to decide, for an arbitrary

pair of elements B8,y ¢ B, whether there exists an element & ¢ 'Bn such

that B =8y8 1, |
The first part of the solution is the development in Theorem 250fa

new normal form for elements in B, This normal form is very different
from the normal form developed by Artin and ptesented earlier in Corollary
1.8.2, Chapter 1. To describe it, we require a definition. The group B,
will be regarded as the abstract group on.the generators 0y,**0p 4 with

defining relations (1-1) and (1-2):

(1-1) 0,0;=0;0; if limjl>2,1<i,j<n-1.

(1-2) 939311 % = %1 % %017

A word in these generators is said to be a positive word® if it involves
the letters o; (1< < n-1), but does not involve any letter o;'t. of

particular interest will be the positive braid word
(2-12) A= (0102---_(7“_1)(0132---an__z)-“(aiaz)(qi)

The reader is referred to Figure 11 for a picture of the braid A, It may -
be thought of as a ‘‘half-twist,” accomplished by holding the top of the
" braid fixed, and attaching the string bottoms to a rod which is then turned

over once. In Garside’s treatment, each element BeB, is shown to ad-

mit & unique normal form:

(2—13) g =A"P, m an integer, P a positivé word.

1

. i
The mteger m is called the power of 8, and the word P is called the
tail of 3. Roughly speaking, m and P have the following meaning:
Starting with an arbitrary word W which represents the element f3, one

considers all possible braid words of the form A~ kW as k :anges over

8 Pogitive braid words were also considered by [Burau, 1936] who gave them
the descriptive name “gleichsinnig verdrillte Zopf.”
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Fig, 11, The braid A in Bg.

the integers. Then m . is the largest possible integer with the property
that A~M™Y is equivalent (in B ) to a positive word, P. The particular
choice of a unique positive word P will become clear latet.

The solution/to the conjugacy problem in B,, as given in Theorem
2.6, is based on smular 1deas It is shown that one may choose a unique
tepresentative AT for the conjugacy class of, an element B ¢ B,. The
integer t is called the summit power of 8, and ‘the posxtwe word T is
called the summit tail of . Roughly speaking, one finds the summit
power t of 8 by considering all braids of the form A~ ky where k
ranges over the integers and W is any braid word which represeats any
conjugate of B in B,; then t is the largest possible integer with the
property that A -tw is eqmvalent (in By) to a positive word, T. The
particular choice of a unique positive word. T, will become clear later.
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~ To the reader who is familiar with R. H. Fox’s concept of “‘congruence’’
of knots [Fox, 1958], we may also describe t in another way. Suppose
B ¢ B, defines a knof B Then t is the largest possible integer such
that B is congruent mod ({—]), n)’ to a closed braid T which is repre-
sented by a positive braid word T ¢ B,

An algorithm for computing the power and tail of an element B ¢ By
is given in Theorem 2.5. An algorithm for computing the summit power
and summit tail of an element B ¢ B, is given just before the statement
of Theorem 2.6. The assertion that two elements of B, are conjugate iff
they have the same summit form as in Theorem 2.6. Following the proof
of Theorem 2.6, we study Garside’s results with the object of obtaining a
deeper understanding of his solution., Theorem 2.7 is a new result, which
may be considered as a first step in the utilization of Theorem 2.6 to-
solve the algebraic link froblem

Since the proof of Garsade s result is quite long and compl:cated and :
is presented in full detaxl in the original pu’ohshed version, we do not
wish to simply repeat his proof. Instead, we attempt to prove the main
points, omitting details of a computational nature. T he interested reader
should be able to work out those details for himself from the hints in the
text; if not, he may refer to the ongmal paper. Theorem 2.7, which is a
new result, will be proved in detail. |

For the remainder of this section, our point of view will be mainly
algebraic. We remark that the geomemc xmpllcatmns of Theorems 2.6-2.7
are not well understood, and remain a topic for future research.s

We begin by noting that the defining relations (1-1) and (1-2) in the
braid group B, have the special property that no inverse of a generatot
appears in either relation, Hence there is an abstract semigroup Sp i

which admits a presentation with generators 8,8, 4 and defmigzg

9 The symbol [25] denotes »;- if t is even, of -t-'-é}- if 't is odd. .
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relations (1-1)g and (1-2)g, where (1-1)g and (1-2); mean relations (1-1)
and (1-2) with the generators sy,c+, s, , substituted for 01,-"-,011“1.
Garside’s basic idea is to transfer from S to B, information easily
obtained in S,. The transfer is accomplished via Theorem 2.4, which
asserts that the semigroup 5, embeds naturally in the group- B,. The
first observation, however, is that the word problem is very easily solved
in S,:

NOTATION. Symbols V, W, X denote words in the symbols LWL P
Positive equality V= W means that V and W define the same element
of ‘Sn‘ Identity V =W means that ¥V and W are identical words, If
W= sil Si‘k then the symbol {;/ 'will be used to denote the word ﬁf =
S, " sn«»ik' The symbol L(V) denotes the letter length of V. Note
that if V=W, then L(V)=LW). If. V=V, TV, 7.5 V, =W, and if
each V, can be obtained from V,_y by a single application of one of the
relations (1-1)4 or (1-2)g then one says that W can be obtained from V
by a transformation of chain-length 1. L

The diagram of a word. solves the word problem in S, Let W bea
word in S_. Let D (W) be the set of words obtainable from W by trans-
formations of chain-length 0 or 1. Iteratively, let Di(W) be the set of
words obtainable from Di‘__l(W) by transformations of chain-length 0 or 1.
Since all words of Di(W) have letter length L(W) and only finitely many

words of S have letter length L(W), it follows that for some integer i,
Ve DI(W')C'DZ(W)C'Q-'C Di(W)_ = Di+l(W) .

Then D. (W) D. (W) forall j> i and Dy(W) is called the diagram D(W)
~of the word W. Cleariy V< W if and only if D(V) D(W) This solves

.the word problem in S _
A partxcular word A# of S, is of special importance in the transfer

of information from S, to B. This word will arise in the. proof

Theorem 2.4 and in both the word and conjugacy problems for B Define:

:# [ R EED
”(5152’“3::—1)(5132 Sp_2) (818 0(sy) -
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LEMMA 2.4.1. The word At in S, has the following propernes
(i) For eachword V¢S, A“ V= VAY
(i) Foreach (1<} g‘n--l), D) contains a word with initial

letter S; and a word with final letter 8

Proof, One begins by showing that as a consequence of the defining rela-

tions in S.: :
n A#Sn"'i = SiA# 1 ...<... i __<_ n"""l .
Property (i) then follows by induction on L(V). Property (ii) can be

established by showing that

# .
A= (Sjsj.,.l"'Snnl)(slsg*”snw— a) (5152)(31)(311 152" sn—j«i-i)'
2 <jgn-1

as a consequence of the defining relations in S, I

THEOREM 2.4, The mapping e:s; v o; (i=1,2,-, n-1) induces an et-
bedding of the semigroup S, in the group B .

Pmof By [Clifford and Preston, 1961, pp. 34- 36], it suffices to show that:
(i) S, isright and left cancellable (i.e., in S, if AX T AY,
then X = Y; and if XA T YA, then X=Y)
(i) S, is right reversible (i.e., if X,YeS,, then there exist
U,V ¢S, such that UX = VY). |
By induction on the letter length of A, it suffices to prove that Ax
=AY implies X =Y in the case that L(A)=1. This'in turn follows by
induction on both the chain length of the transformation taking AX to
AY' and also on L(X) L{Y). The mductzon requites sunultaneous proof
of the additional properties listed below:
(iii) Suppose that s; X T s Y. Then
i=k , it follows that X Y
if { li-k| > 2, it follows that for some Z, X = 8% Y78 Z

li—-kl = 1, it follows that for some’ Z X T osy8 Z, Y slskz;
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Similarly, the proof that XA = YA xmphes X =Y involves proofs of

the following:
(iv) Suppose that Xs. MYsk Then

i=k , it follows that X=Y
if{|i—k| > 2, it follows that for some Z, X = Zsy, Y 1s,
li=k| = 1, it follows that for some Z, X % Lssy, Y sti'

The assertions of (iii) and (iv) for transformations of chain length one
are rather straightforward. For transformations of greater chain-length,
 one factors into transformations of sinalier length, first applies the induc-
tive hypothesis about chain length then the inductive hypothesxs about -
letter length, and checks the multitudinous possibilities. The reader is
encouraged to write out two or three examples for himself; representative |
calculations appear in Garside’s _ﬁaper. ' .

The proof of (ii) is easier: Fix X,Y ¢S, m=L(Y), and Y =5,Y,.
By an induction starting with m—1=L(Y,)= 0, one may assume that
there exists a V, €8S, such that Afm-1x = V,Y,. By Lemma 2. 4. 1, A#”‘
sti for some V, ¢ S_,. Then '

¥my A Aff-ly = AR U AfY - A
AFTX = AT ATTIX 2 ATV, Y, V) AR TV VoY = VY

(whe:e the third equality also uses Lemma 2.4.1). This completes the in-

duction step and establishes (ii). ||

CONVENTION. The semigroup S, will from now on be identified with
its image e(S,) in B,. Words in the symbols 5y 201,78, (=0,
which involve no inverses and thus define elements of S, will be caliefl
positive words., The word A* in S, will bé replaced by the positive
word A in B, (equation 2-12). Two words W and V will be called
positively equal (written W ki V) only if W and V are both positive and
define the same element of 5, (equivalently, of B ). Note that the
assertion W = V /implies t’hat W and V are positive. Equality W=V
means that W and A4 defme the same element of B 1dent1ty W=V
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means that W and V #re identical words in the symbols ¢;,***) an_1
and their inverses. If W is the positive word W= 0y 0y Ty then
we define W to be the positive word W= an_“lon__#zm Onp,’ The

following version of Lemma 2.4.1 is valid in B.

LEMMA 2.5, 1 For gach j (1% i< n-»l), there is a positive word X
" such that 03 A""X Also, Ao = 1 A (which, together w:tﬁ
Lemma 2.4.1, implies that A~ 1V VA"l for every braid word V).

_ Proof. The first statement is an immediate consegquence of Lemma 2.4.1 (ii).

The second is proved after the fashion of 2.4.1 (i). |

DEFINITION. A positive word P is said to be prime to A if no word in
D(P) is of the form AQ. Otherwise, P is said to contain A, If P, and
P2_ are positive words of the same letter length k, with Py = or‘11 "o"k
and P A ohk, then P, is defined to be smaller than P, 1f the
number @, (cons;dered as a numerically expanded number in the'
number base n) is smaller than the number Ay »* Ay (base n). There is
clearly a unique smallest word in any diagram D(P) and this word is
called the base of D(P). If P is prime to A, then one wutes P for
the base of D). The symbol P wiil only be used if P is a positive
word that is prime to A and P is the base of D).

THEOREM 2.5 (Garside’s solutmn to the word problem in Bj ) If B e By,
then B is represented by a unique Word of the form A™ P where_the
integers m and the positive word P are computeci from any representa-

€ €
| tive oul a; of the word B in the following manner
1 r

(i) List the positive words Xi,"- X,y Whose existence is!
established by Lemma 2.5.1. - \
(ii) - Replace every letter “ui which occurs in the braid word

El t’r A—lx
Pli F- by
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(iii) Using the property A"V = QA"‘" (Lemma 2.5.1) collect all
A~V's introduced in (ii) at the left, so that B is represented
by a word of the form Akl-’o, whe’rer P, is positive. Note
that k< 0, '

(iv) Construct D).

(vy In D(P,), choose a word APP such that h is maximal, Let
m = h+ k., (Note that h> 0).

(vi) Construct D(P). Let P be the base of D(P).

Proof, To prove that the :epresentatmn is umque suppose that 8 = Amﬁ

_A™P’ where, say m > m. Then A™~ m’'pP _ P’ is an equality of posi-

tive words and, hy Theorem 2.4 AT P P". Since P’ is prime to A,
m=m. Thus P=pP and by uniqueness of the base of a diagram of a

positive word, P = P°. This completes the proof of Theorem 2.5. |

Examples:

1. Let n=3, let 8= 010;10105‘1 and note that a'z"la A""}azoi.

" Then

-1 -1 A
B =o,A "2‘71)".1(A 0,0,) = A 20101620‘20‘201
Do} 304) = lofogo,) s

and A7 zofagal is the representative for 8.

2. Let n=4, 8= 01 =1 and note that al"“m A"laiazasolaz'. Then

D(010,030193) = 10,0,030,0,,0,0,0,0305, 0501050305,

and A-'l_(olazai 0309) is the representative for .

DEF!NITiON. The word ATP of Theorem 2.5 is callet! Ga:sxde s normal
form for B. The exponent m is called the power of B and the word P
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is called the tail of B. I P is any word in D(P), then AP is called
Garside’s standard _forzh for 8. Note that P is prime to A. The alge-
braic sum of the indices of any given word will be called its exponent sum.

For example (01)"3(03)402 is of exponent sum 2. Note that the exponent

sum is an invariant of conjugacy class in B,

The next two lemmas are easy consequences of Theorem 2.5 and moti-

vate the solution to the conjugacy problem (Theorem 2.6).

LEMMA 96.1. Let s and m be arbitrary integets. Then in B, the
number of words in standard form of power > m and exponent sum s is

finite.

Proof. Suppose APA satisfies the conditions (i) p2m and (ii) Sw~pL(A) _
+ L(A). Then since L(A)>0 and L(A)> 0, (iii) s/L(A) > There are
only finitely many integers satisfying (i) and (iii). Condition (il) e ;ws '
that L(A) is determined by p, and there are only finitely many words of
given length. This completes the proof. || N

LEMMA 2.6.2. If B= S"lys in B, where 8,y are arbitrary braid
words, then there is a positive word B such that f§ = B~YyB in B,

Proof. Suppose & = APQ, where Q is positive (see Theorem 2.5), If p
is even, let B=10Q. Then

B-1yB = Q~1A"PAPyQ = Q71A™ pyA*’Q 5~lys=8,
by'Lemma 2.5.1. If p is odd, let B = A(). Then

B-1yB = Q~'A~Al-PAP~1)yAQ = Q-TATPYAPQ = s~1ys=B

-

again by Lemma 2.5.1. |
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DEFINITION, If B is a positive word, we will call B“"in a positx've'

conjugate of y.

£ A=TF, where 1< L(D< L), then T is called an initial route
of A and F is called an associated final route. For example, if n=4,
then A T 0,040,059197) and 0,050, isan initial route with final routes
0,0,0, O 01030y The initial route 030,0, has the same final routes
as 070305 "

Using D(A), makea list of all possible initial routes. Replace each
such initial route 1 by the base of D(I). Delete repeatS.. The resulting
set, easily obtained algorithmically, is called the set of initial route of A.
Forexample, if n=3, the set of initial route of A is the set 104,90,
0,09 03015 010201}. Note that the generators of Bn’ i.e., 0y, 0n 1
are always initial routes (Lemma 2.4.1). _

We next define the summf‘fft set 5(8) of an element BeB,, by describ-
jng a procedure for computin;’gg S(B): | _ \

(i) Construct the list of initial routes 111,-",Ikl of the funda-
mental word & in B,.

(ii) Let 31(5) be the set of words in standard form having powet
at least as great as the pawer of B, and obtainable from B
by conjugation?by a single initial route Ij (i= 1,7+, k). Itera? :
tively, let Si(B) be the set of words having power at least
as great as that of B and obtainable from the words of
Si_l(ﬁ) by conjﬁgation by'a single initial route of A.

(iii) By Lemma 2.6.1, the number of words ob!iginabie by the pro-
cess is Ein;te so that, for some j, Sj(ﬁ) = Sj;_l(ﬁ) ig the
subset of S j(ﬁ) consisting of those elements of maximum
power in Sj(ﬁ). |

Finally, define the summit power t of BeBy to be the (common) '
power of the elem'énis 8(8); the summit tail T of B tobe the tail of
the unique elemént in S(B) with smallest tail; and the summit form of B

to be the word {BtT ¢ B,
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THEOREM 2.6. Two clements B,,8, ¢ By are conjugate if and only if

they have the same summit forms.

Proof. 1t is necessary to‘establish that the integer t and the positive
word‘ T which are computed by the algorithm given abdve are uniquely
determined by and uniquely determine the conjugacy class of the word .
‘The proof begins with a definition and several lemmas. _
A positive word V is said to begin with ¢; if D(V) contains a word

of the form o A, and to end in o if D(V) contains a word of the form
_ Ag;. For example, the word V = 0,0,050; has diagtam D(alaza3al) =

[01%0301, 010,0,03 0,0,0,05} hence V begins with o) and o, and
ends with o, and 04. The lemma which follows summarizes the proper-

ties of A which will be used’in the proof of Theorem 2.6.

LEMMA 2.6.3. _ |
L Uf ielt,nfl}h then Aoy ay A Hence, if V is any positive
word, then AV = VA. | |
2. If iell,,n=1}, then there are positive words X, Y; Y such that
AzoX =Yoo ‘
3. If A5 1F, then either 1 ends in o, or F begins with o, for
each ie¢ll,,n}, butnever both.
4, If W= AV, and W= AB, then either A ends in o; or B begins
with ¢; for each ieil, -, n-1}.
5. If W is a positive word in B, and if W begins with (ends with)
o, for each ie {1,+,n=1] then WAV for some positive word V.
' i
~ Proof of Lemma 2.6.3. Properties 1 and 2 come from Lemma 2.5.1, 'Prq- _
~ perty 5 is proved by a lengthy induction and involves ’sdl. of the properties
of A already developed. Property 4 is proved by induction on LA) and
uses Properties (iii) and (iv) from the proof of Theo:em 2.4. Property 4
' 1mpl:es all but the last assertion of Property '3, whach assertion follows
-from Properties (iii), (iv), Theorem 2.4 gnd Prope;_ty 5. The reader lis re--

fe_‘r:ed to Garside’s paper for details. I
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" NOTATION. The symbol (3 will be used to denote a positive word which

is equal to either Q or Q.

LEMMA 2.6.4. Suppose that B = ARP, and suppose further that for some
positive word Q, the word Q~'A™PQ has power 1 greater than m.
Then PQ contains A, '

Proof of Lemma 2.6.4. By hypothesis, Q~'A™PQ = A'R, with > m.
Using L_.t-::mma’Z.S_.l, we then find: ' '

ATPQ - QAR = ATQR
PQ = A™™QR, mn>0.

By Theorem 2.4, it then follows that PQ= A_'"m(jﬂ. This completes the

proof. i

LEMMA 2.6.5. In B, suppose (i) that y = AT is in the summit setx.'
5B) of B, (ii) that X is a positive word such that X~ 1yX = AtQ, and

(iii) that X = 1Y where | is an initial route of maximum length. Then

l'lyl, reduced to standard form, is in SB)

Proof of Lemma 2.6.5. Since y ¢ S(y) C S(), I-'yI has power < t. It
" temains to be shown that 17 lyl also has power > t. S
Case 1. If X=AY, then A” yA A—TADA = At'l‘ has powes t.
Case 2. If L)< L(A), et F be a positive word such that IF < A.
Thete is a partition of the indices 1,-+-,n=1 into two sets a and 8
such that, for each j ¢ g, ; there is a positive word U snch that 1% Ujbj '

and, for each je¢ 8, there is no such word. Then
I"lAt I"‘AA"" - FAt-! = At-1F

and conseqnently
AfQ = X~1yX = YU 1AMDIY = Y-HASTFTY
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By Lemma 2.6.4, IFTIY. contains A. By Lemma 2.6.3 (Property 4),
cither FT1 = Vaj for some V ot Yo Y for some Yj for each

jeil, -, n=1}. But if the latter were true for some jed, then XTI1Y 7
Ia Y and lar would be by Lemma 2.6.3 (Property 3) positively equal to
an xmtxal :oute of A of length greater than L), a contradiction. Thus
FTi = Vja3 for each je 8 by the contradiction just established. Also,
FTI = FTU % for each jea by definition of a. Hence FTI contains

A by P:opetty 5 of Lemma 2.6.3. This shows that 1™ 11 = At"lFTl has

power >t as desired. This completes the proof. ||

We are now ready to prove that in B, B, is conjugate to B, if and

only if S(B8,)= 8(8,)-

Proof. If there is an X € 8(B;) N1 8(B,), then X is conjugate to both
B, and B,; hence B, and B, .are conjugate. |
‘Suppose conversely that B, and B, are conjugate, that APPeS(Bl),
and A9Q ¢ $(8,), say with p<q. By Lemma 2.6.2, there is a positive
word X such that X~ YAPPYX = A%Q. If L(X)> 0, then X T 1Y where
I is an initial route of A of maximum possible length L{) > 0 (recall
that each o¢; is an initial route of 6) Note that p< q, so that by
Lemma 2.6.5, I"'(APP)I when reduced to normal form is in 5(8,). By
induction on L(X), A%Q = Y-HI~*APP)I1Y has normal form in S(By)-
Thus S(8,)C S(B,) and p=q. Since p=q, the argument‘may be re-
peated with the roles of B, and f {nterchanged to show that S(8;)C
S(8,). This completes the proof of Theorem 2.6. al

e

To proceed further, we would like to examine the summxt set S(8) tof '
an element B¢ B,. VWe begin with certain observations about S(8) whxch
are implied by the procedure for computing S(B). : S
- In computing the summit set of an element B = A®P by the procedure.
desc::bed above, we include in the set S, (ﬁ) (i=1,2,,k all words of
power m,m+l, m+2,c until finally the complete list of words of maxil{mm

power t is obtamed Al words of power <t are then ignored. In the
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process we must at some stage reach a first word of power m+1, say 8.
Since f3, is conjugate-to B, it follows that the summit sets of # .md”i
B, coincide. But then this implies,that all words of power mil-l can
be ignored, once any single word of power m+1i is obtained. Moreover,
the entire summit set of an element B8 can be computed unambiguously
{rom any summit representative of B8, Finally, given any element f =
A™P, it is possible to reach at least one summit representative At Tj of
B8 by a sequence of words Am“Pl,Am*zPZ,---,At'l‘j which have the
property that each A™"IP. is conjugate to A™P, and has larget power
than its predecessor. These remarks, which are implicit in Theotem 2.6
and in the procedure for calculating S(B), will prove to be extremely im-
~ portant in the discussion which follows below.
From this point on, our results are new, and go beyond those in Gar-
side’s paper. We recall that our motivation in studying the conjugacy
problem in B, was a wish to study the “*Algebraic Link P_roblelﬁ,” as
formulated in Corollary 2.3.1. With the end in mind, one is not really so
much interested in being able to reach a decision about whether particular
elements in B, are conjugate, but rather one seeks insight into the pro-
perties of a braid which cause it to fall into one conjugacy class rather
than into another. Thus one might ask the question: given a braid 8=
A™P, in normal form, how can we tell, by inspection of the word P,

whether it is a summit form® With this goal in mind, 1% we will prove:

THEOREM 2.7. Let 8= A™P -be in standard form in B,. Then B has

summit power t> m if and only if D(P?) contains.a word of the form

' , FRI (if m is even)
(2-14) or | i ~
_ © KFRI (if m is odd)

i Our results wii_i also give a simplified algorithm for deciding whether an arbi-
© trary pair of elements of B, are conjugate. '
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for some pair of positive words 1, F such that A T IF. Moreover, if this
happens, then 3 is conjiigate to A™IR. Thus B is & summit form if

and only if D(P) cqmair.is no words of the form (2-14).

Before proving Thegrem 2.7, we note that it has as an immediate divi-
dend a simplified algofithih for the computation of the summit set S(B) of

aelement B¢ By

__"_COROLLARY 2. 7Y 1'.'1e-roHowing iprocedure may be used to compute the
summit set S(8), B ¢ B,
(i) Construct a master list of all possible pairs {(Il. Fy )y (ls,Fs)i
of initial and final routes, where A=LF = X33 B O '
(ii) Suppose B = AP, Coristruct D(P) As each word is entered in
D(P), search the list of pazrs (l F) to see if there zs a parr
d,F) such that P=IP P (if m iseven)or P 7 lP F (if- m’ ‘is
odd). If so, replace A™P by N’”IP , and repeat step (ii).
(iii) Ultimately, an element = At Ty will be obtained which is con-
jugate to B and which has the property that D(Ty) fails the
test in (ii) above. Then B’ ¢ 5(8) = 8(8"), and we maf compute
the set S(B) by the procedure outlined in steps (iv) and (v) below.
(iv) The following words may be entered in the list S(8) without
further computation, once a single entry AtT has been entered:
(a) For each word AtT on the list, include aH words AtTk
where Ty € D(T)
(b) For each word A T , and for every possxbz‘e partition T- z

111'?32 of T we may enter AtT T “if t is even;

AT, T. if t is odd.
RS

{c) 1f S(B) contains any word AtT- which has the property
that T does not . involve the brazd generators Ops***s O n-1’
1.e. TJ Tj('z;]Lf vy, m—l)' then we may enter the words .

Tj(az""’am)":"Tj(al-!-n—-—m’ ’.Gn-—-l)'
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(d) For each word At'l on the list, we may enter the word
A"l

(v) Let S(B) be the (possibly incomplete) list devefoped in step (1v)
above. For each word At Tj ¢ S(B) verify whether 1T lAtq}ii
has power t, and if so, whether it is in S(3), for each initial
route L. If it is not already in S(B), then augment S(B) by
this new word and repeat step (iv) above for this new word. The
procedure will end when no new words are obtained by step (v).

We conjecture that no new words will ever be obtained from step (v)

above, however we were unable to prove this (see Problem 12 in the

Appendix).

REMARK. To the reader who is unfamiliar with Garside’s work, our
“improved’” algorithm may not seem to be an improvement, however we
assute the reader that it reduces the computational work considerably!
Nevertheless, the algorithm may prove extremaly difficult to apply, mainly
‘because of the large number of words in the set DA). i n=3, D)
contains 2 words; if n-=4, D(A) has length 16; R.S.D. Thomas informs
me that for n= 5, D(A) has length 768, and that for n = 6, D(A) has
length 292, 864! (The study of patterns in D(A) is, incidentally, a fas-
cinating pastime in its own right! See {R.S.D. Thomas, 1974], for such a
study.) o

The remainder of this section will be occupied with the proo.f of .
Theorem 2.7. The reader who is more interested in applications than in a

deeper understanding bf Garside’s.solution may wish to skip to Section 2.4,

Proof of Theorem 2. 7 The sufficiency of the condition of Theorem 2. 'f is
immediate. If m is even, and if B = A®FRI, then IBi"" IAWFR = _’ _
APIFR = A™IR, If m is odd, and if ﬂ AmFﬂl then lBl -1, lAmFR

= AMIFR = A“‘“R

To estabhsh necessity, we begin with severai easy lemmas followed

by several others of increasing difficulty.



86 : BRAIDS AND LINKS

LEMMmaA 2.7.1. _
(2-15) A=A

@16) - if U=V, then U= V.

Proof of Lemma 2.7.1. These ate immediate consequences of Lemma 2,6.3,
Property 1. |

LEMMA 2.7. 2 If & IF, then also

2-17)y . . A= Fl = IF = - FI.

Proof of Lemma 2.7.2. Since A =IF, therefore 1~'Al=A=FL Conju-
gating IF and FI by A gives the remaining cases. || '

LEMMA 2.7.3. Let B=A"P bein notmal form. Let 1 be an initial
route. Suppose that l'lﬁl = A9Q, where g> m. Then q= m+l.
Proof of Lemma 2.7.3. Suppose that q = m+r, where r2> 1. Then
(2-13) | ARPY = IAT™TQ = ATH-10A

Smce I is an m1t1al route, therefore A = lF hence by Lemma 2.7.2,
A= FI hence

AMp = [AMH-1QF
(2-19) , -
+ P = ATQF

(where T denotes either I or I depending on whether mer-1 is even
or odd). But A™P was by hypothesis in standard form, hence P is

prime to A, hence 1 can only be 1. |

LEMMA 2.7.4. Let B =A™P be in normal form. Then there exists an
initial route 1, such that -1 = A™1Q if and only if D(P) contains

a word of the form IQF (if m is even) or IQF (if 'm’ is odd), whqre

E is the final route belonging to the mzt:af route L.
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Proof of Lemma 2.7.4. We establish sufficiency first. Suppose that P =

o]

lQl‘ (if m is even), or 1QF (if m is odd). Then
(2-20) [-1AmPI = ATQFT = ATQA = A“"‘“Q.

To prove necessity, suppose that t_hefe exists an initial route | such

that

i”iA“’P‘I = Am-i-io
(2-21) ~
' A™PI = IAMQA .
Since A =1IF = .I::l (by Lemma 2.7.2) it follows that

P=IQF if m iseven

(2-22) an
=IQF if m is odd.

This proves Lemma 2.7.44 |

To motivate what follows: to compute the summit set of 8 = Amp’ it
is necessary to first compute all positive conjugates of B by a single
initial route. One then lists those which have power m+1, or, if none
exist which have power m+ 1 one lists those whichhhave power m.
According to Lemma 2/7.4, we can recognize the situation where posxtwe
conjugation by a single initial route will result in a word of power m+ 1
" by inspecting the list of words in D(P). We now ask a more complicated
question: how can‘we recognize the situation where positive conjugation
by a single initial route I results in a word of power < m, but posxtwe
conjugation by a suitable sequence of initial routes 1112'" i j results in a
word of power m if 1< i< k—l and a word of power m+1 if j= k?‘ We.

begin to investigate th1s question in the next lemma.

LEMMA 2.7.5. Suppoée that 8 = APP is in standard form. Let Z bea
" positive word m B, Let 7. = 1Y, where I is an initial route of maximal

Iength in 1. Suppose that 7-*BZ has power m. Tben 1~ IBI also has

-power m. -
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Proof of Lemma 2.7.5. If I=A, the proof is trivial, since A-TAMPA =

AMP obviously has power m.
If 14A, then A= IF. Suppose that I ends in the braid generators

7T (but not in any other braid generator a) Let 7y, fy g g be
the remaining braid generators. Since A $1IF, it follows from Lemma
2.6.3 (Propesty 3) that F must begin with 74,057 4 & Hence Y can-
not begin with ry,v,7,_ g for if it did, then | would not be a maxi-

mal initial route. By hypothesis:
Y-1[-'AMPIY = A™Q, with Q prime to A.
ATPIY = IYA™Q . |

Since A = IF, this gives:

FA®-1PIY = YA™Q
I?'PIY AYQ if m is even
FPIY = AYQ if m isodd.

First treat the case where m is even. Applying Lemma 2.6. 3, Property
4, with A= FPI B=Y, and V = YQ, we see that for each iell, n—ll |
it must be true that either FPI ends in o, of Y begms with o;. By
hypothesis, 1 ends with %,/ %g, hence surely Fi’l ends in Ny, g
Also, as demonstrated sbove, Y cannot begin with any of the remammg
braid generators rl""*’ﬁ—lms Hence the only possibility is that FPl
also ends in 1y, 7, 4 - But then, FPI ends in every braxd generator

PISLLNL. S Hence, by Lemma 2.6.3, Property 5, there exists a positive

word R ¢ B, such that
FPI = AR (if m is even)
Similar reasoning in the case where m is odd yields:

FPI=AR (f m js odd).
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Now use the fact that A=lF = F:l " F’I\‘ (Lemma 2.7.2). Then

PI=1IR (f m is even)
PI=IR (f m is odd).
But then '
1~1AMPI = AM[TUR = A™R (G m s even)
_AM-1R = APR  (f m is odd).

This completes the proof. |

" To continue, we need a new concept, the ‘‘cyclic diagram’’ C(A™P)
of an element 8 =A"P. If P < AB, then the positive word BA wxll be
referred to as a cyclic permutation of P, and the positive word BA will
be referred toas a reflected cyclic permutat:on of P. The cyclic diagram

C(A™P) of A™P is a list of positive words in By which is defmed by

the rule:
1. The list C(A™P) includes the word P.
2. For every word {‘ ¢ CA™P), the list also includes every word in -
D).
3. For every word PJ ¢ C(A™P), the list CA™P) also includes all -

~ cyclic permutations of Pj (if m is even), of all reflected cyclic
permutations of Pj (if m is odd).

For example, let P = 0,030 ¢ B,. Then '

CA™P) = {0,040, 030%. qfasl if 'm is even

CATP) = {010301,030%,0103.030103.0201.Ialog,.ag,o?l if m is .odd.
- Several prop_ertigs pf C(A™P) follow immediately from the defmnt;on

LEMMA 2.7.6. The eyclic diagram CA™P) has the fbHowiné prbper*?raé:
1. If P ¢ C(A™P), then C(AmP) C(A™P).
2. C(Aml’) is obtamed from C(Ami’) by replacmg efa'ch word Pi
C(AmP) by P
3. If w = m{mod 2}, then CA™P) = C(AmP)
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Proof of Lemma 2:7.6. Immediate. |

LEMMA 2.7.7. Let Am{.’ be in standa-rd form in B,. Let X be a posi
tive word in Bg. Write X in the form X s 1%, where I is an initial
route of maximal possible length, and assume that Z is not the empty
word. Suppose that I"IADPL has power. m, but that X=-1A™PX has
power m+l, with ‘

1-1A™P] = A™S .

Then the positive word 8 is in the cyclic diagram CA™MP).

Proof. Suppose that I ends in the braid generators Nyt g (but not in
any other braid generator oJ) Let 74,7 t.5 ‘e the remaining braid
generators. Since A % IF, it follows from Lemma 2.6.3, Property 4 that

. F must begin with 74 ’m’rn-.—i—s' Hence Z cannot begi;l with

1y :"’!’n—lmﬁ’ for if it did, then | would not be a maximal iqiﬁhi route,
Now, X—1AMPX has power m+l, hence there is a positive Q such that

Z-1-1ATPIZ = ATHQ,
AMPIZ = [ZA™1Q,
PIZ = AIZQ.

Applying Lemma 2.6.3, Property 4 (with vV = 1ZQ, A-PLLB=17) it
follows that for each ie {1,--,n~1} either Pl ends in o, or 7. begins
~with ;. Now, by hypothesis, I ends in 131,--'-‘, s hence surely Pl
ends in 74, g Also, as demonstrated above, Z _cannot begin with
the remaining braid generators 7y, 7 3 g Therefore Pl must also
end in 74,70 g’ But then Pl ends in every braid generatc}r. -
TR T Hence bjr Lemma 2.6.3, Property 5 there is a posit’ive word
R in B. suchthsat ~ | '
B | PI= AR = RA .

But A 7IF, henge, by Lemma 2.7.2, A= ?‘i, _hence Pi = RFi l ot

(2-23) P=<RF.
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Now consider 1™ *APPL:

-1ATP - [TUFATIRFI = FATR
(2-24) I1ATP] = AmFﬁ_ (if m is even) or ATFR (if m is odd).

Now, in equation (2-24) the positive word Fﬁ (or g’ﬁ) is necessatily
~ prime to A, since it was assumed in the statement of Lemma 2.7.7 that
[-'A™PI has power m. Let S= FR (if m is even), or FR (if m ig
odd). Comparing equations (2-23) and (2-24) we see that Se C(AmP),

hence Lemma 2.7.7 is true. |

_LEMMA 2.7.8 [Garside, 1969}, Let Q'-be a positive word. Suppose that
AQ=. AW. Then there exist initial and fmal routes 1LF (with A = IF)
and positive words Ag, W, such that A= . Agl and W= qu.

Proof of Lemma 2.7.8. See Theorem 12, Appendix III of Gazside’s paper. |

We are now ready to establish Theorem 2.7. First, we show that the
condition of Theorem 2.7 is sufficient. If P = .FRI and m is even, then
A-1F-1)(A™P) (FA) = AT'FIATFRIF A = AM-IRIFA = A™HR, On’
the other hand, if P = FRI and m is odd, then (A""iF—i)(AmP)(FA) =

A-'F-IATMFRIFA = AP-1RIFA = A™'R,
| To prove necessity, we will establish a slightly d:fferent result: that
B has summit power > m only if C(A™P) contains a word of the form
AQ. First, we show that this is equivalent to the assertion of Theorem 2.7,
by showing that a necessary condition for. CA™P) to contain a word AQ
is the existence of initial and final routes i,F such that D(P) contains
a word of the form given in equation (2-14). To establish this, observe
that if AQ ¢ C(Am't"), then from the definition of CATP) it must be true
that either AQ ¢ D(P) (hlowever since A®P s in standard form, so that
P is prime to A, this is impossible), or else ‘AQ =AW and P = WA (if
m is even) or WA (if m is odd) for some pair WA such that L(W)) 1,
L(AY> 1. We may then apply Lemma 2. 7.8 to conclude that there exists a
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pair of initial and findl routes I, F, and positive words Ay, W, W, such that
A=A, [ and W = I'W But then I’ s WA= FW,A L Gf m is even) or
P = WA T FW, A 1 (1?! m is odd), and this is exactly the assertion of
Theorem 2.7.

It remains to prove that S has summit power > m enly if cA"P)
contains a word which contains A. Assume that B has summit power
> m. Then, by 'I“heorem 2.6, there is a positive word X, which is a

_pmduct of mmal routes, such that
X~1AMPX = A™HQ.

If X is an initial route, say X =1, where A=IF, then by Lemma 2.7.4
the diagram D(P) must contain a word of the form IQF (if m xs even)
or ?613 (if m is odd). But then C(A™P) contains the word QFI QA =
AQ, as required.

If X is nof an initial route, then X can always be written in the form
X=1 ZO, where io is an initial route of maximal length, and Zo is not
the empty word. If l"'iAmPI has power m+1, then we can replace X
by I, and apply the argument given above to conclude that . C(Amp)‘ con-
tains the word AQ, hence we need only consider the case where LT
Ia”lAmPIO has power < m. .

Since Z, # 1, we can write Z,= ,2,.2, lzzz, ++, where
Il : 12-,.-- are successively defingd_ as initial routes of maximal 1e|'_13th. and
Z,,Z,, are positive words of steadily decreasing lengths, so that after
say, ¢, Steps, wg obtain: zo - [112 ---lq .
We now have the éituation:

B has power m

i“lﬁ’l has power <m

;; ...[ 11"11“1[31 ;.--lq’ has power m+1.
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Since (by Lemma 2.7.3) conjugation by a single initial route can increase
the power of a word by bt most 1, there must be a smallest integer k,

where 1<k<q, with the property that

I§i1 -'jlglﬁlo'--lkml has power m

(2-25)
: : lEl ---Iglﬁlomlk has power m+1.

Now observe that 1, is a maximal initial route in the positive word

| igrly_q, and that B has power m. Hence we can apply Lemma 2.7.5,

and conclude that Iy lﬁlo must have power precisely m. Aggin, l'l is

a maximal initial route in the positive word I Iy 4, so that Lemma

~ 12.7.5 can be applied a second time, to Iglﬁld, to conclude fhat

i;‘tla' lﬁioil has power precisely m. Repeating this argument k-2 times,

" we conclude that:

Ii’l -'-Iglﬁlo "-Ij has power m for each j« {0, k=1}"

Wé are now in the situation of Lemma 2.7.7, with X = lo '."lk and

=1, Applying Lemma 2.7.7, we conclude that
I71ATPL, = A™P,, where P, ¢ CATP).

If k>2, Lemma 2.7.7 can be applied a second time, with B = Ami’l,
- X=1 3 I and I1=1,. In fact, we can apply Lemma 2.7.7 a total of

k-2 times, obtaining each time:

—~1lam _ AM

lj A Pj‘j __A P}q-l
where each l?}-+1 ‘€ C(Aij), j=1,--,k=1. Thus:
(2-26) Il e IgPATPL By = ATRY

where P, ¢ CA™P,_1), P_; CA™P,_,) Py € CATP).
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Now observe that, from equations (2-25) and (2-26):
IE}A’“I’Rik has povéer m+1.

Since ly is an initial route, and since AmPk is in standard form, Lemma
274 is apphcable, and we conclude that D(P’,) contains a word of the
form kQ!‘ i (f m is even) or fkaﬁk (if m is odd), where F, is the
final route belonging to the initial route [,. But then C(P) contains a,
word of the form AQ |

Finally, we note that since Py ¢ c@m Pk 1) ?k 1eC(A Pk gh

€ CA™P), it follows from Lemma 2.7 .6 that either C(Pk) c(P) or
C(Pk) C(). Since C(Pp) contams a word of the Eorm AQ and since
C(Py) is obtained from c®Y by replacmg each word in C(P}) by its
reflection, and since the reflection of, AQ xs AQ, it follows that C({P)
contains either the word AQ or the word AQ This completes the ptoot'

of Theorem 2.7. |

The proof of Corollary 2.7.1 is an imme&iate consequence of Theorem
2.7, applied to Garside’s algorithm for computing the‘set "§(B8). Garside’s.

algorithm is described in the text just before the statement of Theorem

2.6. |l

2.4, The algebraic tink problem .
When Artin first suggested braid theory as an approach to the study

of knots and 'Iinks he conjectured that the chief obstacle in the approach
would be the solution to the conjugacy problem in B, . Since we now have
available an algorithmic solution to the conjugacy probiem (Theorems 2.6
and 2.7 and Corollary 2.7.1) it is natural to ask whether this might, lead -
to an algorithmic solution to the link problem.

Ideally, one would like to know: Given two oriented polygonal links
V;,V,, does there exist an algorithm to decide whether Vx is combinas,
torially equivalent to Vz? Markov’s result (Corolla,rg;r 2.3.1) shows that

_this. question is indeed equivalent to an algebraic problem; however, the-
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algebraic problem is not simply the conjugacy problem in the group B,

but rather a problem which concerns the entire sequence of braid groups
B,,Byr a and which includes as sub-problems the word and conjugacy
problems in the individual groups B,. We de[me the algebrmc link prob-
lem to be the question: Given two closed braids B and B does there
exist an algorithm to decide whether (B, ') can be obtained from B, n)
by a finite sequence of Markov moves ¢, and M,, as defined in Corol-
lary 2.3.1? Since ‘the formulation of this problem splits into two parts, the
first question to be settled is whether the apphcatxon of Markov move Emz
really causes any serious trouble? That is, it is conceivable that after a
sequence of applications of moves 5)3}1 and M, which increase and de-
crease string index, but ultimately return a braid to the group B from
which it originated, one ‘has simply repiaced the original braid by a conju-
gate of itself. We will soon see that in general this is certainly not the |
case: however, the pOSSilbihty remains that with suitable testrictions on

_ the class of links undef investigation, the link problem might reduce to

" the conjugacy problem in By. The object of this section is to mdlcate
what some of these restrictions must be. At the conclusion of this mono- .
graph we give a list of problems encompassing what appear, at the moment,
to be the more promxsimg directions for future study. Problems 3 through

12 in particular relate to the results in this chaptet.

NOTATIONS ANTY DEFINITIONS:

As before, a,B,y," willbe used to denote elements in B n and
_&,5 y,+* to denote the oriented link in E3 determined by the braids
a, By X y= afi (i.e.,if y is the product of the braids a and B
in B o) we will sometimes use the symbol (aB) nstead of y !

a~ B means that a and B determme combmatorxally equivalent
links in E. . o

a # ﬁ is a symbol whmh is defined without ambiguity if both - a and
B are oriented knots, and denotes the composite knot with components a,

B [see Foxé,1962a]. (If a and or B have multiplicity > 1 the symbol
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a # B’ can still be defined, but some care is needed to specify the com-
ponents which are involved. We will not have occasion to use the latter
concept.) .
A link 5’ is said to have braid index n if it can be represented by a
braid word B ¢ B,, but cannot be represented by a braid word in B y-
A link B is said to be a pure link of mu!t:phcxty n if it is repre-
sented by an element £ in the pure braid group P,.

We first ask whether non-conjugate braids with the same string index
ever define equivalent links? - Our first example shows that this cannot be
true unless we restrict our attention to links in B, which have braid

index n:

- ExampIe 1.1 BeB, ,» then '(Ban_l)h and (Bar’;jl)A are equivalent
links (by two applicitions of 9332), but Be, , is not conjugate to Ba;_i_l
(because they have jexponent sums which differ by 2, and exponent sum is

an invariant of conjpgacy class in Bn'

Difficulties of this type will be ruled c.mt if we restrict our attention to
links in B, which have braid index n. One would expect that it is an
extremely difficult problem to determine the braid index of an arbitrary
link. In this connection, p;.nre links might be a particularly tractible class

because of the’following result:
THEOREM 2.8. Every pure link of multiplicity n has braid index n.

Proof, Let B ¢ P, be a pure braid representative of the pure link ﬁ

Since )S has n components, the group 7, (s3 —B) is generated f)y at
least n elements. If ﬁ could be represented by a braid in B, for some’
. m<'n, then (by Theorem 2.2) one could obtain a presentatmn for, my (S --B)

with m generators, which is impossible. Hence B has braid index n. ||

Continuing out analysis of the algebraic link prpblem, we consider a

second example, which indicates that it may be i!,nﬁortant. to distinguish
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hetween braids whose closure is a prime knot or link, and braids whose

closure is a composed knot or flink:

Example 2 [(Murasugi-Thomas, 1972)]. Let

357 5 3.7
B, = 019,73 and B, = 0y0,03 ¢ By,

Then
(iy By end B, each have braid index 4

(i) ﬁ]_ Bz
(iii) ﬁ1 is not conjugate to 8, in B,
(iv) By = a# y where a and y are non-—tnvml knots.

To prove that Bl and ﬁ 2 satxsfy (i)-Gv) above, we first estahl:sh

PROPOSITION 2.9. Let ﬁ be a knot. If 3("1"" O 1) aloy ""k)
y(okn, o 'Un_l)’ for some 1< k< n-2, then B = a #}f

Proof of Proposition 2.9. Examme the schematic diagram of Figure 12.
The braid diagrams for @ and y areto be inserted in the boxes labelled
o and Ve The dashed curve represents a Cross section of a Z-Sphete in
£3 which intersects (ay) in two points and exhibits (ay) as the knot

composite of a and y. ]

By the commutativity of composed knots, a# ; --; #a. Hence it is

true that: N
B, = (o "203) " (word in.B4)

~ (@) # @) # (ol) (words in B,)
(al) #(01) #(o) (words in B,)
To see that 31 cannot be represented hy a 3-braid, Mﬂ.;sétve that

if this were possible, then the group rrl(S --ﬁl) would have a pregenta- '
tion with three Wirtinger generators (Theorem 2. 2) “rhis would imply that
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the length of the associate'd chain 6f elementary ideals is at most 2. But
:él and 5’2 have associated chain of ideals of length 3 because chain
length is additive for knot composition, and 0‘;’, af and":l "I each define
torus knots, for which chain length is 1 [Ref: R. H. Fox, 1950]. -

To see that él is not conjugate to éz in B4, observe that a

~ natural homomorphism exists from B 4 ™ B, defined by the mapping
Gy 20y, 0y +0,, 63+ 0y, The images of 8, and B, under this homo-
fnorphism have summit re¢presentatives ai Oog . and o§ 2.63 respectivei‘y in

By (cf. Theorem 2,6). “Thus the images of 8, and B, in B, are not
conjugate, hence 8; js not conjugate to 8,. This completes Example 2. ||



2.4. THE ALGEBRAIC LINK PROBLEM 99.

An essentlal feature of Example 2 was the fact that knot cr.position
is commutative. The reader who attempts to express the commutahvxty of
composed knots by a sequence of operations of typeg M, and M, will’
find that a very complex sequence is required., This suggests that, if we
rave in mind an algorithmic solution to the algebraic knot problem, it
would be wise for us to restrict our attention to prime knots, We remark,
however, that for the special case of pure links, the question of whether
~ the link is a prime link or a composéd link does not appear to lead to the
difficulties which are illustrated by Example 2. It would be interesting to
learn how prime knots can be characterized algebraically. One would ex-
pect that if B ¢ Bn’ then B is prime iff B is not conjugate to-a ‘‘split
braid,’” i.e., a braid word of the form Ulog e O Viop, "’n—l)

Example 3. Reversal of knot orientation or of space orient;ation." Note
that a closed braid always has a natural orientation which is induced by a
positive sense of rotation about the braid axis, and that if 8= 2’; :2
Usr ¢ B, 1ns a b:ﬁxd :rcrd which represents the oriented link L, then

Rev B = og -aszosi represents the same link L with reversed orientas
tion. (Simiiarly, B'l reﬁresents the image of L under an orientation-
reversing homeomorphism of 53.) One might expect, however, that a very
complex sequence of moves of type I, and M, might be requited to
take (8,n) to (Rev B ,n), in the event that L is an invertible link.
“This is botne out by the example of the invertible knot 65 (in Reidemeis-

ter’s notation), whxch has the braid representative 8 = ﬁ"salagaz in

summit form, wh:le Rev 8 has the summit fotm A~ 301020:13 . This sug-
gests that, if we seek a solution to the algebraic tink problem, we treat
" an oriented lmk and the same link with its orientation reversed, as
special cases whicli require some sort of special treatment, '

An alternative approach, to handle the situation iliustrated by
Example | 3 is to weaken the notion of ¢ ‘combmatorial equivalence of
oriented. hnk ’* and replace it by the notion of “equivalence’’ [cf Crowell

“and Fox, Chapter 1. In thxs case, we ask a mndxf;ed question: 1f



100 BRAIDS AND LINKS

B,B ¢ B, are minimal string braid representatives of link types L,L’
respectively, can we find ag;[broliriate restrictions (e.g., é is prime, etc.)
under which L is eguivalent to L if and only if B’ is conjugate to
gither 8 or Rev @ or B=' or Rev B~}? (cf. Problem 2, Appendix).
A new class of diffichlties occur with links which can be represented
by braid words 8 ¢ B_ 4 of the form 8= UanVa;‘, where U,V e B,. A
simple picture should ¢onvinge the reader that if B is as above, and if
“f= Ua“IVa then Eg,.., é'. Yet 8 and B’ need not be conjugate, as

is illustrated by Example 4 below: ; " | ' ‘

£F

Example 4. Consider the links B and B ‘, which are tepresented by the

pure 4-braids {2 2 4
B -03020-203 o; and B’ u-crs 0102030%2

Then B~ (draw pictures). To see that B is not conjugate to £, g;m;-
sider the images of B and (" in B, under the homomorphism defined
in Example 2; a calculation just like that in Example 2 proves that A and

B’ cannot be conjugate in B,. Details are left to the reader,

The sequence of transformations of types &, and W, which atlow
one to deform the pair (8, n+1) in Example 4 above to (8’,n+1) can be
achieved by first increasing string index, and then lowering it again. The

required Sequence was discovered by R. Fein (unpublished)., It is:.

(- 27) (Uo Vo, 1) - (Uo=Vo=1a o ,ne1) » (Uog Wo“‘o ~1 o 00,1+2)
n nonn n+1

-1 -1 1
> (Uog ' Vo, 197 0,1 Ot 2)
] -1 -1 |
~ Uo 04,1 V00 o001 n,m»Z) (Uam-l o0+1% an-l—lvon ":H-lo s+ 2)
-1 —-I —1
» (Uog,1%0%0+1% Vo, m»l ap+2)
+ (0, Vo0 ~1 g=lyg*1lg-1 n+2)
n+l n+1 n n ol n’
‘ -1 =1 -1 ~1
- ("nﬂu"’ Cnr1®n Von 1°n Opr112)
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-1 Iv

? (U" n+1“

=» (Uo anﬂa cr

> Uo 951 % Ve

—1 o |
o Von

» (Uo 049,

We remark that in I~33
k

jas the special form 8 = alaza;“o';i, which can be reduced to oy

Vo

101

A 0+2)

Tnr1%n

1 1i2)

-1
n J+2)
n+1) - (UonVa;;i a+1) .

a word of the form Ue,Voy 1 where U,V B,,

k-1 m
%2 %

.after several applications of relations (1-1) and (1-2). On the other hand,

k. —1_m k+1  m
f=ofo; 030, =01" 0507

-1

. Since B and B’ are clearly conjugate’in

By, it follows that difficulties of the type 111ustrated by Example 4 do not

occut for string index < 4.

In view of Example 4, it would be interesting to ask whether there

exist classes of braids in Bmm1 (orin P

1) which cannot be conjugate

to braids of the form U"nvon , where U,V eB.? This would seem to

be a very difficult problem.

The particulat form of Garside’s solution to the word and conjugacy

probiems in B, (Theorem 2.6) suggests that a class of links which merit

further study are links which are the closure of positive words in the braid

group. We give such links the name positive links. It is of interest to
note that positive links were studied in 1936 by W. Burau, who called

them “gleichsinnig verdrillte Verkettunger.” Burau establxshed

THEOREM 2.10 {Burauy, 1936] Suppose B € B,
tive word P, which znvofves all of the braid generators oy, 0'2,

has letter length m. Then the Alexander polynomial of 8

Suppose P

is represented by posi-

0y

has degree m—n+1 and has leading coefficient 1.

Proof of Theorem 2. 10 Burau’s proof depends upon the existence of &

matrix representatmn for B, which will be introduced in Chapter 3 of the

text. We defer the proof until the Appendlx to Chaptet 3

[



CHAPTER 3
MAGNUS REPRESENTATIONS

R. H. Fox’s free differential calculus [see R.H. Fox, 1953} can be
used to define a number of interesting matrix representations of a free
group of finite rank and of vatrious subgroups of the automorphism group of
a free group. The first such representation was probably introduced by
W. Magnus, 1939, therefore we have given this class of representations
the generic name of Magnus representations. Particularly impostant repre-
sentations of this type, which will be d1scussed below in detail, are the
Burau representation of Artin’s braid group and the Gassner representation
of the pure bra1d group. These repfesentatmns are of particular interest
because the Burau and Gassner matrices of a braid are closely related to -
the Alexander matnx and reduced Alexander matrix of the corresponding
closed braid.

_ Section 3.1 contains a brief review of the basic facts we will need to
know about the free calculus. Propositions 3.1-3.4 are all easy conse-
quences of the basic defqutmn of derivation in the group ring of a free
group of finite rank. Theorem 3.5 (due to Blanchfield) and Theorem 3.6

{due to Lyndon) are deeper results, which will be needed later in this
chapter. |

Section 3.2 introduces Magnus representatxons of a free group, and of
the automorphism group of a free group. The results in this section, with
a few exceptions, have all been published elsewhere, however our point of
view is somewhat more general than that in most of the published literature
{e.g., Magnus 1939; Gassner 1961; Bachmuth 1965 and 1966; Chein 1968;
Gupta 1968; Remeslennikov and Sokolov, 1970; Gupta and Levin, 1973],

and some of our proofs are new,

102
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Section 3.3 is concerned with the Burau and Gassner representation of
the braid group. Proposition 3.10, Lemma 3.11.1, Theorem 3.11, and
Corollary 3.11.2 how a classical result about knot polynomials may be re-
proved in a new way, by making use of the theory of braids — many other
known results may be similarly re-established, and this suggests the possi-
bility of applying braid theory to certain unsolved problems in link theory
{e.g., see pfohlems 15 and 16 in the Appendix).
possibility of épplying braid theory to certain unsolved problems in link
theory (e.g., see problems 15 and 16 in the Appendix).

The latter half of Section 3.3 (beginning with Proposition 3.12) is con-
cerned with the difficult open question of the faithfulness of the Burau and
Gassner representations, and with the implications of faithfulness or non- '
faithfulness for various questions in link theory. Most of these results
are known; some are new, having been obtained by the author in the
course of an unsuccessful attempt to establish the faithfulness of these
représentations. '

The appendix to Chapter 3 contains the proof of Theorem 2.10, which
was stated in Chapter 2. The proof was deferred until the relevan't back-

- ground material had been developed.

3.1. Free differential calculus \

The basic facts concerning the free differential calculus [R. H. Fox,
1953] will be reviewed in Propositions 3.1-3.4 beiow. Following this, we
will prove two results (Theorems 3.5, 3.6) which are of fundamental impor-
tance in the theory of Magnus representations.

Let F, bea free group of rank n, with free basis x, ,m,xn.1 Let

- ¢ be an arbitrary homomorphism acting on F,, and let ng denote the

1 occurred previously in

The abstract group Fn with free basis LI
Corollary 1.8.3 and Theorems 1.9 and 1.10. In those discussions we had in mind

a particular geometric realization of Fn' which we will retumn to leter.
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image of F,; under &. Let JFf'denote the group ring of F,? with re-
spect to the ring of integers J. An element of J’F?.f is a sum zagg,
g€ F‘?S a € J. Addition and multiplication in ng‘S are defined by the

rulesnf .
Eagg +2bgg = Z(ag+ bg) 4
(Zagg) (zbgg) =§(§agh_1‘bh)g .

We observe that a homomorphism ¥ of the group F;.fs onto a group Fg’ ¢
induces a ring homomorphism from .']FgS to ]Fr‘f' ‘?5, which we denote by

the same symbol ¥, where

(zagg)‘p,mZagg‘?’ "gf Fl’?’ ag; J.

We will sometimes be interested in the special cases where Y is the
abelianizer (denoted @) or the trivializer (denoted 1).
- For each j= 1,---; n thete is a mapping (well-defined by Proposition

3.2 below): 3
5-; H JFn -+ JFn
; ]

given by

d 81“. £
v &)
i=1
a
5??5(2“33) =23ga'§]?' geFy agel,

(where €;=%1 and 5#_33- is the Kronecker 8). Until G/Bx.j has been

i
proved well-defined it will be assumed simply to be defined on words in

-

1
ie.—
e >(8i-1)

5
H-i’J xlll xﬂi y

= Ei

the symbols x,,"**, X

PROPOSITION 3.1:

ox;
(i) 5;? = ai,j
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@) i = BT

(iii) d :(W - (g-g_)(v)t+ (w)(g;{‘f:) .
1 ' )]

Proof, Clear from the definition.

PROPOSITION 3.2. The mapping 3?{_ is well-defined.
. : j

Proof. Suppose W, = WV and w, = wxf’x‘i"ev (e=%1) as words in Fn‘

Proposition 3.1 shows immediately that
£ —Ey _
. a(‘xi xi ) = 0 .

 Hence a second application of Proposition 3.1 shows that

ow | a(i?x.-e) ow
2 _ 0w i%i E ~E Ov _ OW ov _ 1
'8?:'7"3':?+w_"3'£_+wxixi 5:?"5?:}+WF:?5"’5%'

] 1 i }

This completes the proof. |

PROPGSITION 3.3 (Chain Rule). If w and vy, ,v, are words in F,

with w= w(xl,v--,xn), then

. | | a ,
() (s, (xy e Eghe e YOty e = 2, (g‘-;f-) (%)
] k=1 k vkuvk(xi,";,xn) J

Proof of Proposition 3.3. Assume that w = wlxe(e—ﬂ) Then Proposi-
tion 3.1, part (iii), can be used to expand both sides of (3-2) with respect
to this factouzat;on of w. By induction on letter length, (3-2) ‘may be
assumed for wy in place of w. This inductive hypothesis, together with
| - obvious simplifications using Proposition 1, parts (ii) and (iii)y then re-

duces the proof of (3-2) to the proof of
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| Le-1)av,
(%) a—-;[v {xl,---,x N = av : r .

X

The latter can be proved by an easy computation.

PROPOSITION 3.4 (*‘Fundamental formula’ of free calculus): Let veJF,.
Then ‘ n

(3-3) | E 3—- (x ~1) = v = vt .

j=1

_ € € €

Proof.? Suppose that v = x‘u1 uz xp ;€= %1, i=1,+,t, and suppose
2 r 4

that pp = §. We examine the contnbution of the letter x,}i{ to the sum on

the LHS in (3—3) Using equation (3-1), we find that:

¢ e € € e '
—1} = 1,.. k- 1 k 1,.. k-1 e
r(x )= (x“z LT Rl U VY A
indepehdently of whether ¢ IS +1 or -1. It then follows that the sum

on the LHS of (3-3)is a telescoping sum, in which all terms cancel except

-1 and +v. The extension to arbitrary ring elements is immediate. ||

Remark. The fundamental formula (3-3) could have been used to define

the partial denvat:ves { I : j=1,-++,n}. This may be seen by observing

that v — vnart belongs to the fundamental ideal of JF,, 3 and that
{xl-—l, x —1} is a baS1s for this ideal, hence v — vt has a unique

expression as a linear combination of the basis elements over ]F

2 This particular proof of Proposition 3.4 is, to the author’s knowle&ge, new.

3 rne fundamental ideal of JF, is the ideal consisting of alifelements of JF,

which are mapped to 0 under the ring homomorphism induced by ¥.
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THEOREM 3.5 [Blanchfield; proof given here is due to Fox, 19531, Let
veF,. Then Z&v/axj)qb =0, j=1,--,n, if and only if v ¢ [ht’:rqfv,her(,ﬁ].4

. Proaof, _Suppose Vo vlvz.-- vn' with vk-% [rk, sk] = ‘kskrﬂlsﬁl and

ry S € ker ¢, Then, by Proposition 3.1

T A T dy
B—;{; = a; + Vl 'a-}'{-} + 0+ Vl "'Vm_l xr; s
and '
aVk. a k aS

or
k -1.=1 "k
5_3 a_:-]a. [k a_._ - rkskl’k a—m rkSkrk Sk ax—j, (1 S k S m).

Since ¢(r}) = P(sy) = 1, it follows that _(avk/ax.)‘if’ = 0, hence (6v/6x-)¢=0.

€
To prove the converse, assume that v = x#i #r (¢;=%1) is a freely
Tr

reduced word in F,, and that (6v/8xj)¢ =0 forevery j. If 1= letter
length of v is zero then trivially v e[her ¢, her ¢)]. We proceed by in-

duction on 1..

u(e i~1)

For each i(1 < i< r) define: cimeixui- " . Then:
. i—1
34 0= @v/oxp? = 3 ) G=1,m).

=3

Since each (ci)é is a monomial in _'IF’,‘f5 with coefficient ¢; =11, it
follows that equation (3-4) can be satisfied only if there is a partitioning
of the index set (1,'*+,r) into pairs (py, Gy Doy (ps,qs) such that for
each integer t{(1<t<s) |

ip, = Mg, and (cpt)"s = _,(cqt)é,

4 he symbol [herd, her q’.;] denotes the commutator subgroup of her ¢
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The partition of the preceding paragraph may be arranged so that
Py < 94 acg ts sh 4 < Yy <o Qg and Pp =9 —~1. Let ﬂ-pl :'f‘ql = El
fpi == €q " €, #F‘z:. yq; m, and epzm cqzm n. Then v is of the form:
(3-5) , v = AxﬁBx xe‘Cx 1D .
It follows that:

(3-6) e -

A(l-—-xEBx xE) if e=1

-—AxE'l(l—me) i e=-—1.

| Since (t:P1 - Cq )d’ = 0, it follows that Bx?n ¢ ker ®. A similar calcula-
- 1
tion involving ©p, ~Ca, establishes that _xé"C ¢ ker ¢p. Therefore

@7 v = AxEBxn X Oy B~1C™1x0) (g “CBx, )x D

h AxE (XE_‘CB;:;) x;nD mod [ker ¢, ker ¢

t

ACBD mod [ker¢, kerop] .

Since ACBD has shorter letter leﬁgth than v and since (3(ACBD)/3X-)¢=
@v/ox ¥ = 0 for each j, it follows that ACBD ¢ [kerdp, kerg], hence
Ve {kerd: ker¢] and the proof is complete. 1

Let R be the kernel of the group homomorphism ¢ : ¥ - F‘fb. As
observed earlier, the group homomorphism from. Fj, - F‘f’ induces a ring
~ homomorphism from JE, = ij’ , the latter having as its kernel the ideal
R—1 generated by all binomials r—1, where re RC Fn If w,velF,

and if w? = v"b, we will write w = v modulo R (rather than modulo R-1).

_THEOREIL& 3.6 (Lyndon, 1950; proof here due to Fox, 1953). Let

il
- j=1 AN
it there exists an element te R with the properties (a:/axj) = ¥; modulo

R for each j= 1,0
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Proof. Suppose there is an element r e R such that (6:/6)(]-) =v; By
1l

Proposition 3.4, r—1= 2 (8_1-/6xj)(xj-1). Since re R, it follows that

n j=1. n

r-1= 0, hence >, @s/3x)(x;=1) = 0, therefore v—1 = S vi(x;-1)=0,

=1 _ j=i
which proves the *“if’’ part.

Conversely, suppose that

. ' n
3-8) . v-l= 3 vix-1)=0.
i=1 '
Then it must be possible to .ﬁrrite v-1 in the form:

m
(3*9) I v—-1 = z €iwi(ri—1)ui
' i=1
LTI Y and r; ¢ R. The RHS of equation (3-9) is

a sum of monomials with coefficients *1. Using the relation ~w,(1;—-1)=

where ¢;=11; w

w; (1—1) = wyry (r}'l-—l) we can rewrite the RHS of (3-9) as a sum of
monomials with only posifive coefficients, hence we may assume without

.=+1 forevery i=1,+-,m in (3-9). Then:

loss of generality that ¢;

P o O . du, N
(3-10) 5 - p "igE * wi(ri—l)a;‘-j =S wit
i=1 4

A
E?j j
Hence: . -
) o Or,
(3-11) | S owiak =y G=lon).
Now define r= (wlrlwl—l)(wz'fzwgi)---(wmrmwal). Since 1,1, € R,

it follows that r ¢ R. Moreover:
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' m
dr;
(3-12) gi.- = > Wyt
i=1 }
Hence, comparing (3-11) and (3-12), we see that 8:/6:{}- = v (=1, n),

and our proof is complete. ||

3.2. Magnus representations

Let §n be a {ree abelian semi-group with basis 810 S tet R

be a ring, and let Ao(fR, §ﬂ) be the semi-group ring of §n with respect to

the ring R. (elements in Ao('.?\, §n) ‘are polynomials in non-negative

powers of the commuting indeterminates 80t Sy with coefficients in

R). As before, F, is the free group with basis Xy,***) Xy, We define a

mapping 7 from F, to the multiplicative group of 2x 2 matrices over
4 n

A (JF,, §n) by the rule that if w e Fy, then w is mapped to the matrix

[w], where . ' i
_ , o w {ow/0x)E;
(3-13) {w] = j=1 o

In particular, we have:

(3-14) (xd=|" !
o 0 1

If w,veF,, thenit follows immediately from Proposition 3.1 that:
wvl = [wilvl.

Hence the mapping w - [w] is a representation of F,» which will be de-
noted the Magnus representation of Fn' .
Since w is an entry in the matrix [w], this representation does not
appear to be particularly useful as it stands. If, however, we jet ¢ be
an arbitrary homomorphism acting on Fy, and let [wl? be the matrix
whose entries are the images of the entries of w under the ring homomor-
‘

phism induced by ¢, i.e.,
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' n
w)? S (aw/ax}.)‘f’ 5
(3-15) [wl® = =1
0 1

" then the mapping w - [wl® will clearly still be a representation of F,.
Let [Fn]¢ be the image of F, under this homomorphism. We will call
the ;xxapping L [Fn]qs by w- [w]"’S the Magnus d¢-representation of
Fyr

THEOREM 3.7: _
(i) The kernel of the Magnus ¢-representation is the commutator
subgroup of ker ¢.
(i) Let M be a 2x2 matrix with entries in the ring Ay(JFP,S,)
which has the special form:

. F1}
I
=

0 1

M= where mt’Ft?, mje'}Ff.

Then M e [Fn]gb_ iff the elements m,my,"*, my satisfy the linear relation-
ship:

n ) (‘.b
(3-16) , > w1 = m-1.

j=1

(Remark: This embedding of F,_/lkerd,kerg] in a matrix ring was first
discovered by W. Magnus, who proved Theorem 3.7, part (i) for af special
case [Magnus, 1939]. Magnus’s representation has proved to be an ex-
tremely useful tool in many different contexts, two exampies of wh;ch are
M. Hall’s theory of central extension {M. Hall, Theory of Groups, Section
15.5] and D. Cohen’s study of laws in a metabelian variety {D. Cohen,
1967]. Theorem 3.7, part (ii) generalizes a result which was first proved
by Bachmuth, 1966, for the special case where ¢ is the aﬁeli‘anizing

homomorphism. The proof given here is different from Bachmuth’s.)
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Proof: (i) The matrix [w}¢' will be the identity matrix iff
(@ @wexp® -0 (=Lenm

® @f=1.
Theorem 3.5 tells us that (a) will be satisfied iff we {ker, kerpl}, and
if this is true then condition (b) is also satisfiéd_, hence Theorem 3.7,
part (i) is true. | '

(ii) If the matrix M belongs to [‘i"n]qS then for each j=1,-,n

. we have m= w¢', m; = (aw/axj)¢ for some W ¢ F. It then follows from

Proposition 3.4 that the entries m,my,"*, ™ satisfy equation (3-16).

n
Suppose, conversely, that m,my,* % My satisfy equation (3-16). Let

w be any lift of m to F. Consider the matrix [w"“]"ﬁ:

n

w P - @w/ox)?s;
’ i

w11 = )= .
0 1
Taking products:
1w h? é‘,(mj — @w/3xP)s;
[w--l]tﬁM o : j=1

0o | 1

Using the fact that the m; satisfy equation (3-16), and that the entries
(Ow/0dx j)¢’ are related by the s¢tundamental formula of the free calculus,”’
equation (3-3), the entries in the upper right-hand corner of the matrix

[w=11PM are seen to satisfy:

z(mj-(aw/axj)%f’-.n - (m-1) - w=1)? = 0.
j=1

Therefore, by Theorem 3.6 there is an element 1 ¢ kergp which has the

ptopertj : _
(anr/a-.«j)‘?S = m - (aw/axj)qf' X
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Thus the matrix [w—11?M is in [Fn]¢, and since [w='1? is in [Fn}¢,
it follows that M [Fn]qs. i
The Magnus ¢-representation of F, may be generalized to a repre-

sentation of F, by kxk upper triangular matrices in the following

manner. First define higher order derivatives inductively. Writing Dj for
3%’ define ‘
j f

D.

ijigee iq("")'m Diq(Di1i2-*.' iq—-l(w»' we JF,

D(w) = 3, Dy(W)S;
i=l
DI w) = DOYw), we AUF,, 5y .

An easy induction establishes that

+1 T o=
Dq (W) = 2 Di iz"'i (W)silsiz-" Siq

1<i<n 1 q
\(3"17) q= i
‘ Diwv) = ¥ OP@HD@IPwht+ ublw)
p=1

Again, let‘.w;é be a homomorphism acting on F,, and let (Dq(w)ﬁ$ be
the image of D% w) under the ring homomorphism induced by ¢. Then

we have

" THEOREM 3.8 [Enright, 1968]. Let w ¢ F,, and define

v o @ @w® - Ol ]
o 1wyt ©wnt - Oyt
o o 1 @wnt - Ok 3@yt
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Then the mapping W - {w}‘f’ defines & representation of F, in the ring
of kxk matrices over AOGF{?,§“), for every integer k2 2 and for

every homomorphism ¢ acting on Fg

-

Proof. .1t is only necessary to check that if w,u¢ F,, then {wu§¢’ =

.iwid){u}(?s. This is a direct consequenée of the product rule in equation

@10

COROLLARY 3.8.1, Let %5 l;e a basis element of :Fn' and define {xilt

to be the kxk matrix

1 { & rows and columns

e gt =l - 0 | k> 2

1<i<n
o 0 G = S -7

0 0 0 - 1

Then the mapping X;~ ixi}t is a faithiul matrix representation of F
_ modulo the it group of the lower central series of F,, over the ring

AOU,§H), for every integer k> 2.

Proof. The fact that X; = ixilt defines a representation of F, follows
directly from the Theotem 3.8, setting é=1. The proof that the kernel
of the representation is the kth group of the lower central series follows
from LTheorem 4.6 of Fox, 1953}, where it is established that a nasc for
the vanishing of (I}j(var))t for each 1= 0, k~1 is that w belongs to
the kP group of the lower central series of Fy- i

Remark. The representation in Corollary 3.8.1 may be regarded as the
matrix equivalent of the *“Taylor Series’’ representation of F, [see Fox,
1952] or of the ‘‘Magnus embedding” of F, in Aoﬂ,gn) [see Magnus,
Karass and Solitar, 1966, p- 308]. The problem of identifﬁir;g‘the kernel
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of the generalized Magnus ¢-representation, as defined in Theorem 3.8,

if ¢#1 and if kz 3 aﬁpears to be a messy problem, with an unpleasant
answer. The special cases k=3 and k=4 were treated in Enright’s”’
‘thesis, but the solutions he found are too unappealing to repeat. Other
special cases have been treated by [Gupta, 1969]° and again by [Gupta
and Levin, 1973]._s The clue to a deeper understanding of the generalized
represéntations would appear to be in the proper generaiization.of Theorem

‘3.5 to the case where the condition (T)q" =0, j=1,+,n is replaced by
OI)P = 0 foreach j= 1, k1. (See Problem 13, Appendix.)

Our purpose in introducing Magnus representations has been not for
the study of quotient groups of F, but rather for the study of subgroups
of the automorphism group of F,, in particular Artin’s braid group and
pure braid group. We show next that matrix representations of certain sub-
groups of Aut F, can be defined with the aid of free calculus.
As before, let ¢ be an arbitrary homomorphism acting on the free
~group F, of rank n. Let AqS be any group of (rigﬁt) automorphisms of

F, which satisfy the condition
@18 . xé = xad

foreach xeF,, ac¢ .AQS' (For example, if ¢ is the abelianizer, u‘m
could choose Aq.‘; to be the subgroup of those automorphisms of F,
which map each element into a conjugate of itself; indeed, any subgroup
of Aut ;Fn which induces the identity automorphism on F,_/F, would do.)

If ae Aq&’ we define llajl to be the nxn matrix

: | d{x.a) ¢
(3-19) lal® = [(7;:;-) ]
S5

The representations considered by Gupta and by Gupta and Levin differ in de-
tail from the representation in Theorem 3.8, but may be interpreted in a similar
fashion in terms of the free calculus. The identification of the kernels. of all such
representations would be greatly facilitated by a selution of Probiem 13\:: the
Appendix of this monograph.
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with entries in _]’F“?3 The mapping fia - !lnii¢ is called @ Magnus
representation of Aqb' This representation is closely related to the
representation of F defined in equation (3-16): explicitly, the eatry in
the ith row and sth column of l\a“qb is the coefficient of g in the

entry in the upper nght—hand corner of [x;al®.

THEOREM 3.9. The mapping 7:a -~ \]m“‘i‘S defines a group homomorphism

from A into the multiplicative group of nxn matrices over JFd’.
(e n

Proof. Suppose a € Ag is the identity automorphism. Then:

| e
(3-20) B ((;a)) =5 .

Hence \lull‘i’ wﬂl be the identity matrix.
Suppose now ‘that a,fB € Aqb are arbitrary, with xa =W, &y %)
and xiB = vi(xl, X ) Then by Proposition 3.3:

‘32D g?;j(xiaﬁ.)= ;;j_(wi(vl(xl.---,xn),---, ROPR )
aw. avk
2(:7 (
k= x =V, (Xq 0 fXg)

But x¢ =x8¢ for each x ¢ F; thus, in particular:

om (& ) Gy - Gy

—V —x

1t follows immediately from (3-21) and (3-22) that

(o) - ST G - 25 52

or that llaﬁ“"b = “a“qS \lﬁ\lqs as desired. ||
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We now give several examples of Magnus representations of subgroups
of Aut F,.

Example 1. Let ¢ be the trivial homomotphism, t:F, > 1, andlet Ay
be the full group Aut F, The resulting Magnus representation is surpris-

mgiy non-trivial. If a € Aut F, and x;a = w(X;," ), then it follows

from the basic formula (3-1) that {(dw; /(';x ) is the exponent sum of the
letter x; 1 in the word w;  Thus our :epresentatxon maps each element of
Aut F,, into an nxan matrix of integers, where the entry in the ith row,
jth column is the exponent sum of %; in w;. Since the matrix is inverti-
ble, it must have determinant +1. Thus the image of F, isa subgroup
of the unimodular group. Clearly, each nxn matrix with integral entries
and determinant *1 can be associated with an automorphism of the free
abelian group, F,/Fp. Now, it was proved by [Nielsen, 1924, pp. 165- 209]
that every automorphism of a free abelian group of rank n is induced by
an automorphism of a free group of rank n, hence the Magnus representa-
tion of AutF, isa faithful representation of the full group Aut (F, /F’ o)

by the full group of nxn unimodular matrices.

Example 2 [cf. Bachmuth, 1965). Let ¢ be the abelianizer, &, and let
A, be the largest possible subgroup of Aut F, which satisfies equation
(3-18), with ¢ = a. The elements in this group are known as ‘‘I-A auto-
morphisms” of F, where the acronym ‘‘I-A” denotes the fact that all
automorphisms in the group induce the identity automorphism in the
abelianized group Fn/F;‘. 1t follows immediately from Proposition 3.4
that the rows of a matrix in the Magnus representation of A, must satisfy
the “fundamental formula’’; it is also an immediate consequence of Theo-
rem 3.5 that the matrices in the group A, are in 1-1 correspondefice with
_the automorphisms of Fn/F” which are mduced py I-A automorphisms of
F.. Even more, one can use Theorem 3.6 to prove that every nxn inverti-
ble matrix over J F whose rows satisfy the fundamental formula corre-
sponds to a I-A automorphism of ¥, / F . (These results were first
established by other methods in Bachmuth 1965.) We denateathe group of
matrices with this property by Aa‘
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~ Suppose one now enlarges the concept of a I-A automorphism, and de-
fines the full group of I-A automorphisms of Fn/F"n to be the group of
all automorphisms of F,/ F”ﬁ which induce the identity automorphism of
Fn/F'n.' The I-A automorphisms of 1"*},1/1‘“‘:ﬂ are in 1-1 correspoﬁdence
with th_é elements in the matrix group Ra’ which includes the matrix
group A'G. One is prompted to ask whether Aq coincides with Ra’ i.e.,
is every [-A automorphism of ‘f“ﬂ/F"'n induced by a (-A) automorphism of
F.? The surprising answer (see Chein, 1968) is no, i.€., A, isa proper
subgroup of ‘E‘a' (Of course, every mattix in Ag is induced by some
endomorphism of Fgi indeed, the proof of Theorem 3.6 contains instruc-

tjon for constructing such an endomorphism.)’

Example 3. The Burau representation of the braid group B, (Burat, 19361.
By Corollary 1.8.3, B, has a faithful representation as a group of right
auto:r:orphisms _cfﬂthe free group Fp of rank n. This allows us o regard’
B, asa subgroup of Aut Fpe Explicitly, we choose generators
oy ,":,O‘n#1 of By with the automorphisms ("1)‘5""'("3.—1)‘5 given by
equation (1-14). As in Chapter 1, we will write 03 instead of (o€
Let Z=<t> bean infinite cyclic group; and let ¥:F,~»Z be de-

fined by xil,ll -t, 1<i<n The condition of equation (3-18), i.e.,
%y o = xjgb, is satisfied for all pairs (1, 7) of interest, hence there is a
Magnus representation of B, over ]Frli'b . The matrix “oi“'p correspond-

ing to the generator Jj of B, is given by:

_ - -
p,] © O 0 |
¥
s 0 1t t 0 it row
(3-23) fo ¥ = ot
0 1 0 0 (i+1)°" row
L—- 0 0 0 In-»i--ij_i

where Iy denotes the kxk identity matrix. This representation of B,

. . i
is named for its discoverer, {w. Burau, 1936], and is thereforevknown 8s
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the Burau representation of B . We will use the symbol 1B, 1¥ to de-
note the 1mage of B, in the ring of matnces over jF"b, the symbols
lI,BH‘/’ Hyll +++ to denote elements of {[B, H and 75 to denote the
homomorphism from By~ B, |]d’ defined by 75(8) = HBH

Example 4. The Gassner representation of the pure braid group.
Recall that the pure braid group P, is defined to be the subgroup of

B, consisting of those elements of B, which belong to the kernel of
the natural homomorphism y from B, ~ Z, (cf. Chapter 1). Generators
of P, are relafe_d to those of B, by equations (1-11). Clearly these
-equations could be used to define a representation of Pﬁ by matrices,
simply by cdmputing the images of the pure braid generators A g under
the mapping o; - Hcril](!’ defined by (3-23).

~ We find, however, that a slightly *‘better’’ representation of P, can
be obtained if we attempt to apply Theorem 3.9 directly to F.. The group
P, hasa faithful representation as a subgroup of Aut F,, with the action
of the pure braid generators A, on the generators X;,"’, X, of F,
being given by equation (1-15) of Chapter 1.5 Let Z, be afree abelian
‘group of rank n with free basis ty,, 4, and let aF, - Zn be defined
by x;a=t;, 1< i< n. Since the pure braid generators map each generator
x; of F, into a conjugate of itself, the condition of equation (3~ 18), i.e.,
X A0 = %50 will be satisfied for every 1<i<n, 1<r<s<n if we
choose the homomorphism ¢ of equation (3-18) to be q, hence the map-

ping A~ ((A)°, defined by:

. | a
(3-24) (AN = K—(—fg'—sl) ]
a
(t?.(_%iﬁl); = Sij _(if s<i or i<y)
LA (1-t)8;, + t.& % (f s=1)
= (1-t;) +t1531)+ t;t, :; (if r=1)

-t (—t)8; - A=t)8g; +8; (f r<i<s)

$  We use the symbol Ars instead of (Ars)'f in this section,
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will define a Magnus representatioh of B This representation was first
discovered by B. J. Gassner, 1961, hence we refer to it as the Gassner
representation, Since it will be of particular interest to us in which
follows, we adopt the special symbol ((¥, N® to denote the matrix group
. corresponding to P, the symbols ((ﬁ)) ((y)) ,+-+ for elements of
((P )) L, oand 74 for the homomorphism from P to ((P ))

We will use the symbols G0 "B.n instead of 76 g when we wish
to stress string index n. We will also use the symbols 7 (or 7,) when
we wish to refer simultaneously to either T Of Tg (orto 75 n or g n)

We remark that the matrix group “Bnll"[’ contains a subgroup of index
a! which is a homomorphic image of ((Pn))_a. The homomorphism from
P, N into “Bnﬂ"b is defined by replacing the n indeterminates
ty,0en,t, in (0 »* by the single indeterminate & For this reason it is
more hkely that ker "G =1 than that kerrg ;= 1.

8.3, The Burau and Gassner representations

" Qur object now is to study the Burau representation of Artin’s braid
group B, = ﬂlBo,n and the Gassner tepresentation of the pure braid
group P = #1 Fo,n' Examples 3 and 4 of Section 3.2. The early results
in the section (Proposition 3.10 and Theorem 3.11} explore the relationship
between the matrices in these groups and the Alexander matrices of knots
and links. We will then turn our attention to the open question about
whether these representations are faithful.

It will be assumed that the reader is familiar with the concept of the
Alexander matrix of a link. (Fora bnef mt:oductxon to this subject, see

R. H. Fox, 1962a, Sections 4 and 5.)

pProOPOSITION 3.10. If 8 € B, is such that B is a knot, then ﬂBH‘*b 1d
is an Alexander matrix for B. H B ¢ P,, then ((B)) —1Id is an Alexander
matrix for the pure link [3.7

7 x ﬁeB and if B is a link of p > 1 components, then the matrix [\lBU‘b-—ﬂ
is a reduced Alexander matrix for B that is, it is the matrix ohtained from the
Alexander matrix by replacing the indeterminates ty,"** ,t# in that matrix by a
s_mgle indeterminate,
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" Proof. Let the action of ‘3 on the free group F, be given by equation
(1-22). Then, by Theorem 2.2, m (5% - B) admits the presentation (2-2).

It then follows that the matrix:

B(Ax, AT )

3)(}-

is a Jacobian matrix for B. Proposition 3.10 follows immediately. |l

The following lemma will be of use:

LEMMA 3.11.1. The Burau and Gassner representations are reducfble to

(n—1) x (a—1) representations.

X5 > mtroduce the free generating set <g;, By
Recall the homomosphism W :F » Z=<t> from

Proof. In ¥ = <Ay,
with g; = XX  ¥j-
F, onto the infinite cyclic group 7 defined in Example 3: X; Y=t and
52 l,’l-*tl‘ The generators 04,70y 1 of B, acton g, 8y 5
follows:

gk ~ 8k Gf (k# 1)
g; *-g;+1a{1gi_.1- Gf G # 1

Gf (=1

(3"25) 0’-1 :
| g1 gzgfi

The corresponding Magnus representation of B, with respect to the new

o AN ]
basis g, "+ 8n will be B —;1—- . In particular, the generators -

IS Y will be mapped as follows:
(3-26) |-t 0] M1
0 0 1 00 0
. - t -t 1 1 TOW
1 0 01 (1<<n)
| 0 1_] N .
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These matrices can also be obtained by replacing the Burau matrices
“ﬁl\'\b by their conjugates Cl\B“‘;’ ¢l where:

@20 ¢ = [Og;/ox ) =

L1 ot 2 .. t“““_l

The last row in the mapping defined by (3-26) is always (001
Hence the last row and column may be deleted to obtain an (n—1) X (n~1)
representati;aa of By, A similar proof applies to Py | We will denote
the image of an element B¢ B, Of P, in this (n-i)x (n-1) representa-
tion\by E‘ne symbols “B\\'f and ((ﬁ)}?.

THEOREM 3.11 (a modification of a result due to Burau, 1936). If BeB,»
and if v 5(’() “is the reduced Alexander polynomial of B (see footnote 7,
p. 120), then |

(3-28) (1+t+---+t“"1ﬁﬁ(t) _ det{jp1Y —1dl .

If BePy énd if Aﬁ(tl'""tn) is the Alexander polynomial of EJ, then:

(3-29) Letprtytyr o+ tity™ ta_)Bpt et = 9t (@ —~1dl.

Proof. By Proposition 3.10, the matrix A B(t) = [Cll {3“"&0“1L ~1d] isa
reduced Alexander matrix for . Since the last row of chiBl ctois
(0,++,0, 1), the last row of Ag(®) will be ©,-,0,0), hence Kﬁ(t) is
the greatest common djvisor of the determinanis Dk(t) of the {n—-1)x (n~1)
matrices obtained by deleting the kth row and kth column from r'eﬁ(t).
The determinant Dp(t) is, of course, det [ B\\‘f _1idl. To prove Theorem
3111, we must 'se¢ how Dl(t),---,Dn__I(t) are related to Dn(t).
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th row and jtP column of CH/S’H"”C"'1 is the image

under ¢ of the free derivative d(g; B)/&gj, hence the entries in the ith

The entry in the i

row of Cllﬁll"bC".l must satisfy the fundamental formula of free calculus

(Pro..position 3.4), hence:

a :
3300 D @AY E-n=d-1 1gi<a-1.
. j=1 :
Hence, if we let Aﬁ(t) = "mij“' then:
. . ' fi
(3-31) : Y m -1 = 0.
j=1

Keeping equation (3-31) in mind, we now investigate how the determi-

nants Dk(t), 1<k« _n), are related.

i1 B k-1 k" Pin

Dk(t) -

M1, M k-1P1,k+1”" Po-i,n

my g ** Mkt Tin Miker 77 Wyng

= (_1)-11—}{‘{“1
My 1,17 ®act k-1Pn-1,0"0-1,k+1" Pp—1,n-1

Observe that Dk(_t) differs from Dn(t) only in the kth column. Apply- |
ing (3-31), and adding (ti-1) times the it column of Dy(t) to the ith
column of Dy(t) for every j # k, we obtain

@-1)D® = D K* 1D ®
“or )
Lt te o +t9)D ) = DKot 1D ©)

s ‘
If we now set’ VB(t) = {1+t+ -~-+t“"1)”an(t) then this impl_ies‘

Dy (t) = (-1)“—‘*(1+t+-e-+tk"1)§ﬁ(t) . 1<k<n.



124 MAGNUS REPRESENTATIONS

Hence VB(t) is the g.c. d of the polynomials Dk(t), 1< k< n, that is,
B(t) A B(t), and

(3-32) Dy(t) = (Lt oo+t 1)VB(t)

~ Since Dj(t)= det [Hﬁﬂ"”’ Id], this proves patt (i) of Theorem 3.11. The
proof of part (ii) is similar. I -

' COROLLARY 3.11.1 Let B¢ Py Then Bglty,ity) = 0 iff A=1 is

an eigenvalue of the (n-1)% (n—1) Gassner matrix ((3))

Proof. This follows directly from equation (3-29).

A result which is analogous to Proposition 3.10 and Corollary 3.11.1
applies to arbitrary links, if we look at the appropriate ‘'in between’”’
representations of those subgroups of B consisting of braids whose
associated permutations admit a decomposition into 2 product of p dis~
jofnt cycles for some p = 2,°**, 01, by matrices whose entries are poly-
nom;als in @ indeterminates. _

Lemma 3.11.1, Theorem .11 and Corollary 3.11.1 have some rather
curious imphcatmns which are not at all well-understood. The mapping
defined by equation (3-26) gives an nX representation of B, which is
conjugate to the Burau representation. In this latter fepresentation the.
last row is a unit vector. Thus 1 is an eigenvalue of every Burau matrix.
Reducing the representation by deleting this last row and the correspond-
ing column, we obtain an (n—1)x (a-1) representation which has charac-

teristic polynomial

pe) = 11BIY -xil, BB

Accordmg to Theorem 3.11, the reduced Alexander golynomial of the knot
B is, apart from the. multiplicative factor (L+t+-r o tP 1), simply p(1),
that is, the remainder on dividing p(x) by X- 1. Hence the Alexander
. polynom1a1 of B is in some sense a measure of how far “17” departs

~ from being an eigenvalue of || B\l"b
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One further observation is in order. Since p(x) is an invariant of the
conjugacy class of’ B in B,, one might hope that p(x) completely de-

termines conjugacy class in B, This seems to be faise:

COROLLARY 3.11.2. The characteristic polynomial of the reduced Burau
matrix Hﬁ\l'f’ does not determine the conjugacy class of B in By
uniquely.

Proof. We claim that the 3-braids B, = 0‘;10%0;202 and 3, 2020;20%0;1
are not conjugate in By, yet they have identical characteristic polynomi-
als pi(x), i=1,2. To establish that B4 and 3, are not conjugate in
B,, we compute their summit forms (cf. Section 2.3), which may be veri-
fied to be A"sa;‘ago% and A'sa:a%o:; respectively. One may verify

that the characteristic polynomials ey and p,{x) coincide by direct
computation, or by the following observations: The knots E; and 232

-~ are €quivalent (both represent the invertible knot 63), hence they have

the samé Alexander polynomials Al(t) = Az(t). For a 3-braid, we have
gy = *F — x (trace IB;HY) + det 181¥ .

By Theorem 3.11 the Alexander pqunomial is given by

T

) (Lt = 1 = troce NB;1Y + det IB1Y = 201

But det Hﬁi“'}b is just (~t)(exponent sum B;), hence det “B;“lf =
det u'ﬁazll‘r!’, and since A, ()= A1) it follows that trace “B;“l{‘b =
trace llﬁzh‘f’; hence p;(X) = py(X): i

We remark that many of the known properties of Alexander matrices of
links could be established with the aid of the theory of braids. An ex-
ample is given below, in Corollary 3.11.2. |
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COROLLARY 3.11.2 [A new proof will be given of a classical resultl.
Let ‘B-¢ B, and suppose that B is a propet knot. Then AB(l) = 1.

Proof. Since Ei is a knot, the permutation associated with the braid .
Be«By must be an, n-cycle; by replacing B with a conjugate of itself,

if necessary, We may assume without loss of generality that this permuta-
tion is in fact the n-cycle (1 2+++n).

Observe that if the defiﬁing homomorphism ¢ in the Magnus repre-
sentation of By C Aut Fy is chosen to be the trivializer, then we obtain
a :epreséntation of the symmetric group Eﬂ on n letters by integet
m;'trices. This representation factors through the Burau representation of
By hence on setting t= 1 in the Burau representation, of in the reduced
Burau representation, W€ obtain a representation of En' which is easily
proved to be faithful. '—

Using equation (3-26), we may compute the reduced Burau matrix for

the braid 0102-:- 01" which induces the permutation 1 2:-+n), to be:

0 0 0 w0 —t]

¢ 0 0 o 0

- (3-33) loyog** a Walo v 0 o o —t
o 0 0 - t —t_|

where the matrix in {3-33) has {n~-1) rows and columns. It then follows

that if B ¢ B, is any braid which induces this same permutation, then

from equation (3-28),

1 o 0 = 0 -l
| ; -1 ©0 - 0 -1
(3-34) Mg = | 0 1 -1 - 0 -1

-0 0 g - 1 -2
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Expanding by the first column of the matrix in (3-34) and using the symbol

An to denote the (n—1)x (n—1) determinant in (3-34), we find:

Ap = =B+ (D!

n .
Since Az = ~2, therefore An = (ml)“f.ln, and AB(l) =t1.}

A sim'ilar technique may be used to give new proofs of the theorem
‘about Alexander polynomials of links which were established by [ Torres,
1953, by making use of the ideas in Corollary 3.14.1 and Theorem 3.18
" below. For lack of space we will not dwell on this aspect of the theory,
-although it is tempting! This might, however, be a fruitful approach to
certain unsolved problems, e.g., the characterization of link polynomials
(cf. Problem 2, Appendix). |

We now turn our attention to the question of whether the Burau or
Gassner representation is faithful. This is an open problem, and the re-
sults which follow provide only a partial answer. If either representation
is non-faithful, the class of links which are the closure of non-trivial ele-
ments in ker r would have a number of very bizarre and interesting
properties; c;n the other hand, if ker rG' or ker rg =1, these representa-
tions might be usefui in attacking some of the problems discussed in~

Chapter 2. We remark that a computer search by the author has failed to
turn up any non-trwlai elements in ker rgz. However, the practical diffi-
culties involved in this search make us hesitate to conjecture strongly
tha{ none exist.

We begin with several easy observations.
PROPOSITION 3.12, If kerrg =1, then ker7rg = 1.

Proof. Set t; =ty = =t =t inthe Gassner representation to obtain

the Burau representation. |

PROPOSITION 3.13. kerrg C Py
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Proof. 1f one sets the indeterminate t equal to 1 in the matrix group
HBHH'{’, then the Burau matrices go overtoa faithful representation of -
the group in of permutatibns on n letters, with the matrix uai\\"b
going over to a matrix which represents the transposition (@, i+ 1). Since
the canonical homomorphism y:B,~ S“‘.n Pmaps o; (,i+1), it follows
that a braid which is not in ker y = P, cannot have the identity Burau

. matrix. |
THEOREM 3.14. ker g C By B, and kerrg C Pt

Proof, Examining the matrix \lail\'ﬁ defined by (3-23), we see that

. €, €4 €
d o , eop_ 1,520
et “01“ t. Tt then follows that if B ¢ kerrg, and if B 9 O oy

then det IBIY = (ot Hence ||Blly = 1d implies et epr TG
= 0. Since the commutator quotient group of B, is infinite cyclic,g it
then follows that B¢ B

Simiiarly; a calculation based on (3-24) shows that det ((Am))‘1 = t,tg
for every pair (r,s) of interest. Hence B eker?g. only if the exponent

sum of each pure braid generator A inthe braid word B is zero. This

implies that B is in the ‘commutator subgroup P’n of the pure braid

group P !

As an immediate consequence of Theorem 3.14 we obtain 2 geometric

restriction on elements in ker 7gt

COROLLARY 3.14.1. If Bekertrgs then everf linking number of B is;

zero. 1f B¢ kerrg, the sum of its linking numbers is Zero-

Proof. A simple picture (cf. Figure 4) based on the definition of A, in

equation (1-11) shows that each appearance of Af; in the braid word f

& The symbols B;l, P:a dencte the commutator subgroups of B -~ Pn‘

9 This may be verified by adding to relations (1-1) and (1-2) the relations
[ainaj]‘:lv 15_“’ jf_n—l. '
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th th

contributes *1 to the linking number of the r~ and s components of B.
By Theorem 3.14, B ¢ ker7g only if the exponent sum of Ao in f3 is
zero, and this implies that every linking number of B is zero. For ele-
ments in ker 7y we have the weaker result that the exponent sum of B
 as a word. the generators {A ; 1<r<s< n} of P, is zero, which im-

plies that the sum of the linking numbers is zexo. I

For n= 2 the braid group is infinite cyclic, and a brief calculation
_shows that no powers of the matrices which generate either HBZII('!' or

)) are the identity, hence both representations are faithful for n=2.
Our next result shows that both tepresentatmns are also faithful for n= 3,

The difficulties begin with n =4 (see Theorem 3.19).

THEOREM 3.15 [Magnus and Peluso, 1969). If n =3, both the Burau and
Gassner representations are faithful.

Proof We will prove that the Burau representation of B, is faithful;
usmg Proposztmn 3.12 we then obtain immediately that the Gassner repre-
sentation of P, 3 is also faithful.

The group “B;,,H(f is generated by the matrices:

| —t 1 | 1 0
(3-35) o = (75 1) and ot = (} )
If we set t=~—1, these matrices become
1 1 1 €

By [Coxeter-Moser, 1964, p. 85] s, and s, generate the homogeneous
modular group M, (the zroup of all 2x 2-matrices with integral entries
 and determinant +1) which has defining relations (i} 5.8,8; = 8,85;8)
and (ii) (5152.51) = 1. Therefore, B; maps homomorphically onto Mg.
As a result, the only possible relators in i lel‘!’ arise from (1-2) ov a

product of conjugates of lloy0,0¢ ﬂ , A an integer. A calculation shows
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6 : .
that \1010201!]4 = (tO ?,5) is in the center of “33“[}& and has infinite

~ order. Therefore,

1B, = <lay 1Y, loy1¥; Toy 19 o h¥ oy 1¥ = Loy l¥ lloy 1Y oyl¥ > -
hence ]lBsuf’ is isomorphic with B,. i

Summarizing our results so far, we have learned that if there exists an

element ¢ P, suchthat B#1, B e ker 7y, then:

i) B isa link of multiplicity p > 4 (because B¢ P, and by
Theorem 3.15, n> 4. o

(ii) All the linking numbers of B are zero (by Corollary 3.14.1).

(iii) All the components of B are unknotted (because ﬁ is &

pure lmk)
(iv) ”1(8 -»)S) has rank p =n (by Theotem 2.2).

Our next result (Theorem 3.16 and Corollary 3.16.1) will imply the follow-
ing .1dd1t;onal property: '

(v) TThe Alexander matrix of ﬁ which corresponds to the presenta-
tion of Theorem 2.2 will be a matrix of zeros. In particular,

" the Alexander polynomial of 8 will be zero.

We note that while there are many known examples of links with Alexande;
polynomial zero {see Smythe 19653, also Cochran 1970; also cf. Corollary
3.11.1 abovel, none of the known examples satisfies conditions (i)-v).

It is easy to prove that the only known class of links with zero Alexander
polynomial, the so-called “homology boundary imks” studied by Smythe,

cannot satisfy both conditions (1) and (iv) above 0 vet there does not

10 4 {ink is & homology boundary link iff its group maps homomorphically onto
the free group of rank f. The existence of a homology boundary link satisfying
(i) and (iv) would then imply the existence of & non-trivial homomorphism from

F ll-;’ F , and since free groups afe Hopfian [Magnus, Karass and Soiitar, 19661,

this is impossible.
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seem to be any geometrical basis on which we can rule out the existence »
of non-trivial elements in ker7g. Geometric conditions which are neces-
sary and sufficient conditions for the Alexander polynomial to be zero are
given in [Cochran and Crowell, 1970]; however, these seem to be very
difficult to apply in any concrete situation.

To establish property (v), letus recall that we studied the question
of the faithfulness of the Magnus representation of F in Section 3.2
(Theorem 3.7). A result similar to Theorem 3.7 can, of course, be stated
for the Magnus representations of subgroups of Aut F,, and we now give
this latter result, specialized to the particular cases of the Burau and
Gassner representations. In view of Theorem 3.11, there is no loss in’
genérality in restricting our attention to elements in the pure braid group.

We have:

THEOREM 3.16, Let BeP,, and suppose that the action of B on the
free group F, is given by equations (1-22) and (1-23). It will be assumed
that the words A in equation (1-22) are freely reduced, except for the
possibility that an arbitrary factor xin, m=0,11,%2, may be added to
the end of “each such word, so that the word AixiA;TL need not be freely
reduced. Then: | )

B € ker 7y if and only if Aje [kerdr, kery), 1<i<n.

B¢ kerr if and only if A;e {ker a,keral, 1<isn.

Proof. Consider the Burau representation first. Recall that ker rg C P,
Hence the (i, N entry in the matrix \lBu"” is: .

| ¥

: (A AT 9A.N
(3-37) (_(__l’a’_lx_i__)) - 5, *’(1‘“t)('5ﬁ)
N J ;

where e is the exponent sum of the letters x; in the word A, Exam-
ining the off-diagonal eitries first, one finds that since the ring ]F:,f’

contains no zero divisors, it follows that the off-diagonal entries will be
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AN |
zero iff (a-x—;) =0 forevery 1<i,j<n, i £ j. For the diagonal entry,
observe that it can always be arranged that e=0 by addiag or subtracting

additional powers of x; at the interface between A and x; in Aﬂl;lxlﬁ\1 .

, GANY
Hence the diagonal entry will be 1 if and only if (a——l) = 0. It then

. follows from Theorem 3.5 that llﬁl\"l' = 1d if and only if A elkery,ker )
for each i= 1,**,10.
'For the Gassner représentation, an identical argument shows that the

dA,
off-diagonal entries will be zero if and only if (Fi—) = 0 for each i#i.

The condition that the diagonal entries be 1 is:

(3-38) A + (1= t)(?;—) = 1.

_ i _
Setting t; = 1 in equatlon (3-38) shows the exponent sum on each letter
X; in the word A; (except possibly 1= i) must be equal to zero. How-
ever, as before one can always add additional powers of x; at the end
of A in order to ensure that the exponent sum of X; is zero in Ax’
hence the d:agonal entry is 1 if and only if:

dA,
(3-39) A€ ker(a) and (-t )(-a-— =0.

dA.
Thxs 1mphes that ('J{;') - 0. It then follows from Theorem 35 that

i
A e {ker a, ker a} for each i= 1,0 0

COROLLARY 3.16.1. H Bekerrg 4 ,B#1, then nl(Ss—é) has a
presentation with the properly that the Alexander matrix of the presenta-
tion ts an (n—-l) « n matrix of zeros. In particular, the Alexander poly-
“homial of B is zero. If B ekertg o 00€ obtains the weaker result/
that the reduced Alexander matrix of the presentation isan (n~1)xn

matrix of zeros.
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Proof. If the action of 8 on F, is as in equation (1-22), then by
Theorem 2.2 the group 7y (33 - B) admits the presentatiori: (2.3).

B e kerry (respectively rp): then by Theorem 3.14: A, ¢ [ker &, ker al
(respectively lkerys, kery]). Corollary 3.14.1 then follows 1mmed1ately
; by an application of Theorem 3.5. 1

One would expect, at first glance, that Theorem 3.16 contains instruc-
tions for constructing non-trivial braid automorphisms which have the
identity Buran_and/ or Gassner matrices. The difficulty in following these
instructions lies in the fact that a pure braid automorphism must not only '
map each generator into a conjugate of itself, but must also preserve the

product XX, "X, (cf. equation (1»23))', that is, we require that:
' | S |
(1-24) A1 x1 A]. Azszz i Ananﬂ = xl X2"' X

where equality means “‘freely equal’’ in F,. Thus our problem reduces to
the question: Do there exist elements A, A €Fy,, with

A1f [kertr, kertr] (i=1,---,n) (or A e [ker a, ker u] i=1,---,n), which
satisfy condition (1-24)? This seems to be a very difficult question; our
approaéh is indirect, i.e., we try to place further restrictions on the ele-
ments in ker7, and ker7g. .

It will be shown next (Theorem 3. 17) that the kernel of the homomor-
phism G,n is included in the second commutator subgroup of a certain
free subgroup, R, 1, of rank n—1 in the pure braid group P,. The
subgroup R, _, is contained in a subgroup, R, of P, which is defined
below.

~ Let F, (as before) denote the free group of rank n on wh;ch P
acts, Let Fﬂ__1 denote a free group of rtank n—1 with free basis
’?n—l’ and let x:F, » I":'n___ll be defined by x(xi) = ’?i' 1<i< n-1,
and X(k;xy e _xn) = 1. If we denote x(xn) - ﬁn' we then have in_i =

.
i

%1%y ¥, _q. Since kerx is mapped into itself by every braid automor-

phism, the action of P, on F, induces a group P of auto;norphxsms of

f"n_l-. Let x, denote the homomorph:sm from P, »P* whn:h is induced
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by x The subgroup R 1s defined to be the group of all braid automor-
phisms in P, whose images in P are inner automorphisms of F_1-
“To determine R explicitly, and to understand its relationship to
ker 6,0 we first study the relationship between P, and P:, and the
structure of P: Let P . © Aut F denote the group of pure braid
automorphisrhs of F 1 b€ , the subgroup of Aut F 1 which maps
each X; intoa conjugate of itself and preserves the product Eliz'“ﬁn-l
(cf. Theorem 1.9). Let Z(P ) denote the center of P 11 which is an
_mfmzte cyclic group generated by o= (0 02 O 2)“'1. Let P 3 de-
note the subgroup of Pp consisting of all pure braid automorphisms of
the subgroup Fp..1 of ¥, generated by X1, X1 Finally, let Rn.--i
denote the subg:c;up of Py generated by Cyro Choy? where:!

_ ~1
(3-40) Ck = BlkBk+1.n 1 S k S n—l

Bjy < (Aj,j+1)(Aj,j+2Aj+1,j+2)"' (BAia kT A,k if 1<jsksn

A3

B:Li:Bnﬂ:i'

(See equations ‘(}~11) and (1-15) for the definition of Aij 2

LeMMA 3.17.1 [Magnus, 19341,
G) Pr=P,_;Inn Fo_1

~

Gy P_,NinF ;= Z(®, ;)
(iii) f’n-—l =x*(Pn_1) and X.Pp_1 is 11
(iv) Inn ﬁn-l = X, (R _1) and X, Rq_1 is 1-1.

Proof To obtain the decomposition of P as f’ - Inn f:‘ y» Choose
any B € ‘Pn Since every element of P is mduced by an automorphmm

in P, wecan 1ift B to B ePy. Suppose that B maps X%; —»A:zA"’L

A

1<ign, and XyXg'* xn—»xlxz -x,. Let x(A) Defme ﬁ%

be the inner automorphism of F that maps each x - Anx1A -} Define
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-~ . . ~ _ . ~ P (L P | -
B, to E)e tlle Eutomorphisrf of F,_; that maps each x;~Aj AXA AL
Then B =[8yB,, where B, ¢ lnn F, 1. To see that B; is a braid auto-
morphism, observe that B maps R Xy ¥, g = ﬁ;l onto An:?;lA;l'i =

;1, hence 3 maps Xy Xy Ry _y > Xy Ky Ky g, there-

Ay Fy 1A
fore 8y ¢ Py_1-

To see that P,_; N Inn Fo_q= Z(P,_q). note that every braid auto-
) morphisn.a must satisfy conditions (1-23), hence the only possible inner
" gutomorphisms of ﬁn«l. are conjugation by powers of X Xy X, g A
calculation based ‘on equation (1-14) shows that the powers of 0 =

(0, 82---311_2)“"1 have the following effect:
(3-41) a . ”’gl’{z"‘i'_‘_l ﬁ'

Note that é , is only unique up to an arbitrary power of @, because if
we defined B'l = Bla"-, é’z = 3“652 we would still have é = {'}’13'2,
Ei’l € ﬁnmlr, éfz ¢ Inn ﬁnwi'

™ To see that f’ﬁ_l = X#(anl) and that X,/P,_; is 1-1, note that
Py is generated by the elements {Aij;‘ 1<i<jg n—1}, where the
action of the Aij on F, is given by equation (1-15). Observing that the
image of x; (1<i<n~1) under Aij (L<i<j< n~1) does not inv?lvg

is a 1-1 mapping of

the letter x,, it follows immediately that X el a1

P, _; into Pi_1-

To see that every element of InnF,_; is induced by a braid automor-
phism in R, ;. consider the images of the generators C, G g of
R,_; under X, A brief calculation based on the action given in (1-15)
shows that the image X,(Cj) of Cy under X is the inner automorphism
of 1:"“.‘.1 corresponding to conjugation by ’?1'" ﬁk, hence f:,,-.-, 6n_1

generate the full group Inn F,_;, hence ImF,_; = XxRp_1)-
| To see.that X /R, 1 i8 1-1, note that R,_, is generated by n—1
elements and maps homomorphically onto the free group Inn ﬁnwl of rank
a-1. If R, , were not free, this would imply the existence of a proper

homomorphism from the free group of rank n-1, factoring throhgi&" R, 1+
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onto Inn ﬁ‘n-—l . which is impossible because free groups are Hopfian
[Magnus, Karass and Solitar, 1966, Theorem 2.13]. |

LEMMA 3.17.2.
(i) kerx,= 'Z(Pn) .
©Oo(i) R=R, ;X Z(®) .

By definition, R = x;l(Inn f"n._i). In the proof of Lemma 3.17.1 we
showed that Inn ﬁn—-—l = x*(Rn__l), hence x;“l(lnn ﬁ‘nﬂl) = (Rn_l)(kerx*),
_hence the second statement will be true if the first is true.

To see that ker x, = Z(Pn), the réade_r may use the known facts that
ﬁn—l is defined by the braid relations, that Inn f?n——l is free, and that
the action of ﬁn—l on Inn f‘n_l can be computed by the representation
of P: in Aut f';n-l' This calculation shows that defining relations for

‘P: are the braid relations and (2,0, Snwx)n =1.{

The relationship between the subgroup R of P, and the kernel of
. the Gassner representation can now be established: Let R7_; denote
the second commutator subgroup of R, ;. Let kerrg , 4 denote the
intersection of ker TG with the subgroup P, 4 of braid autm‘norphisms

in B, which leave the generator x, fixed.
THEOREM 3.17 [cf. Lipschitz, 1961). *ker a,n Ckerrg o )R _p)-

Proof. Choose an arbitrary element B ¢ ker7s ., Where B maps x;

onto Ag;ATY, 1< i< n. We wish toshow that B =5;8,, where

B € ker TG,n-1 and B, ¢ Ry _;.
Since B e kerry ., it follows from Theorem 3.16 that A; e Fy =
[ker a, ker al, whence
m.

1 .
Ai= 11 [”im_l’"imzl Tt € Fpo0=1,2, 1<i<n.

m=1
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~ Since Nimf € Fn, the exponent sum of each letter x-(jw 1,00, n) iR e
must be zero. From the definition of x, it then follows that the image
nxmf of N0 under ¥ will contain each letter x (j=1,+,n-1) with
exponent sum zero, hence 7? mf € Fn 1 for every 1, m,{ of interest,
hence A € F” n—1 foreach 1<ign Therefore the induced automorphism
B of F _; Wwill map each x; onto A X A , where Ai ¢F7_1,
1<i<n-1.

Following the procedure of Lemma 3.17.1, we defme 52 to be the
inner automorphlsm of F -1 whxch maps each X: to A xIAn , and Bl
to be the braid automorphism of F,_, which maps each X; to
A—iA X: A“IA Since g—lg € Fn ; for every i=1,---,n=1, the auto-
- morphism Bl must be in ker "G gl = x(ker g o 1) (See Lemma 3.17.1,

(m)) Since Inn Fn 1 AIS naturally isomorphic to Fn ,» and since

An ¢« F* "3 therefore B, € (inn F ;)" Thus

G4 B = B8, B, ¢ ke‘?a,n—i’ B, ¢ (Inn Fn-—l)” .
- ‘
Hence

4
i

. B ’ % )
(3-43) _ 3 =BiBy By X;l(ke” ?(‘;,n-l)’ By € X;—i (Inn Fy_;)"-

But X, P, is 11 (see Lemma 3.17.1, (iii)), therefore S8y ekerrg o g
Since Xy (InnF 1) is the direct product of Z(P,) and R, ; (Lemma
3.17.2), therefore X (InnF _y) must coincide with RY_ ¢, because
any element in the center of P, cancels when commutators are formed.

This completes the proof of Theorem 3.17. ||

In particular, if n= 4, we have that ker rG.4 C Ra, because
ker 7 G,3 " 1 (Theorem 3.15).

To improve upon the result in Theorem 3.17, we seek further algebraic
restrictions on ker7g o : .

Referring back to the fundamental exact sequence of pure braid groups
defined in Chapter 1, we recall that the homomorphism 7, of Theorem 1.4

was the homomorphxsm induced by the projection map 7: Fy: 0 "FO a1’
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group of :ank n—1, which we denote by F(k). These n homomorphisms
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“where m(zy," ) (2q, s 1) A similar homomorphism exists from
Fyn Fo per whn‘:h is defmed by deleting any subset (2, ,~*»2 ) of
) ) 1
the coordinates in the array (Zy,H2 ) Restnctmg our attention for the

moment to the case k=1, we see that there are n distinct homomor~

phisms, which we denote by zril),---,win) from the pure braid group P, =

mFoqn O the pure braid group P, _;, where rrfé() is the homomorphism
1

induced by the projection map w(k) FU - Fy -1 by n(k)(zl, Zg_1Pk
,Z )- (Zg, 2y 1 B ) In each case ker ?r(k) is a free

can be mterpreted geometrically as “sulling out the kth string’’ of the

braid, or the Kth component of the link. In the representation of Py by

automo:phxsms of the free group they also have the natural meaning! “set
Xq equal to 1.” In the abstract group P, ‘generated by the elements
Ay,
if i=k or j=k"

In the Gassner matrix group a similar homomorphism, denoted (G )),

1< i< j<n} the homomorphism ﬂk has the meaning ‘‘set Aj; =1

can be défined by setting the indeterminate ty in the matrices in (P, ))

equal to 1 and deleting the 1" [ow and column., We will show:

THEOREM 3.18, The diagram:

T
P, AT
nk (G9)
)
e

Is commutative.

Proof. We prove Theorem 3.18 for k = n. The same number of steps suf-
fice for arbitrary k, but the notation is more cumbersome. A weak version

of Theorem 3.18 is proved by a different method in [Gassner, 19611y
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We first show that if B € ker G0’ then rrﬁﬁ ¢ ker 6, n-1" Let the
action of B on the free group F, be given by x,8 = AixiA'i'l, 1<i<n.
Since S ¢ ker 'S, 0 it follows from Theﬁrem 3:16 that A€ [ker &, ker an],
where @, denotes the abelianizing homomorphism acting on F,. This

implies that:

1
(3-44) LAy H1 [7im1» Mim2) Tim¢ € Fro 0=1,2.
1 =

Since n;.p¢ F,, it follows that 7;, s has exponent sum zero in each

- letter xy,+--,%,. Therefore if we set x = 1, each Mimf Will go over to

aword ;.0 in F_ i, and hence A, will go over to a word Aif[ker 8, 3

; into AixiAi_I foreach 1<i<n~1. It

then follows from Theorem 3.16 that niB ¢ ker7, o ;. This tells us that

kera. ], and #{8 maps x

a homomorphism exists from ((Pnj)a to ((Pn-l))'a' defined unambiguously
by (g et NG )
To see that this homomorphism coincides with ((ﬂl,:)), we consult the.

basié formula (3-1). for computing free derivatives, and observe that if
i and j‘ are both different from n, we will obtain the same result if we
either: - |
i) Cc;}rxpute 6(xi)3)/6xj, and then set x
the resulting element of JF, or

(ii) Set Xy

tial derivative. Therefore the entries in the (a~1) x (n~1) matrix

p =1 in every term of

=1 in the word xiﬁ € F‘n, and then compute the par-.

3G'n_1w§(ﬁ) will be precisely the same as those in the upper (n—1)x{n-1)

box of the matrix obtained from 7, n(ﬁ) by setting t, = 1, hence:
345 @) = g EDEG.

To understand this result a little better, we observe that setting tg= 1

in ((F‘ni))cz gives an obvious homomorphism from ((Pn))n. to a group of

matrices over ]Fg_l .

((Pn))a are of the form:

Since the entries in the last row of elements in
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A \*
(3-46) bi(A® + G “t ax;*) |

it follows that on setting t, = 1 the last row will go over to a TOW in
which all entries except the ot are zero. Therefore the entriés in the
upper left (n—1) x (n~1) box multiply independently of the rest of the
matrix, hence if the last row and column are deleted we obtain a group
which is a homomorphic image of ((Pn))a‘, and in fact has been identified
as (@ _ 0% 1 |

An immediate consequence of Theorems 3.17 and 3.18 is:

. COROLLARY 3.18.1.
n

ker.rG,nC (ker rG,n-—i) ( n (ker ﬂ‘l;' n R”n__l)) .

k=1

. a
We rematk that the group n (ker 171: n R';i_l) is non-trivial for
N k=1
every n> 3. The main value of Corollary 3.18.1, together with Theorem

3.17 is that they give a basis for an inductive argument if one attempts to
prove thai the Gassner representation is faithful, and otherwise place re-
strictions on the location of elements in ker7g g ’

The method used to prove Theorem 3.18 fails if we attempt to apply it
to the Burau representation, because it is not necessarily true that
:r}: ker TB.n is included in ker?g ¢ Nevertheless, a weak version of
Theorem 3.17 exists for the Burau representation, because the group P,
admits a decomposition (in fact, n different decompositions, correspond-
ing to k= 1,2,--+,n) as a semi-direct product of the subgroup Pp_; and
the normal subgroup ker rrl,:. This decomposition goes over to an analogous
decomposition in the matrix group ((Pn) "(’, hence the Burau representation
is faithful if and oaly if:

i® B,n acts faithfully on the subgroup Y1 of Py, wl::ere
P4 is the subgroup of ail braid automorphisms in’ A which

map X, - Xg-
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(i) The matrix groups rg (P ;) and rg plker 7%} intersect
trivially. '
(iii) "B, acts faithfully on ker rri.
Property (i) is true if n= 4, and could be the basis for an inductive hy~
pothesis for arbitrary n; however, it is not known whether either (ii) or
(iii) are true.

One’ fgr_ther algebraic restriction on elements in ker "8,n and ker G0
should be mentioned. If the Burau or Gassner matrix corresponding to an
element B ¢ P, is trivial, it will certainly be trivial for any special value
of the indeterminates, e.g., —1. This gives a quick necessary condition.
‘Unfortunately, the subgroup of P_4 which gives the identity matrix under
the mapping t; =ty = - tp=t= —1 is not well understood. A partial
characterization is given in Magnus and Peluso, 1969; however, their re-
sult is not easily translated into the form needed in the present problem.
Our experience is, however, that most elements which satisfy the condi-
tions of Theorems 3.17 and 3.18 also satisfy the requirement that the
matrix be trivial if t=~1. '

Be‘fore closing this chapter, we discuss briefly the special case of the
group By, which is in many ways a considerably easier gr.oup to handle
than B, for - n > 5. It seems possible that one or both of our representa-

tions are faithful on B,, but not on By if n2 5. The following holds:

THEOREM 3.19. The Burau representation of B, is faithful iff the matrix

group generated by the matrices:

(3-.47) -t 3 0 ' 1t
i\030f111¢ =10 1 , ?0 “02‘7301-102_1H¢ = 1‘"t2 “'t—l 0

0 1 -t71f . 1 -t7b 0

is free and xhas rank 2,
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Proof. By Theorem 3.14: kerrp 4 C BY. By results in [Gorin and Lin,
1969] the group B, is a semi-direct of two free groups of rank 2, i.e.,

B; = B’S * K
where: ‘

(3-48) Bj = subgroup generated by {020{"1. 01020';2} is free of rank 2
(3:49) K = subgroup generated by _1030‘;1, 02030;102” 11 s free of rank 2.

Hence the representation will be faithful iff:

(i) The matrix group HBE}WI is free

G I1BlY n Ikl - |

(iii) The matrix group HKH is free of rank 2.
The matrices defined by equation (3-47) are the generators of [lK]]"b, in
the reduced representation given in Theorem 3.11, hence it is only neces-
sary to establish (i) and (ii). '

To establish (i), we compute the matrices corresponding to 0,0 ~1

’ Y
and 0{7,0] =2 in the reduced representation.

(3-50) R P | 0 -t 1
loyortl¥ =] -1 1t 1 loyoyor 2l = |1 11t 1
0o o0 1 0 0 1

Observing that the last row in both of these matrices is (0 0 1), it
follows that the upper left 2x 2 boxes multiply independently of the re-
mainder of the matrix. Since the matrices in the upper left 2x 2 box are
precisely those which generate the commutatot subgroup B3 of By’ in
the Burau representation of Bg, and since these elements generate a
free subgroup of Bj [Gorin and Lin, 1969), it follows from Theorem 3.15

that the :epresentatmn is faithful on this subgroup. Thus @) is true.
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To establish (ii), suppose M ¢ Ilﬁgul’b n ]IKH"&. Observe that if we re-
place the indeterminate t in the matrix group ilB:,)H"z’ by -1, then the
matrix group goes over to a group of matrices which are still free of rank 2
(cf. proof of Theorem 3.15), hence are still a faithful representation of B:’i.
On the other hand, if we replace the indeterminate t by —1 in the group
HKll'f’, then HKH"[' goes over to a group of matrices in which the center
row is (0 1 0). Hence if Me HB%“‘zr n IlKﬂ'ﬁ, then M must, on setting

= ~1 and deleting the last row and column, go over to a matrix of the

form
a b

0 1

Since the determinant of this matrix must be 1, it then follows that a = 1.
Now, our matrix is an element in the matrix group obtained from HBE,H"[’ by
setting t = —1, and this group includes the matrix s; defined in equation
(3.36), and the powers of s; are in fact precisely all possible matrices of
the form :
. o 1 b
0 1

Since s, is the image of o; in the representation of B,, it follows that
M can only be a power of |loy H"['. But the only power of o; which is in

Bj is the trivial power, hence M = Id. |

It appears to be a very difficult problem to decide whether a particular
group of 3 x 3 matrices is free, hence Theorem 3.19 does not yield a

decision whether the Burau representation of B, is faithful,
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The reader is referred to Chapter 2 for the statement of Theorem 2.10,
and of its relevance to the algebraic link problem. Our proof will be a
modification of a proof due to Burau, 1936.

We are given an element 8¢ B, n2> 2, whichis represented by a
positive word P. It is assumed that P has letter length m, and also
17" %1 Let Vg(ty, -« t,)
_be the Alexander polynomial of the link B. We wish to prove that

that P involves every braid generator oy, -

Vﬁ(tl! -t ) has degree m—n+ 1 and leading coefficient 1. T‘ms is
equivalent to the assertion that the reduced Alexander polynomial V B(t} =
Vﬁ(t ) of B has degree m~n +1 and leading coefficient 1.
According to Theorem 3,11, the reduced Alexander polynomal of B is
related to det (I8 H"!’ ~1d) by equation (3-28), hence Theorem 2.10 is
equwaient to the assertion that | HB""[’ —~Id| has degree m and leading
coefficient 1.
Let Aii' i 1< k< n~2, be the minor determinant of the matrix

ol !
k th

which is formed by the terms at the intersection of the ij row and column

for each j=1,+-,k. Then | HBH? —Id} may be expanded as a sum:

BN —1d) = det B + (<Pt + S

where 2 is an appropriate sum of tetms of the type Ail iy “which

contains each minor determinant Ai ineeed
1*2 k

unordered array ijiy-eedy (1<kg n-2) exactly once, with coefficient +1

belonging to each possible

.or =1. We observe that it follows from the definitions in (3-_26) that
det ||Bll(’rb = (~t)™, hence our theorem will be true if we can establish that
iy dgeeiy always has degree strictly less than m.

144
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We will establish the latter statement' by a double induction on the
indices n and m. If n=2, then 8= o'ln, m > 1. In this case the re-
duced Burau matrix \\Bl\"rb is the 1 x 1 matrix [|(~t)"]l, and the asser-
tion is trivially true. ' ‘

Suppose that we are able to establish the assertion for all positive
words ( in the group B, (any fixed 1) which have the special property
that Q involves all of the generators 0y "'°'Un;1 , and also that Q in-
volves one of these generators exactly once. Let mg be the length of any
one such word, séy Qo- (Of course, mg might be arbitrarily la_rge.) We
assume (inductively) that the assertion is true fot all words Q;). in By
which has letter length m > my, and which are formed from Q, by the
addition of new positive letters. Now considér the word aiQ{), 1<i< n-L
Suppose that the reduced Burau matrix for Qg is Hqij(t)“. From equation
(3-26) we see that the reduced Burau matrix for o Qp will differ from that
for Qg onlyin the ith row, which will have as its jth entry (t9;_1 i~
tq3; + 941 ,j) if i£1, or ("tqij + qzj) if i=1. It then follows that in
goingfrom the minor determinant Ail ey of HQB\\"f to the correspond-
ing minor determinant of HoiQE,H‘f the degree can be increased by at most
1,1 Sinc_:;é +det “Qall'f = (~t)® and det l\aiQal\f = («-—t)‘“Jrl , we see that

11 e effect of the term td; g ; (if £ 1) on the minor determinant A, .
. 112"k

will be one of the following:
1. If i—1 and i ate both in the array iliz-"ik, with, say, i-1= ij and
o iy thez:Athe_ effect of the term td;_ 3 § will be to add the minor
determinant e Ciy g =0 !
2. If i—~l1 is not in the array iliz'"ik, but if i is in this array, with 1= ij,
then the effect of the term td; g ; will be to add the minor determinant
L]

S i e

i e ,
in the sum: Y, although its degree is now increased by 1, and its sign
may be altered.

. This minor determinant is necessarily already

3. If neither i—l mor i is in the array iliz"-ik, no new term witl be added.

f
A similer argument appiies to the term dg.q ; (if i £1) and to the te:“'m Qp; {if
i = 1). . . ] )
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the assertion will be true in the general case if we can establish if for all
positive words Q which involve all the generators 04 R RY but in-
volve one of these exactly once. | |

We now study the class of words Q defmed above. Each word QO
in the class will be a product of a positive word W("l""r“i—-l)r a posi-
tive word V(017" n~1) and the letter 0y, in some order. Since
" eyclic permutation of a positive word does not alter the Alexander poly-
nomial of the assocxated link, we may without loss of generality assume
that the factor ¢; 1 ic the first letter in Qo ‘Smce W and V commute

(in Bn)’ we then have:
Qo = Giwr(()'l."', Ui_l)V(ﬂ'i+1,‘°',0‘n__1) .

Now, W(al'""“i-—l)‘Bi while V(o; 17" O D eBy i (after an
appropriate celabeling of the generators) Suppose that the reduced Burau
matrices for W and V (regarded as elements of B; and By ;1 1€

spective;ly) are:

w11 Te Wyt
Wiy =

wi_i1 1,1

Vel i+l 7 Vird,n-t
i -

Vpo1,is1 0 Va1t

Going back to the definition of the reduced Burau matrix, 88 given in
Lemma 3.11.1, we then find that the reduced Burau matrix for Qg = aiWV
will be '



CHAPTER 4
 MAPPING CLASS GROUPS

Let T, denote a closed orientable surface of genus g; and let

0 0
Zyrtt %y

that in Chapter 1 the symbol = F, ﬂTg denoted the pure braid group on

T, (with base point (z7,++,2p)) and =B, T, denoted the full braid

group on Tg (with the same base point). The following similar notation

denote n fixed but arbitrarily chosen points on Tg. Recall

is meant to suggest relationships to be developed in this chapter:

rfnTg denotes the group of all oriéntatio'n preserving homeomorphisms
A Tg - Tg such that, for each i, ?x(z?) = z?.

B nTg denotes the group of all orientation preserving homeomorphisms
BT, T, such that Ala], o, zgh) = lz], e, 2l |
These twé groups are t.o be endowed with the compa'ct-open topology. '
rro(ﬁ:n’l‘g, id) denotes‘ t};e group (1) of p;th components of ffnTg and
is called the pure mapping class group of Tg.

rro(f?)n'l‘g, id) denotes the group of patﬁ components of i!’n'rg and is
called the (full) mapping class group of Tg‘ The notation

M(g,n) is also used for this group.
Note that F,T, = BT, and F, T, = B,T,. Hence M(g, 0) =no(FyTy) =
By T,) and M(g,1) = mo(FT,) = 7o(B, T).

This chapter will be devoted to such prdbler_ns as determining the
structure of and finding generators and relations for the groupé M(g,n)=
rro(anTg, id). In brief outline, the topics covered are the following:

1) For each pair of integers g,n > 0 there is & natural homomor-

phism

148
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iy P Mg, n) » Mg, 0)

induced by the inclusion map gzjﬂnTg C 33ng. If g>2, then kerj, is
isomorphic to the n-string braid group ”z_Bo,nTg of the surface Tg' If
g=1, n>2 or g=0, n>3 then kerj, is isomorphic to ”1Ba,nng
~center. In the special case g= 0, this result allows one to compute
presentations for the mapping class groups M(0,n). .

2) The group M(g,0) is generated by a finite set of Stwist? maps
(known variously as Debhn twists or Lickorish twists!).

. 3) The space Tg,o may be regardéd as a ramified covering of the
punctured sphere. If conditions are right, then homecomorphisms of the
;iunctu}ed sphere lift to homeomorphisms of .Tg, o Even more, entire
classes of maps on the punctured sphere lift (modulo covering transforma-
tions) to entire classes of maps on Tg,O' This allows one to find large
subgroups of M{g, 0}. _

' We begin in Section 4.1 by st"udy_ing't‘he' homomorphism i, from

'_ rroffnTg to 3703:0'1‘% which is induced by the inclusion map. It is estab- __
lished in Theorem 4.2 that the kernel of i, is the n-string pure braid
group 74 Fo,nTg of Tg modulo its center. The identification of ker .
is made explicit, by means of the evaluation map defined in Section 4.1.
The establishment of this relationship between braid groups and mapping
class groups is a fundamental result, which wili_ be shown to have fai-
reaching consequences in determihing certain algebraic and structural
'prc)perties of the groups rroﬁzﬂ'l‘g, M(G, n), and even M(g, (). The analo-
gous result for the full mapping class group M(g, n) ='rr053“Tg' is given in
Theorem 4.3. '

Section 4.2 is concerned with the group M(0,n), the mapping class
group of the n-punctured sphere. Using the results of Section 4.1, we ob-
tain generators and defining relations for M(0,n) (see Theorem 4.5). This
group is very closely related to Artin’s braid group, and again to the braid
group Bo,nsz of t_ﬁe n-punctured sphere. We note Ithat the system of

relations obtained in Theorem 4.5 was. discovered earlier, by a very different
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method, by W, Magaus [see Magnus, 1934]. The proof given here appeals
to us because it shows the relationship between Magnus’ earlier results
(which did not appear to generalize to surfaces other than S2) and the
larger thcory_c;f braid groups of surfaces, as presented in Chapter 1.

Section 4.3 contains a summaryyof the essentiél features of W. B. R,
Lickorish’s proof that M(g,0) is generated by a particular finite set of
“‘twist’’ maps (Theorem 4.6). We remark on the fact that Lickorish’s
proof is essentially geometric in nature, as was the earlier proof of the
same result by [Dehn, 1938]. Aithough it has been known for some time
that the group M(g,0) is canonically isomorphic to ‘Aut 74 Tg/Inn 7 Tg
[see Mangler, 1939], it seems to be an extremely difficult probiem to estab-
1lish Theorem 4.6 algebraically. The heart of the diffidult_y appears to be
twofold: (i) it is difficult to characterize the class of elements in '”ng
which have simple representatives [see D, Chillingworth, 1969] and (ii)
-algebraicists have not succeeded in finding an appropriate replacement
_ for counting arguments based on intersections of curves on surfaces.

Section 4.4 contains an- example of the application of the technique of
lifting and projecting homeomorphisms, which may be used to escalate
known results about the mapping class group of the n-punctured sphere,
by applying them to obtain information about the mapping class groups of
approptiate branched covering surfaces of s, I.n particular, we use this
technique in Theorem 4.7 and 4.8 to obtain defining relations for the group
M(2,0), by establishing that M(2,0) is a finite extension of M(0,6). The
proof of Theorem 4.7 is essentially the proof given in [Birman and Hilden,
1973], adapted to the special case g=2, n=0.

_ Finally, Sectioﬁ 4.5 contains a brief survey of the present state of

knowledge with respect to mapping class groups of surfaces.

_ 4.1. The natural homomorphism from M(g,n) to M(g,0)

DEFINITION. Recall that 22,-+-,2z° are a set of n distinguished points
: i n

on Tg, and that if A« ffnTg, then f-’.(z?) = z? for each i= 1,++,n. Re-

call also that, in Chapter 1, the artay ‘(z?."'. zg) was chosen to be the
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base point for the space' Fy nTg' Using these points, we now define (for

each pair of integers n,g > 0) an evaluation map:

(4-1) - 0Ty

€an * J0Tg > FonTy = 1oy, Py e Ty by py if 04 1

by cgn(ﬁ) = (ﬁ(z?),-u,ﬂ(zg)). Observe that €21 is continuous with the

-given topologies on f?a’rg (compact open topology) and Fy nTg (subspace
topology for | FO,nTg c Tg XX Tg)-
THEOREM 4.1 [Birman, 1969b). The evaluation m&p. €an :rfng - FG,nTg
is a locally trivial fibering with fibre f}‘n'rg.‘

Proof, Note that cfnTg is a closed subgroup of the topological group
3:6Tg and that two élements A and g of ?OTg have the same image
under ¢ if and only if they are in the same left coset of ffnTg in

gn )
?ng. This observation results in a natural identification of Fy nTg with

the quotient space ffOTg/g:th, and this identification is easily seen to

be a homeomorphism which turns. €an into a _projection map and exhibits
FO,nITg as a homogengous space. " .

By [Hu, Homotopy Theory, Exercise D4, p. 99], Theorem 4.1 will

follow immediately once it has been shown t_hzit, reiative to €gn’ there is

a local cross section of the homogeneous space F, nTg in ffGTg at the
single point 20 = fgn@:nTg) = (3?,'", zg) £ Fo,nTg (i.e., there is a neigh-

borhood U(z°) of ‘20 in Fo,nTg and a map K:U(Qg)»?g'rg' such that

1 We observe that the statement and proofl of Theorem 4.1 are very similar to

the statement and proof of Theorem 1.2, Chapter 1. Just as in Chapter 1, the pure
mapping class group (respectively pure braid group) is & little easier to work with
than the full mapping class group {full braid group). The full mapping class group
{(respectively full braid group) is an extension of the pure mapping class group

" {pure braid group) by the symmetric group E‘rl‘ '



£ oatil P U
fgnfl" = id). Choovse pairwise disjoint Euclidean neighborhoods
0 0 0 0 .
Ulzy), Uz of 2y, 2y,

§(u1,---,n )Iui € U(z?)i is a neighborhood of 2% in FO,-nTg‘ Construct &

respectively, on Ty- Then uE% =

family of homeomorphisms iﬁuerfo’l‘glﬁsU(Zé)g,' depending continuously on
X n
#, such that, for each ¢ U('z’(?), Eu(iﬂg) = u; and t’,ui(’i‘gm U U(z?)) =
R : i=1
identity. Define X(@)=/{,. | :

COROLLARY 4.1.1. There is an exact sequence of homotopy groups

d ,
fgn* gn, i

‘ gn,
(4-2) ——m, T T, —m Fy fTg—7 FT

g o’n gW”OfFOTg"_'*”OFO,nTgﬁi }

of C'o.rolla'ry 4.1.1 is induced by the’

H ] [yl
.‘ en gn, by the inclusion f?nTg “’_"fo'rg'
The exact sequence is simply the exact homotopy sequence of the fibering

fgn:gtorrg - FG,nTg‘ I

Proof. The hom’omorphisrh €
_ , gn,

evaluation map ¢,, the homomorphism i

(Remark: The Surjéction iy = ign is the analogue for the pure map-
*® .
- ping class groups of the homomorphism j, = jgn : M(g, n) -+ M(g, 0} of full
) : . *
mapping class groups named in the title of this paragraph and studied

below in Theorem 4.3.)

For simplicity, we will replace the symbols ign*, Egn*, dgn* by .-
d
has been structurally determined by a careful examination of im d,=keri,

and ker d

€ respectively. Corollary 4.1.1 becomes effective only when &

*? W

THEOREM 4.2 [Birman, 1969b], For each pair of integers g,n> 0 let

""'gn* =4y, ”OiFnTg - rrocfo’l‘g be the homomorphism induced by inclusion.
- Then ker iy = image d, ~mFy T, if g>2. lf g= 1,.n22 or g=0,

n>9 then ker L ™y Fc,ﬁTg/center.

Proof. We consider the final segment of the long exact sequence of

Corollary 4.1.1.
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Except for the case g=1, whose proof will be omitted, the theorem
is an immediate consequence of Lemma 4.2.1 below (which shows that
ker 4, C center my Fo,nTg) and of Lemmas 4.2.2-4.2.4 (which identify |
center @, F(} nTg explicitly). Before these lemmas are stated and proved,
y H
however, the construction of d, and the proof (_}f the relationship ker b=

imd, will be recalled,

Construction of -d,. Suppose B e F, nTg’. with 8 represented by a
loop (By,+,B,):1~F, nTg' ‘Then it is an easy matter to construct an
isotopy th : Tg - Tg (0<t< 1) suchthat fj = id, hixy) = Bi(t), and
hence Rl € ?nTg‘ Indeed, the construction is obvious for generators
i-Aijll <i<j<n} of }?1 Fy nTg (cf. Chapter 1) and by composition of

isotopies can be extended to all elements of 7, F, nTg" Then {?‘1} = d B

ker i, = imd_. ’I‘hi.s follows immediately _from' the fact that the sequence
(4-2) is exact., It wili be of interest tlo obtain image d_ exﬁiicitly. Sup-
pose that A ¢ ffn’l‘g with [A] € ker i . S_inée ke ?nTg, A fixes

z?,----,zg 'poi‘ntwise. Since [ﬁ']_e ker i, bk is isotopic to the identity map
on Tg’ say by an isotopy &, (0<t¢ 1), Ry x'identity, h, = h. Then

, (ﬂt(zg},m,ﬂt(zg)) represents. an element 8 of z;lFu’nTg and 4.8 = (a1l

LEMMA 4.2.1. ker d, T center rrl Fo,nTg'

Proof. Suppose .a ¢kerd, =1ime,, and let He nifo'fg be such that

- ¢,H=a. The element H is represented by a loop A = {KtIO < t< qf _in
Tng* where each R, is in f}:ng and Ay =4 =id .Then_ e(h) =
(ﬁt(xl),---,ﬂt(x’n)), (0<t<1) represents a. Let S8 enF, nTg; with B
represented by (8,(s),"++, B,(s)) (0<s<1). Define G:IxI~ FG,nTg by
G(t, 8) = (ﬁtﬁl(s),---,'ﬁtﬁn(s)) {(t,8) ¢ IxI). Then G is continuous and

- G{d(Ix1) represents the”homoto-p\y class aﬁa“lﬁ*l. Since B8 was an
arbitrary element of F{},nTg' we may conclude that a e center 7y Fo,nTg‘ I

LEMMA 4.2.2. If g> 2, then center ”l'Fo,nTg =1,
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Proof. Recall (Theorem 1.4) the exact sequence (1-7

oL .

. *
1w F 1Tg —— 7, Fy nTg IFO,n—ng 1
of pure braid groups. I n= 1, mFy T = 1 Tg which is centerless.

_ Assume inductively that =, F, n-—ng is centerless. Since m, is surjec-
tive, 7, (center m; Fy, nTg) C center n1F0 n'-ang = 1. ;‘Hencé center 7; FO nTg
lies in thg group im j, = ker 7. But 7 Fo1 1Tg ~ im'j, is a free group
of rank > 1, hence centerless. Thus center ”1F0 nTg e 1.

The next two lemmas treat the case g = 0, ie, ’I‘g =%

LEMMA 4.2.3 [Gillette and Van Buskirk, 1968 the proof given here is,
however, different]. Let 51, “es ’Sn ; be standard generators of mBy n32,
n> 3 (¢f. Theorem 1.10). Then the centet of m B{} 52 s the subgroup

of order 2 generated by ©0, n 1)“

Proof. Observe that the mappmg v from "lBG n‘Sz to L defined by
vy = ,i+1), 1<ig n—1 is a homomotphism, Since l is centerless
for n> 3, itfollows that any element in the center of m,B 0, nS2 must
have the identity permutation. Hence it suffxces to identify the center of
the subgroup D S of 7B 0, n'S2 whete D S is defined to be the sub-
group of all elements in g Bo nS whose assocxated permutatmn leaves
the letter n invariant.

Coset representatives for D S in m By nsz'may be chosen to be the
n elements 1 and 8, {86, 5" 8y, 1<k< n—1. Application of the
‘Gchreier-Reidemeister method {cf. Lemma 1.8.2) yields the following group

presentation for Dnsz (details of the calculation are left to the reader)

generatorslz 81.82,“-8n_2
(4-3) ' relations: 8-3- = 33 ti—j 22
(4-4) 8 51+15 1+18 E}14»1

(4-5) (8,8, 8, o) (n-1) .4
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Comparing this group presentation with the group presentation obtained in
Theorem 1.4.1 for ”1BO,nE2’ we find that Dn52 is a quotient group of
71 Bo el Ez, the kernel being the normal closure of the element

(0,05 )2(‘1 ) T 1Bo, n,.,lEz- But, by Corollary 1.8.4 of Chapter
1, the element (0102- . )n 1 generates the infinite cyclic center.of
7 Bo,n_,iEz- Since adding to a group presentation a re%ation which kills
a power of an element in the center cannot introduce any new commuta-
tivity relations into the group, it follows that the center of I),nS2 must be
-t

generated by (8152---3 and have order 1 or 2. But, now, as a

consequence of relations (1-27), (1-28), (1-29) one finds:2

@6) (6,8 8y )= (88,8, "By 8038, 8y 1)

- -1
= (8182”'8:1-_2)“ .

This implies that the center of D s? ( center 7, BO nS ) is the sub-
group of order 1 or 2 generated by (5 . n-i) . _

To see that the element (5,8, nml) -cannot have order 1 in
ﬂlBo,nsz,’ consider first the case where n is odd. Since r-elétors (1-273,
{1-28), (1-29) have exponent sum 0,0, 2(n~1) resbectivei_y, but
(3132”_3ﬁ_1)n has exponent sum n(n—1), it follows thatif n is odd
this element cannot be a relator. The proof for n even follows easily by
utilizing the exa:::t sequence (1-7) of Theorem 1‘_.4., observing that
s? ‘under‘the

(3132---3n z)n e 7 Fy n52 “and that its image in N N
. ¥ - H

‘homomorphism #_ is (3152---3n_'2}n'_'1. i

LEMMA 4.2.4. If n> 3, then

center "1‘80,:132 C ce:entex'-;':rli?o'ns2 Ckerd, .

2 In the derivation of {4-6) we used the fact that :71 BO 32 admits an automor

phism: 3 -93 —i 1 <i<n-l,
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Proof. By Lemma 4.2.3,

2 - 2
center n180 ﬂS C center ”1F0 nS

is the cyclic subgroup of order 2 generated by (51"'8n__1)n, hence
Lemma 4.2.4 will be t.rue if we can prove that d*{51---3nm1)“ = 1. In the
standard geometric model of "y Fo,nEz' '<"1 an_i)n can be pictured as
in Figure 13a and 13b (drawn for rthe case n = 4). 'Then as a motion of
points on s?, (31.-" e 1)n can be pictured as in Figure 13c.

Recall now the construction of d, "Without loss of generality,
zlo,---,zo are spaced at equal distances on a longitude joining z? at the
- equator with zg at the north pole (as in Figure 13c}, and the motion of
points pictured in Figure 13¢ can be realized by a rotation ﬁt .52 5> 82
(0 < t< 1) about the axis joining the north and south pole, ﬁﬁ =k, = id.
Then d, @, 8,_M=[k1=1.1 |

Lemmas 4.2. 1 4.2 .4 complete the proof of Theorem 4. 2 except for the
case g =1. The proof for g =1 will sot be included here. One proceeds
as in the othet cases to identify center 7:11’:3 Ti (see Buman, 1969a).

The center is a free abelian group of rank 2 (xsomorphm to wyTy). i

_THEOREM 4.3. For each pair of integers g,n>0 let j = ’gn : M{g,n) -
M(g, 0) be the homomorphism induced by the inclusion j:B Ty fB

Then ker j, is isomorphic to #,By nTg {or g2 M g=1, a2 2 or

g=0, n>3, then kerj, is :somorphzc to 3180 n g/center

Proof. The proof is essentially a repetition of the arguments used to
prove Theorems 4.1 and 4.2. As in Theorem 4.1, we may establish that

there is an evaluation map {gn B 'i‘ - By nTg which is.a locally trivial

. fxbermg with fibre B ’I‘ As in Co:oliary 4.1.1, this fibering defines an

exact sequence
E) d , N
gn, gn, ‘gn,

{4-7) M”xigﬂTg BO g s Mg, n) —— M(8,0) —— 7o By nTg =1
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(o, 0y 03)‘ us A motion of points on g?
The geometric braid :
_ b}
\ B
{a; oy aa)“ «mFa 4 E

(a)

#, 8, 53']4 a8 @ motion of points oa §?

{c)

Fig. 13.
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As in the proof of Theorem 4.2, we may establish that ker jgn is natural-
E

G,H g
g=1, n22 or g=0, n23. |

ly isomorphic to 7 Bg pT, if g>2, n>2, or to 7, By “Tgfcenter, if

We close this section by making explicit the situations described by
Theorems 4.2 and 4.3. First consider the case n=1,g> 2. In this case
the homomorphism igu and 5g1* of Theotems 4.2 and 4.3 coincide
(because anTgm %nTg if n=0 or 1), and moreover ”1F0,i [ =
my Bo,ng = Ty Tg’ -so that our theorems imply that ker 1g1* = ker jgi . is
isomorphic to ang. We will now describe in an explicit fashion how to
fi.nd generatlors. {for the subg;cup ker igl . of the mapping class group
M(g, 1) = mod; Ty = 75 By Ty |
~ Let z? be the base point for #, Tg, and suppose that ¢ is any
- simple closed cutve on ”1Tg which contains the base point z?. Let N
be a cylindrical neighborhood of ¢ on/ Tg' ._parametrized 1j>y {y, 8), with
~1<y<+1l, 0<8< 27, where the curve ¢ is described by y =0, and
the base point z? ‘by (0, 0). We now define a map ?‘czl :’I‘g + Ty by the

rule that if a point is in N, then its image is given by:

(4-8) ﬁczi C(y,O) > (v, 0+ 2ny) if 0<y <1
(y,8) »(y,8 — 2my) if —1<y<0,

while all points of Tg--N are left fixed. We call such a map a spin of
zg about c. (See Figure 14.)3 Note that fz‘czl e M(g, 1).

Now let a8 bi""’bg be Zg simple closed curves on Tg,’

0

meeting in the base point zj but otherwise dis.joint,' and having the

property that their homotopy classes generate "ng’ and also that the

3 The reader who is familiar with Dehn twists, to be discussed in Section 4.3,
wiil recognize that a spin of z about c may-also be described as a product of
a pair of Dehn twists, in opposite directions, about curves ¢, and Cy defined

by, say, ¥y =+ -12— and y = --%— respectively.
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Fig. 14,
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| homotopy class of a b aj b1 agbgag bg is trivial. Then the
isotopy classes of the spin maps ?'alz oo by ?1,?113 zl,---,?\bfél on
Tg ; generate ker jg , » and the isotopy class of the product
1 1T o . .

f-l gt
gzl bgz1

F‘aizlp‘b zy pa:zl?‘g:zl” R g i?‘b z, 'a
is tt1v1al
In the case where n is arbitrary, the smgle point z? which serves
as base point for ”1Tg e n1F0 1Tg BD nlp (regarded as a subgroup
of wocf T = 17093 T) is replaced by an array (zi, o,z ) which deter-
niines a base point for 7y Fy 0 Tgr and also for m By T Let !a by '
1<i<g 1< n! be 2gn sxmple closed curves on Tg, where ail =a
and b;; = b, are as previously defined, and where each curve a;;
. (respectwely b, ) ig freely homotopic to ay (respectively by, ) on T
and each curve a; (resp:.ctwely bll) contains the base point 1? but

‘no other point fﬁ if k#j. ‘Then the isotopy classes of the spin maps

generate ker ’ign*' To obtain a set of generators for ker gg“* one adds
to this set any set of maps on the surface 'I‘g which generate the full
group of permutations of the points {z ?,--- 20); {or example, enclose
each pair (7} , J+1) in a disc DJ which avoids all points zg k#i)

and map T to itself by a map ﬁ which frxes ’I‘ -D pointwise, and

o
jtl

The case g =1 is similar to that described above. The case g=0

mterc’nanges z? and 2 mcely

will be treated separately in Section 4.2, below.

Remark. The exact sequences (4-2) and (4-7) offer information also about
the higher homotopy groups of fn'l'g, J’OTg: .BnTg, and EBO'I‘g. Informa-
tion about these higher homotopy groups appears in Quintas 1968; McCarty
1963; and various papers by M. E. Hamstrom, who has calculated these |

groups for a number of difficult cases.



4.2. THE MAPPING CLASS GROUP OF THE n-PUNCTURED SPHERE 161

4.2. The mapping class group of the }1~punctured sphere
THEOREM 4.4. Every orientation-preserving self-homeomorphism of a
2-sphere, or of a 2-sphere with one point removed, is isotopic to the

identity map. Thus M(0,0)=M(0,1)= 1. ,

Remark. While Theorem 4.4 is a well-known folk theorem, the author was
surprised to find that no published proof seemed to exist. We therefore
- fill the gap by including a pleasant proof, due to J. H. Roberts, who has

kindly located it after a gap of 40 years, communicated it, and allowed us

to use it!

Proof. We first establish that M(0,0) is isomorphic to M(O,_ 1). This may
" be seen by examining the exact sequences (4-2) and (4-7'); which coincide

_when n=1: 2 '
+ m By 187 » M(0,1) » M0, 0) » mgBy ;S -

The space 80‘152 - §% — pt. is arcwise-connected, hence ”98.0,152 =1,
Also, mBg S = m§? = 1. Hence M(0,1) ~ M(,0).

The proof that M(0,1) = 1, i.e., that every orientation-preserving
homeomorphism of 52 which fixes a point p‘flsz is isotopic to the
identity map via an isdtopy which keeps p fixed at each stage, will

depend on Lemmas 4.4.1-4.4.2 below.

LEMMA 4.4.1 [Alexander, 1923b]. If g :’Dn +D" is a homeomorphism
from the unit n-ball to itself a:-'hfch fixes the (n—1)-sphere s-1 . gp"
pointwise, then .g. is isotopic to the identity under an isotopy which fixes
_ g1 pointwise. If g(0)= 0, then the isotopy may be chosen to fix 0.
Proof. Recall that D" = fx e EB/dist '(i, 0) = |x| < 11 and that sh—1 o
{x¢E™/|x| = 1}. Each point x ¢ E? - {0} has a unique *‘polar’’ representa-

tion x = (r,8), where r={x| and ¢= T’il- ¢ $°71, Suppose that ¢(t,0) =
x .

[RG, 6),0(,0)), < 1). Then R(1,8)=1 and O(1,6)=6 since gls" 1=
identity. Extend ¢ = (R,®) to all of E® by the identity. Define the
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isotopy g, E" - E? (0<t<1;r< 1) by the formula

a4ty ¢y = [t R@G/t, 0),00/t,0)] .

Observe that ¢, =g, gt(i‘,()) = (r,0) for r>t, and, for fixed r<t, the
map g, is the map ¢ with a scale factor, Thus the eff‘ec; of the isotopy
is to push the distorted region of £" into an n-ball of smaller and smaller
radius. The maps g, approach the identity map continuously as t - 0,
Hence g, may be defined to be the identity and g, (0 < t< 1) is the
desired isotopy. Note that if ¢(0) =0, then g+(0) = O for each t. |

LEMMA 4.4.2 (Schoenfhes Theorem) if 51 and ﬂQ are simple closed
_curves in the plane E? and h:9, » 4, is any homeomorphism, then there

_is an extension h, of h which takes 51 U Int 51 homeomorph:caﬂy onto

; g U Int 52

This lemma will be assumed without proof. For this and other results
in plane topology, the reader is referred to the following very nice elemen-

tary accounts: .
M.H. A.Newman, Elements of the Topology of Plane Sets of Points,

2nd ed., Cambridge Univ. Press, Cambridge, 1951,
G. T. Whyburn, Topological Analysis, Princeton Math. Series, no. 23,
Princeton Univ, Press, Princeton, N. J., 1958. |

Now, suppose that p ¢ §% and that $? . 82 is an orientation pre-
serving homeomorphism' which fix;as p. We must show that there is an
isotopy between { and the identity which fixes p at each stage.

If 4 is a simple closed curve in g2 ~ipi, let Int { denote the com-
ponent of g2 —4 which contains p, Ext § the other component. Choose
simple closed curves §; and J, in s —{p} such that §, U£J,)CInt 4,

Let @1,32, and. @ be disjoint arcs with (@ U(f ud )C [Int 32
(51 U Int Sl )], each of the arcs,joining the simple cio'sed curves 31
4,. Let Ixjl= =d;N g, and iyl= @,n4, (=123 Since f is
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orientation preserving and fixes p, there are disjoint arcs KI.KQ. and
Ks joining F(xl) and y,, f’(xz) and y,, and F(xs) and y,, respec-
tively such that ‘Ki Cdnt 32 w[f(fjl)U Int f(f]l)]. (See Figure 15.)

Fig. 15.
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Let ﬁj‘ij(i # i) be the component of Int f}z -——{@i (¥ C‘fz 8@3832 Ulnt 31‘]
which contains @i U {d. in its boundary. Let f;{.;}- '_be the component of
Int 32 _[Kz‘u Kz U 3{3U f(f!i)t.i Int f(f]l-)] which contains Ki U Kj in its
boundary. '

It is an easy exercise to construct 8 homeomorphism g §% + 82 which

hasg the following properties:

@ ¢l§uint g, = P14, uint g,
i) ¢ld,UExt§y= identity] §, U Ext 3,
o s®Ryp =Ry |
Indeed, (i) and (ii) define giﬁd@i (i=1,2,3). This partial map can be
extended to take ﬁi to ‘Ki hameamo;phicaiiy. This defines ¢ Bd R ij
for each i# j. And by Lemma 4.&.2, *?!Bdfﬁij:Bdeij _t,BdER;i can be
extended to a homeomorphism ¢|R ij :?‘ij - ﬁ;} {where R denotes the
closure of the region 3.
By (i) and Lemma 4.4.1, the homeomorphisms [ and ¢ are isotopic
“under an isotopy which moves pci'nts only in Eaxt fh, By (ii) and Lemma
4.4.1, the hameqme:ghisms g and identity are isgtopic under an isotopy
which moves poirits only in Int 52. Since g(p) = p, it follows from the
last sentence of Lemma 4.4.] that the latter isotopy may be chosen to fix
p. The composition of the two isotopies gives the desired isotopy between

ﬁ and the identity map. This completes the proof of Theorem 4.4. 4

THEOREM 4.5. If n> 2, then M(0,n) = rrafgnsz admits a presentation

with generators @y, y®n and defining relations:

(4-9) | ‘ W@y = W0y li-jl > 2
(4-10) u @;@5,19] F 191
(4-11) “’z"'wnmzwiml“’n—z"""’i = 1
(4-12) (wimg"'wnwi)n =1.

If a=0 or 1, then M{0,n) = 1.
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Proof, The proqf for n=0 or 1 is given in Theorem 4.4. For n=2 we
note that the map w,; which interchanges the punctures on the surface is
necessarily non-trivial. To see that its square must be trivial, we show
that the group rrogzsz = 1. This follows {rom the long exact sequence
(4-1), using the facts that 7?'11:‘0’252 =1 (Theorem 1.10) and » oFo 2S =1
(because FG,?. is arcwise-connected). =

- If n> 3, then by Theorem 4.3 the group M(0,n) is an extension of
7, B S /center by M(0,0). By Theorem 4.4 the group M(0,0) is trav:al
hence M(0, n) is isomorphic to WIBQ,HS /center. A presentation fqr

w B

1™3,n
The center of 7B nS2 is identified in terms of these generators in

§? is given in Theorem 1.10, in terms of generators 31""’5n-—1'

Lemma 4.2.3. Let w; denote the imlage of 3i under the homomorphism
from (7 B, nSz/c:ente:') to M(0,n). Then M{0,n) admits the indicated

presentation. ||

The generators wj, ", @, _; of M(0,n) have a very simple geometric
interpretation, Let qq,'*-,q, be the points whichare to be deleted from
the surface S2. Enclose each pair {9;,9;,,) inadisc D;, chosen so
that D; avoids q; G #1i,i+1). Ma;’:’ 52_ to itself by a map F‘i which
fixes (82 ~D;) pointwise and interchanges q; and q; ; ‘‘nicely.”

Then F‘i ¢ M(Q, n); also ?‘i is isotopic to the identity ofx the closed sphere.
Moreover, if ﬂt is the isotopy taking ?‘i to the identity map, the{x} the
orbit (3t(q1),-»-,ﬂt(qn)) represents the element '5i in ﬂlBo’nSQ. Thus

we can identify the isotopy class of ﬂi' with w; A

4.3. Generators for M(g, 0)
In this section our focus will be on the group M{(g,0), and on the-
problem of determining generators for M(g, 0). |
Let ¢ be asimple closed curve on T, 0; and consider a neighbor-
‘hood N of ¢ whichis homeomorphic to.a cylinder. For convenience we

will assume that the cylinder is parametrlzed by coordinate (y, @), where

4 The reader who is familiar with Dehn twists, to be discussed in Section 4.3,
will recognize that F’: may be interpreted as a Dehn iwist about a curve ¢ which
conmins the points q and 9,1 8t {G,0) and (0,7} respectwely {see e.g. 4-13),
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the y axis is the axis of the eylinder, and _-—1‘5 y < +1. Also, ¢ 15 de-

fined by y = 0. Define a map 4. of the cylinder -~ itself by
(4-13) _ 4.v,0) = (v, 8+m(y+1))

Then g extended by the identity map to all of Tg o» is known as a
Dehn twist about ¢, (See Figure 16.) We will establish that the isotopy
classes of Dehn twists generate M(g, 0).

A property of Dehn twists is:

LEMMA 4.6.1. If p and m are simple closed curves on Tg, and
Ki:Tg - 'I‘g is an isotopy, with Ay = identity and ﬂl(p) = m, then there

is an isotopy between g, and g¢..

Proof of Lemma 4.6.1, From the definition of a twist map we have g =

A ?11'1, hence ‘F’xtgpﬁ'{l is an isotopy between g, and g, f

1%p
We remark that the sense of a Dehn twist depends on the choice of a
coordinate system (i.e., an otientation) on N, but that it does not depend

on the orientation of the curve ¢ itself. For convenience iﬁ drawing
pictures we would of course like to choose orientations for the neighbot-
hoods of atbitrary curves on ’I‘g_ which agree with a given orientation on
Tg' To accomplish this, we will adopt the following rule. Assume that
Tg is oriented. ‘Note first that if p is. a path which crosses the simple
closed curve ¢ at a finite set of points, say ap,""" 8y then the effect
on p of a Dehn twist about ¢ will be to break p at each point a; and
insert a copy of c at the break,. This will be assumed to be done in\such
a way that if some very small segment- ApC p which is close to ¢ is
given a local briéntation toward ¢, then points on this segment will be
ﬁwved to the right when a positive Dehn twist about ¢ 1is applied, and to
_the left if a negative twist is applied. Note that this rule will be valid for
directed segments Ap on either side of c, as long as the orientation is

always toward c. (Cf. Figure 16; ¢ is the curve y = 0.)
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THEOREM 4.6 [Dehn, 1938; Lickorish 1962, 1564, 1966].
(i) Every orientation-preserving homeomorphism of Tg 0 Tg 0
is isotopic to a product of Dehn twists.
(ii) Let cy,- "1 C3g-1

are illustrated in Figure 17. Then a Dehn twist about an arbi-

be the simple closed curyes on 'i‘g o which

trary simple closed curve on _Tg,o is Isotopic to a power
product of hlvfsts about ¢y, C3g-1"

We will give a detmled proof of (1), and a summary of the main ideas
in the proof of (ii). Our method will be based on Lickorish’s methods,
however we will be able to shorten his proofs by ut111zmg the results of
‘Theorem 4.3. All homeomorphisms and isotopies are piecewise linear; ail

paths are polygonal.

N otation:
Tg = Tg,O

g group of all orientation-preserving piecewise-linear homeomorphisms
of T - T .

Y subgroup of G which is generated by Dehn tw:sts
f,g, elements of } G
g = f if g is isotopic to h

D= {de§rd 2= idi

¢, p, m,r simple closed curves on Tg

$cr9pr Fm’ ... Dehn twists about ¢, p,n,

p~m if Ghe§ rh(m)=p

pam if TdeDidmy=p

prgt if Fyedsylmmp

lpNml cardinality of pNm

.a,b,d,+ points on Tg'
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The general plan of the proof of part (i) will be to examine the image,
p, of a particular “meridian’’ curve my; of Tg (see Figure 21) under an
arbitrary orientation—preserving homeomorphism A of Tg. It will be
shown that one can always find an appropriate power product, say ﬂl, of
Dehn twists, and an isotopy, say d, of -Tg, such that d R (p) does not
intersect any of the meridian curves My ,eee, My This allows us to find a
further sequence of Dehn twists, say #,, and a second isotopy, d,, such
that d,h,d;h (p) = m,. Since p= A(m,), it will then follow that A, =
dyh,d fi R may be regarded as a homeomorphism of a surface of genus
g—1, with two discs removed which*is obtained by cutting along m,. In-
duction on genus, together with the results of Theorem 4.3, will complete
the proof. The proof of part (ii) will involve a second, mbfe refined induc-
‘tion on intersection numbers of curves.

Since we wish to a;ﬁply twist m'i&ps to reduce the number of intersec-
‘tions between particular simple, closed curves on Tg' we begin by de-
veloping several lemmas {(Lemmas 4.6.2-4.6.5) which will indicate how to

‘do this:

LEMMA 4.6.2, Let p; and p, be simbfe‘closed paths on T,, with
lp1 N pyl = 1. Then py~, Py.

.Proof of Lemma 4.6.2. l.et a be the point .pl N p,. (Figure 18a.) Apply
the Dehn twist %p, to p;. This has the effect of breaking p; at a and
- inserting a copy of p, at the break (see Figure 18b). Now apply a Dehn
twist %p, * ”Its effect® on gpz(pl) is indicated ip Figure 18¢, which shows

that gpxgpz(pl) % py, hence p; ~ py. []

5 In view of Lemma 4.6.1, we may twist about a curve p, which is close to Py
instead of about p;. We choose p; in such a way that ipi n 9o {pl)l = 1. This
mukes the picutre a little easier to draw. ' 2
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DEFINITION., Two paths p and m will be said to meet twice with zero
algebraic intersection if |pNm| =2 and if it is possible to orient p in

such a way that p has different directions with respect to a given |
orientation of m at the two points of p N m. We will indicate this situa-

tion by writing |pNm| = 24.

Our next lemma is the central step in the proof of Theorem 4.6, part (i).

LEMMA 4.6.3. Let p and m be simple paths on Tg, with p closed.
Let N be a neighborhood of m. Then there exists a path u on ’_l‘g
such that '

1. um~e P

2. ulpUN

3. luNm|=0 or 2,

Proof of Lemma 4.6.3. The proof is by mduct;on on t=lpnml. If r=0
or 2, take u=p. If =1, and m is closed, we may apply Lemma.
4.6.2. If m is not closed, it is clear that we may move p off m by an
isotopy which is the identity outside p U N. Assume, mductwely, that

the lemma is true if r< k. Orient p and m. There are two cases to

consider.

Case 1. The set p M m contains two adjacent points (on m), say a

~ and b, which are such that p is oriented in ‘the same direction at a as
it is at b with respect to the orientation of m (see Figure 19{a)). Choose
points a’ and b’ in N, closeto a and b, and as 1llustrated in

Figure 19(3).' Let ¢ be a simple path which starts at a” and proceeds, \
‘close to p, to the point b’ then crosses m once in N to return to a’.
Figure 18(b) shows gc(p) Then we may find an element d D such that
dg (PIC P U N, and ]dgc(p)ﬂml < k, as in Figure 19(c) The induction

‘hypothesis may now be applied to construct u.

6  Note that JcNm} < [pNml.
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Case 2. Suppose that three consecutive crossing points a,b,d on m
are such that p is oriented in alternating directions with respect tol' m
gt a, b and d respectively, as in Figure 20(a). One of the p-segments
E& or E; does not contain b; assume that the notation is chosen so
that this segment is :_I;;;. Choose points d} a’ in N, closeto d, a re-
spectively, and as illustrated in Figure 20(a) These points are to be
chosen in such a wa'y that they are both on the same side of p, with
respect to the given orientation. Let ¢ be a simple path which starts at
a’ and proceeds, close to p, to the point d°, then crosses m once in
N to return to a’. Figure ZO(b) shows gc(p). Then we may choose an |
element d ¢ D, such that dg (P)CpUN, and also !dgc(p)ﬂ m| < k, as
in Figure 20(0).7 The induction hypothesis may now be applied to con-

struct u. ||

LEMMA 4.6.4. Let p,m,»+,m_ be simple paths on Tg, with p being
closed, and with - |miﬁ mjf =0 ff. i #7, 1<1i, j<r. Then there exists

a path u such that u ~.p and such that for each i=1,,1 either
luNm;f =0 or 2, "

Proof of Lemma 4.6.4. Since lm; N mj{ =0 we may find disjoint neighbor-
hoods Ny, N, of my,--+,m  respectively. Applying the procedure of
Lemma 4.6.3 to py=p and m;, we may find a path P, which satisfies
the conditions of Lemma 4.6.4 with respect to the path m,. Applying
Lemma 4.6.3 a second time, to Po and m,, we may find a path P3
which satisfies the desired conditions with respect to m,, and [p;Nm,]
=0,1 or 2, Iterating this.'proceduze r times, we obtain a path

W= PPy g~a'tt~ePy= P osuchthat [ufim=0,1 or 2, foreach m,.
If, for some i=1,--.,r, we have Iuﬂmi| = 1, then, by application of

Lemma 4.6.2, we may obtain a path u’~_u such that [u'Nm;| = 0. |

7 Note that lenm| < |pNm].



176 MAPPING CLASS. GROUPS

The techniques developed in Lemmas 4.6.1 -4.6.4 will now be applied
to examine & particular curve p on Tg and its intersections with the

family of curves im,a;,d; 1<i< gl in Figure 21.

LEMMA 4.6.5. Let Emi,di; 1< i< gl be the simple closed curves on Tg
which are illustrated in Figure 21. Let ke G, and let p = h(m,;). Then
there exists a simple closed curve v such that \¥~Cp, v mi] =0 and

{vﬂdi]:{) or 20; for each i=1,+,g.

Proof of Lemma 4.6.5. Note that the curves in our collection are pairwise
disjoint. Hence, by Lemma 4.6.4, we may find a path u~,p such that
luNm =0 or 2, and land;i =0 or 24 for each i=1,+,g We will
now show that u = v, where v does not. meet any my.

If ]uﬂm | =0 foreach j=1,---,g we are done. Suppose, then, that
for some j, 1 < j< g, wehad ]uﬂm | = 2. Suppose also that iuﬂdjlmo.
 Note that d; bounds a torus. Enumerating the various possibilities for the
path u, one sees easily that u must either intersect itself (which is im-
possible) or bound a disc on T (wh:ch is hkewxse impossible because

~e P = ﬁ(ml), and m; does not bound =z disc). It then follows that if
1uﬂm | =2, then also [uﬂdjl 25 Let ufim= {a,bl. Then a and
b divide u and m; into pairs of arcs, u=uy U u2 and m; = m; Um: .

At least one of the four pairs u, U mjl’ u, U mjz, u, U mjl, u, U mjz 2
must bound a disc D; in the jth' handle, and using this disc we may con-
struct a homeomorphism dJ ¢D, with d} supported in a neighborhood of

D], such that 1& (u)f'im | = 0. A mm:iar argument apphed to each handle.
in turn yields the des;red path v = dg 1(11) where we choose d; = jd

whenever luf‘imjl =0, ||

LEMMA 4.6.6. Let p, m; be as in Lemma 4.6.5. Then p~gm;.

. Proof of Lemma 4.6..6. Let ve.p be the simple closed curve whose

existence is guaranteed by Lemma 4.6.5." Since v mjl. =0 for
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j=1,,g, therefore v ¢ '}Z'gu--mI Um,U-U Ty i.e., a sphere with 2g
discs removed. Now, v must divide the sphere (every simple closed
curve does) but v does not divide .Tg (%‘;eca_u_s'e v is the homeomorphic
image of m,, and my does not di_vide Tg). Therefore v must enclose
one of the “‘boundary curves’’ of the sphere, hence v must meet one of
the curves a) (1< k< g) in Figure 21, Note that (by Lemma 4.6.5 we
have [vfimy| =0 and [vﬁdk| =0 or 26. It then follows that the only
possibility (since {vNay] #0) is v ai{l is odd, is that there is

v'= v such that [v'Nay] = 1. Hence, by Lemma 4.6.2, we have v ~.a.
Let m be a simple closed curve on Tg which meets a; and m; once
(if % #1), orif k=1, let m=my. Then we may apply Lemma 4.6.2
again to obtain a; ~ . m ~, m;. Since. ~. is a equivalence relation, and

since v~ ay and p~,v, this implies p~,.m;. i

Proof of Théorem 4.6, part (i}). Let A ¢§ be an atbitrary homeomorphism
of Tg, and let p=A(m,). Then, by Lemma 4.6.6, we may find elements
ye¥ and d« D such that dy{p) = m,. | ‘ |

Assign an orientation to m,. This induces an or.ientation on dylp) =
my, which may or may not agree with the orientation assigned to m,. But
now we observe {by a double application of Lemma 4.6.2) that the twist
proc_iuct qalgfnlgal maps 'mi to a curve which is isotopic to m; but
with reversed orientation, so that, if necessary, we may replace dg with
dy’= d'(ﬁal‘}ﬁ}l%ai)g, &’¢D, in order to insure that the image of p has
the same orientation as m;. Let A, =dyh or dy’R%, whichever is re-
quired. Then, by composing fh, with an appropriate isotopy; if -neceésary,
we may assume that A, restricted to m; is the identity.

Cutting open the surface 'I‘g along the curve my, we may now regard
by
R, is the identity on 8Dy, i=1,2, because k, is orientation-preserving
in Tg. Let z? and zg be interior points of Dy, Dy respectivély. Then
4, may be eXtende_(}'from a map of (Tg_l -D,UD,) -+ (Tg_l.' -~I_)1_U D,) to
" a homeomorphism ?L*:Tg__i +To 1 which keeps the points z?, zg‘ fixed.

as a self-homeomorphism of ’i‘g minus two discs, D; and D,, where
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Moreover, h, will be isotopic to the identity map if and only if h, is
isotopic to the identity map. We may interpret the 1sotopy class of Q*
as an element of the group 74 5. Tg-»i _ ' _
Induction on g is now in order. The group M(0,0) is, by Theorem
4.4, generated by twists (trxmaliy) Assume, inductively, that M{g~1,0)
is generated by the isotopy classes of Dehn twists, Let i, :7, }2 a1
rrcffng___l = M(g~1,0) be the homomorphism defined in Section 4.1 and
studied in Theorem 4.2. Then ”OS:ZTg-_l is generated by ker i, and the
lifts of the generators of M{g—-1,0) to #05:2'1"8_1. By Lemma 4.6.1, every
Dehn twist on T 1,0 18 isotopic to a Dehn twist which lifts to a Dehn
tw;st on ’i‘g 1,2 (if the curve we are twisting about includes the pomt
zl or zg, we just move it a little bit). By Theorem 4.2, and the discus-
sion which follows it at the end of Section 4.1, ker i, is generated by

“‘gping”’ of z? and zg

about appropriate curves. But now observe that

a spin of z? about ¢ is just a product of Dehn twists, in opposite direc-
tions, about curves ¢y and ¢, such that c; m C= Cy, but c1 and ¢,
are separated by z? ¢ c. Thus ﬁ-* is isotopic to a product of Dehn twjsts,
hence A is isotopic to a product of Dehn twists. This ccmpletes the

proof of Theorem 4.6, part (i). i

Qutline of proof of Theorem 4.6, part (ii). Note that, from the result in
part (i), it will be adequate to establish that if v is an arbitrary simple
closed curve on Tg then a Dehn twist about v is isotopic to a product |
of Dehn twists about the curves C€;,**:C3g.1 in Figure 17, The proof

will require one additional fact, which was not needed in part (i)

LEMMA 4.6.7. Let p,m be simple closed curves on 'Tg, and szuppose
that A(p)=m, he G. Then ) '
” | ~1

Proof of Lemma 4.6.7. This is an immediate consequence of the definition

of & Dehn twist. ||
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We consider a set of reference paths on the surface ’}‘g. This set will
be denoted R, and will include the paths imi,ai,di,bi; 1< i< gl shown
in Figure 21, minus a& small neighborhood of the g points {aiﬁ m;;
1< i< gl. (This small neighborhood is deleted in order to obtain a refer-
ence set which contains only disjoint paths; this will be neéded to app_lf
Lemma 4.6.8.):

LLEMMA 4.6.8. Let v,py,,p; be simple paths on ’I‘g, with v being
closed, and with |p;D pji =0 if i#j,1<1i,j< 1. Then there exists a
path u~,v such that for each i= 1,-+-,1 either jufip] =0,1 or 2.
Moreorver, the twistf in the equivalence. u ~ vV satisfy the condition

len U pil <IvO U pyl.

Proof of Lemma 4.6.8. See the demonstration of Lemma 4.6.3 _andr Lemma

4.6.4 and also the footnotes on pp. 172 and 175.])

Let v be our arbitrary simple clcsed'curye on ’I‘g. Since we are only
interested in Dehn twists about v up to isotopy we may (by Lemma 4.6.1)
assume that v avoids the point set {aiﬂ my; 1<i<gl We now assume
(inductivelslr) that, for all paths ¢ which meet R in fewer than 1 points
and avoid the points &; N m;, the Dehn twist g, is isotopic to a power
product of Dehn twists about. ¢y, C3,_4+ Suppose now that v meets
R in precisely r points, r> 2.

- Since the paths in R are disjoint, we may apply Lemma 4.6.8 to pro-
duce a simple closed curve u such that u~,v, and such that if p is
any path in R, then |unp|=0,1 or 2,

Let 4 ¢ Y be the power product of twists which is required in the
equivalence v‘~cu. Then, by' Lemma 4.6.7, it must be true that gy =
ggug“’l. Now, y € Y, and moreover y is a power product of Dehn twists
about curves ¢ which, by Lemma 4.6.8, meet R less than r times. Also,
¢, is a Dehn twist about the curve u, and lufip| =0,1 or 2,5, pe R.
Hence the theorem will be true if it can be established for all possible

cases for which {uflpl = 0,1 or ‘250 PR,
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This last step of the proof is accomplished by a {painful) enumeration
of possibilities, and we omit it. The reader is referred to [Lickorish, 1964
and 1966] for details. Note that [Lickorish, 1966] cotrects an errot in this
part of the proof in {Lickorish, 1964], hence the two papers must be read
simultaneously. |

We remark that it should be possible to conclude the proof of part (ii)
of Theorem 4.6 by an induction on genus, utilizing the results of Theorem

4.3, just as we did for part (i).

4.4, Lifting and projecting homeomorphisms
The re.acier‘may recall that in Section 4.2 we defined a special type

of homeomorphism of the n-punctureﬁ sphere onto itself which resulted in
an interchange of the ith and (i+ I)St punctures, gq; and ‘i1+1 . The
isotopy classes {wy; i=1,, n—1} of these maps were shown to generate
the mapping class group M(0,n) of (s* — g, ‘in—l)' It is easy to see
that these maps could be interpreted as special cases of Dehn'twists. In
this section we will explore this relationship. |

We wi.sh to represent the surface Tg,b as a branched éovering space
of the sphere.s Suppose that Tg,o is embedded in E3 in the manner

illustrated in Figure 17, so that Tg o is invariant under reflections in

the xz and xy-planes. .Let C11€3:7" " g4l denote the intersections of

Tg,o with the xy plane, and let ©4,C4,""sCop denote the intersections

of T, g with the xz-plane. Each ¢ is a circle. Let i:E3-E? bede-
fined by «(x,y, z?m (x,-y,~2z). Observe that ¢ maps Tg'o —’T'g;O’ and

B 1 X and X are triangulated n-manifolds, and if p:?f -+ X is a simplicial
a branched covering space projection if the restriction
the (n—2)-dimensional skeleton of the triangulation is
The branch set BT X is the collection of points
has no neighbothood U such that the re-

p__i(U} is a covering map. The set

map, then p is said to be
of p to the c_omplemem of
a covering space projection,
x ¢ X which have the property that X
striction of p to an arc~component of
p": {B) = ﬁ is the branch cover.
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has order 2. The orbit Space of Tg,'o under the action of the involution
i+ will be homeomorp‘hic to a sphere, ’{‘O 0t this action induces a natural
mapping p! T > To o which is easily seen to be a branched covermg
'spac:e pm;ectxon The covering will be 2-to-1, except for the (2g+2)-

- fixed points of i, which occur along the x axis and are denoted

‘11'“ ,ng+2 in Figure 17, The 1mage of each q under p will be de-
noted, as before, by q; €Ty o = T ofi = $2. Thus, if Q= {qyae ,ngﬂ%
cand Q=lqp, . qg5,,)h then p: ( 0,0)—»(’1‘0 o+ Q) will be a branched
covering space projection, with branch set J and branch cover Q The
involution i generates the group of covering transformation, which is of
order 2.

Let N be a cylindrical neighborhood of ¢; on Tg’ which is parame-
trized by cylindrical coordinates (y, g), -1<y<+l, with ¢; the circle
y =0, and Eizi-'l = (0, 0), ‘iZi = (8, 7)., Then the twist- Fe, is defined by.
equation (4-13). It will be assumed that the parametrization is such that
%e, is fiber-preserving. The image of N; gnder p will be adisc D;.
For odd i, dD; = p{yz—*“ iy +11, and p(c-) ‘will be an arc joining
i1+ 92; € Dj- If ¢ = p§y~»--§ then the projection Pac, ol of 9c,
is a twist g, about ¢’ w}uch may be identified with the map hy of

i-
Section 4.2. A similar argument holds if i is even, Thus ¢ G
: . cl c2g+1

(Theorem 4.6) project to representatives of wy, -, D41 (Theorem 4.5).
This does not, in i{seif, imply a relationship between the groups

M(g, 0) and M(0,2g+2), because elements in M(0, 2g+2) are isotopy
classes of maps with respect to isotopic deformations on the punctured
sphere, while elements of M{g, 0) are isotopy classes of maps with.re~
spect to isotopic deformations on the closed covering surface Tg,(}‘ Sur-
prisingly, it has been discovered that in the situation described above,
and also for other appropriate covering spaces, entire classes of maps
{(with respect to isotopic deformations on the n- punctured sphere) lift to
classes of maps, unigque up to covering transformations, (with re’Spect to.

isotopic deformations on the ciosed covering surface).
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The development of these ideas, for k-fold cyclic coverings of the
sphere and also for k-fold ecyclic coverings of one Riemann surface by
another, is given in three papers by Birman and Hilden {1971, 1972, and
1973]. New generalizations of these results have also been obtained by
[Maclachlan and Harvey, 1973] and again by.[Zieschang, 1973]. (The
methods of proof used in the latler two ﬁapers are different from each other,
and from the techniques described here; Maclachian‘aﬁd Harvey, in particu-
" lar, make an interesting observation in ‘‘Remark 2’ following "‘Cor.oilary
12" of théir papet, indicating an appropriate generali.zation to
nadimensional manifolds.)

Our efforts here will be confined to a special case: we will adapt the
methods of Birman and Hilden, 1973 to a special probieni:- The determina-
tion of defining relations for the group M(2,0). We begi’.n by establishing:

THEOREM 4.7: Let g=2. Let _5’%:'1‘2'0 =Ty o be a homeomorphism which
is ffbér-preservingg with respect to the covering space projection

Cp (Tz’o, Q) - (TO,O' 0. Suppas‘e also that § is isotopic to the identity
map. Then there is an isotopy R, between h="hy and id = R, such that
for each 0< t< 1 the map h Is fiber-preserving.

We will then use Theorem 4.7 to establish:

THEOREM 4.8. The mapping class group M{2,0) of a closed, orientable

surface of genus 2 admits the presentation:

9 A homeomorphism A of 'I‘2 04'1‘2 o is fiber-preserving if, for all pairs

. ’ L]
2,2°€ T, o such that p(z)= o(z’), it is also true that ph(z) = ph(z"). Note that
k is fibéi-—preserving if and only if R commutes with the involution &.
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generators: (y,, (s

definiting relations:

@is) g =4 i lieil22, 1<45<5
(4-16) Ll 4l = cméém (1<i<4)
(4-17) (£,$, c:s = |

(4-18) <¢1¢2¢3¢445¢4¢3¢2¢1>2 .l .
(4-19) E8plalil2 bl ¢,  15i<5.

The genefator f;'i (1€i<5) in this presentation may be interpreted geo-
metrically as the isotopy class of a Dehn twist about the curve ¢y in

. Figure 17 (taking g = 2).

At the conclusion of this section, after the proofs of Theorems 4.7 and
4.8, we will discuss briefly the generalization of Theorems 4.7 and 4.8 to

other covering spaée projections of one 2-manifold by another.

Proof of Theorem 4.7. Since h is a fiber—preseltving map; it is immediate
that i maps the set of exceptional points %r"[},“-, ﬁéi ‘onto itsélf, how-
ever it might permute the individua'l points in this set. We begin our proof
by establishing that in fact the only possibility is that R(q )= q., 1<i<6.
Suppose that i'-’x(qi) = qj for some i# j. Let y beany ql-based loop

on T, 5. Since i preserves fibers,
(4-20) Riy) = ih(y) .

Let f—i be the given isotopy between the homeomorphism A and the
identity map. Let B denocte the path B{) = ﬁt(q) joining ql to q}

Then
421) y = BhyIB™

- where the homotopy taking y to B?\(y)ﬁ”l is defined by the isotopy
A (1)) Applying i to the homotopy in (4-21) and using (4-20) we obtain

(4-22) () = GENRGHMNGEN™.
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Now consider the &i-based loop i{y). Just as in (4-21), we have .

(4-23) W) = BAGGNB™ .

Combining (4-22) and (4-23), we see that ﬁ'li(ﬁ) which is a closed loop
based on qj, commutes w;th AG(y)). Since y 'was arbitrary, and A and

i are homeomorphisms, it foliows that 8~ L(ﬁ) commutes with every ele-
ment of @y (Tz,()*qj)' But the center m (T 2,0 ) ig trivial [see Magnus,
Karass and Solitar, 1966, Corollary 4.51, hence B71i(8) must be homotopic

to the constant loop, hence

(4-24) | B = i(B)

whefe the homotopy is a hemotopy of paths joining ai to ‘-ij keeping
endpoints fixed.

Let U be the universal éover_ing surface of T2,-0" Then U is hyper-
bolic, and & lifts to a Moebius transformation i of U. By composing
with a covering transformation if necessary, we may assume t}:af I(aj)=§j
for some q3 lying over q Since B = i), we also have i(q;) = q,
where qi is the unique endpomt of the lift of [8"1 which begins at c[j
Since g # q3 it follows that q; # g q;. But then i is a Moebius trans-
formation which has two fixed pomts This is impossible, hence ql 3
hence ql =q;. it ,

We now examine the q —based loop B(t} Rt(q ), and see that in fact
it must be homotopic to the constant loop in (Tz o’ q .J. To see this,
observe that the previous argument implies that the closed q .~based joop
B(t) on 2, lifts to a closed q ~based loop on U. Since U is smaply-
connected, the lift of B(t) is homotopic to the identity. Projecting the

homotopy to T2’0 we obtain:
(4-25) ‘ B o= 1.

To proceed fﬁrther, we will need a lemma:
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LEMMA 4.7.1. Let q be a point ina p.1. manifold X without boundary.
Let B(t) be a q-bascd loop in X which is homotopic to the constant
loop at q. Then there is an isotopy b, of X such that by = ¥y = id,
where E’t has compact support, and ft(q) = B(t).
Proof. The proof of this lemma follows from the simplicial approximation '

 theorem and the 2-isotopy extension theorem [see p. 154 of Hudson, 19691 |

We can now cor;tirme thebroaf of Theorem 4.7, by using the isotopy

?i't between ﬂ and the identity map to construct a new isotopy ﬁ{ between
- and the identity, where ﬁ’ will have the additional property that
- t(q )=q; forevery i=1,-,6 and forevery te [0,1]. To construct
ﬁ; first observe that ﬁ(ql) q1 and A qy) = Bty =1 in r:fi('f[':2 €},qi)
By Lemma 4.7.1 there is an isotopy f, of T, ; with 0y =t =id and
?.t(al) = 3, (t). Let ﬁ%l) = gflﬂt. Then 'Q‘t )(qx) = q1 for all t¢i0,1],
and ﬁgi)_ is again an isotopy between & and id. ’

“Let Ty =Ty o=y let Toq=Too-q15 let Fa
AL ﬁssz,i; and let ﬁ?) - ﬂ;ci'rzﬂl. Then we may repeat the entire

= ;:I_Tz’i; let

argument from the beginning of the proof of Theorem 4.7, replacing T, ¢,
To, 00 s h, ki by T 10 ITO‘I_, p, e ﬁ%l) respectively. After six
such repetitions we will obtain an isotopy f{ between £ and the identity
map which has the desired property that Rt(q .} = qi for each i= 1 ., 6
and for each te[0,1]. '

Summarizing the argument so far: we have shown that our fiber-
preserving homeomorphism 4 :Tz.(} - szo may always be isotopied to the
identity map via an isotopy ?1{ which keeps each point ;*i fixed through-
out the isotopy. But then, chere-is no loss in generality in assuming that
the restriction of # to Ty 0 wifgi,-'rr,ﬁﬁi is a fibewpres‘erviﬁg homeomor-
phism with respect to the unique unbranched covering space projection

(T2 Q-—Q) (TG a»—Q), which'is associated with our branched covering
space p: (’I‘2 O,Q) (To, o» Q) (the projection 3 is the restriction of p
to 'I‘2 O—Q) It remains to prove that the isotopy ﬁ can, in turn, be re-

placed by a new isotopy A} which is flber-preservmg for every t¢[0,1].
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; ' . . . . . . i
Since h is fﬂ:‘r‘er presetving, it projects to £ 1Ty g = Ty 4. Choose
points # ¢ Ty er 4 € T8 such that p(e) = :”. Let P denote the curve
p H
hi(z), and let B be the projection of B. We may define h,«, an auto-

morphism of @ (Ty 42 “y by
@26 . R = EHECNEDT

for each ly ]errl('l‘o 612 7). Let y bea z~based loop, and let y* be
the projection of y. Then [y 1ed,m(Ty ¢+ 2), and we have 8 [y 1 =
[y#] because y = Bﬁ(y)ﬁ”l (The homotopy is defined by the isotopy
f-’; J Thus we may assume that the restriction of F’- to p*Wi(Tz ge2) 1
the identity automorphism.

Now choose any element [a"] "1‘~ )67 z). and any element [ﬁ e

rrl('I‘o 61 z#) Since the covering is regular, it must be true that
[ﬁ# #(B#) l}fp 7, (T, 6,3) Thus

(4-27) (B a™11 - 818" B - GHAEENERTCH {B"‘b“

Since a' was arbxtrary, it foliows that {ﬁﬁl*l(ﬂ#{ﬁ#l) must be in- the :
centralizer of the group P, i( z) in n'l(T P ) But rrl(TO 62 )
is a free group of rank 5, hence all of its subgroups are free, hence any

non-cyclic subgroup has a tr1v1a1 centralizer. Thus p*ﬂ‘l( grZ) has a

trivial centralizer, because it is of finite index and therefare is non-cyclic.

Therefore we smust have

(4-28) gf - migh.

Since Ty ¢ is a surface, this implies [gsee Mangler, 1939] that £¥ s )
isotopic to the identity, via an isotopy ﬂ Let R} be the lift of ﬁ '
to T2 5+ Ihen K is a fiber-isotopy taking £ to the identity. This
completes the proof of Theorem 4.7. ||

Proof of Theorem 4. 8. The readet is reminded that in Theorem 4.5 we
obtained a presentation for the group M(0, n), which we may now ‘

specialize to the case n = 6. The generators of \1(0 6) are thus
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Wy, W, each w. being the isotopy class of a map ?-i on Ty 4 which

i
interchanges the points q; and q;.,, as defined ona p. 165. Since ﬂi
lifts (modulo &) to T, 4, and since isotopies of k; lift to fiber-isotopies
‘of Tz.’ﬁ, it follows that there is a natural homomorphism from M(03,6) to
M(2,6)/Z, where Z, is the cyclic subgroup of order 2 generated by the
isotopy class [i] of i. It is clear that this homomorphism induces a
homomorphism from M(0,6) to M(2,0)/Z,. The latter homomotphism is
onto, because the isotopy classes of the twist maps g, (i= 1,-,5),
which are the lifts of the map ?\i on T, ¢, generate the group M(2, 0},

by Theorem 4.6, part (ii). The homomorphism is im}ertibie, by Theorem 4.7
and 'b.ecausé lifting and.projecting fiber-preserving homeomorphisms are
rﬁutually inverse operations. Hence M(0,6) is isomorphic to MQR,0)/Z,,
under the mapping w; = {i', 1<i<5. '

Since [i] has order 2 and is in the center of M(Z,0), because i
commutes with g cx’ i=1,-,5], we are able to use the isomorphism
established above to obtain a presentation for M(2,0) in terms of the
generators cl'""és' [i]. Defining relations wili include:

- (i) The relation [iJ*=1. o,
{ii) The relations which express the fact that [i] commutes with-
&Ly
{iii) The lifts of relations (4-9)-(4-12) for the case n = 6, to the
group M(2,0). One verifies without difficuity that relations
| (4-9), (4-10) and (4-12) lift to relations (4-15), (4-16) and
(4-17) respectively. Relation (4-11) lifts to:

(4-29) Lol Bl latnly = T

This fact, combined with the observation in (i) and (ii) above, gives rela-
tions (4-18) and (4 -19). Thus (4-15)—(4-19) are a complete set of defining -
relations in M{2,0). !E

One might hope that the methods of Theorems 4.7 and 4.8 could be

generalized to surfaces of arbitrary genus g, and indeed they can. How-
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ever in the geﬁerai case the subgroup of M{g,0) which is obtained by
lifting and projecting homeomorphisms is a proper subgroup of M(g, 0).
This is e.asiiy seen to be the case for 2-sheeted coverings of the sphere,
by ‘observing that the simple twists which represent. wi P W00 lift to
Dehn twists which represent the generators {1,-". {2g'+2 of M(g,0), but

from Theorem 4.6 the group M(g, 0} is generated by él’ e €2g+~2’
(‘:28.*3' s ,é’ag - if g > .3. For a full discussion of these ideas, the reader

is referred to [Birman and Hilden, 1973].-

4.5. Survey: mapping class groups of Z-man_it'olds

The mapping class groups M{g,n) have p_otenti_aliy important appli-
cation in several areas of mathema%ics, so that one would like to be able
to learn more about these groups. For example, one approach to the qtudy
of 3-manifolds is to construct 3-manifolds from two handlebedies "{ ng
wh;ch are ‘‘sewn’’ together along their boundaries by means of a surface
_homeomorphisms which identifies pomts_on 6Xg and c?Xg [see Birman,
1973b; also Viro, 1972; Birman and Hilden, 1973a and 1974]. Clearly each
such homeomorphism can be identified with an element of the mapping
class group M(g,0). The chief obstacle to such an approach has been the
lack of knowledge about the groups M(g, 0). Equally important applica-
tions occur in Teichmuller theory, and again in infinite group theory. We
close this monograph with a brief summary of the present state of knowi-
edge of these groups. Y _

1. The group M(g,n) maps homomorfnhically onto the groups Mg, O).
The kernel of this homomorphism was identified in Theorem 4.3, where it
was shown to be isomorphic to the n-string braid group of the surface,
except for a handful of special cases. The braid groups are in principle
computable, by the methods descﬁbed in Chapter 1. Moreover, their struc-
tural properties are fairly well-understood. Hence the groups M(g, n)
‘should be accessible, if M(g, 0) were accessible, '

2. The groups M(g,0) are well known forr gqu_ and 1. A presenta-
tion' for M{(2,0) is given in Theorem 4.8. One expects that this result
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will lead to other new results, for example, about Heegaard splittings of
genus 2. -

3. If g> 3, a finite set of generators are known for M(g, 0)
(Theorem 4.6) but defining relations are not known. The methods used to
establish Theorenms 4.7 and 4.8 can also be used to obtain presentations
for large subgroups of M(g,0), but it has been proved that none of these
‘can coincide with M(g, O). if g>3 [see Maciachlan and Harvey, 19731
The subgroups so obtained may be described algebraicaily as the norma-
lizers of all subgroups of finite order in Mg, 0). It is an dpeﬁ guestion
whether every element in M(g, 0) is in the normaiize.r of some element of
finite order. {(Qur conjecture is a ﬁveak ““no’’.) It is, however, easy to
see that the group M(g, 0) is genérated by the centrai.izerslof a particular
set of g—1 involutions on the surface Tg,O' |

4, The mapping class groups of non-orientable surfaces are closely
related to those of orientable surfaces. - This relationship arises by regard-
ing the orientable surface as a double covering of the non-orientable
surface. For details, see Birman and Chillingworth, 1972. Thus most
questions about mapping class groups of non-orientable surfaces can be
rephrased as questions about the mapping class group of an orientable
double é_overing. ‘Again, the groups M(g, 0), g > 3, are the chief obstacle
to further progress. ' '

5. The group M(g,0) has a natural homomorphic image in the group
of 2g x 2g ‘“‘symplectic’’ matrices with integral entries, Sp(2g,Z). The
latter group may be identified as the induced group of automorphisms of

- the abelianized group (ﬂng,O)/(ﬂlTé’g)’. This group is infinite, has &
far-from-transparent structure, yet it is considerably more tractable than
M(g, 0), and wany interesting questions can be posed about Sp(2g, Z) and
the kernel of the natural homomorphism from M(g,0) to Sp(2g,Z). Fora
staft, the interested reader is referred to [Hua and Reiner, 1949; Klingen,
1961; Birman, 1971]. ' .

6. By a recent result of E. Grossman, the groups M(g, 0) are residu-

“ally finite for every g. It would be interesting to identify {inite homomor-

phic images of M(g,Q) which do not factor through Sp(2g,Z). A method



4.5, SURVEY: MAPPING CLASS GROUPS OF 2-MANIFOLDS 191

for constructing such representations has been discovered by R. Giliman,
and will be reported on in the near future. The study of such representa-

tions will hop.ef_ully‘r vield new insights into the structure of the mapping

class groups.



CHAPTER 5
PLATS AND LINKS

Our emphasis in Chapters 1-4 has been on the relationship between
closed braids and links. It would, however, be amiss to end this mono-
graph without mention of another, and quite different, algebraic-topological
connection between Artin’s braid group and links in Sa, the concept of a
“plat.”’ This latter notion has only recently begun to receive attention,

. yet it appears to be of considerable importance in connection w:th the
classification of 3-manifolds {see Viro, 1972; Birman and Hilden, 1973a
and 1974; Montesinos, 1974, and it may also offer the possibility of a new
~ approach to the study of knots and liriks in g3,

Section 5.1 below is conéemed with the definition of a plat, and the
.connectxons between plat tepresentatxons of links and other representa-
.".tmns Section 5.2 contains a discussion of the “algebralc plat problem,”’

that is, of the possibility of expressing the problem of equivalence of two

links in S® as an algebraic problem about their plat représentatives. .The
latter problem appears to be related to (or equivalent to} the problem c;f |
~ finding double coset représentatives for a certain subgroup of the mapping
class group M(0,2m) of a sphere with an even number of points remow_}ed.

In Section 5.3 we use the results of Sections 5.1 and 5.2 to give a con-

§truétive solution to the link problem for links with 2 bridges.

5.1. Representing a link by a plat

. Let D3 be a 3-ball of radius 2 centered at the origin in oriented
.3-space E3. Let 3= @ Ue.--tJ 3 be a collection of m unknotted and
unlinked arcs which are embeddeci in D3, with Q= o3 asetof 2m
points on s? = gp° {see Figure 22a). Let t: E3 - E3 be a tmnslat;on,

192
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{a}

. by

__Zm-braid ) R (3

.U' U

Fig. 22

" and let 133 = t(D.S), & = t(_@). ."Suppose, now, that _f:(Sz, sz)-'(sz :ng)
is any orientation-preservi:;g homeomorphism which keeps the set Q, m
fixed as a set. We may use the maps t and { to define an 1dent1f1cat1on
Space (D3 (f)Uf(D3 Cf) by pastmg 52 to Sz, __ usmg the rule tf(p) =
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for each péint p on s?, The épace DsUff)s is ee;sily seen to be SS,
represented by a genus 0 Heegaard splitting [for the definition of a
Heegaard splitting see, for example, Seifert and Trelfalls, 1934] The
subset V= @Uf& will be a collection of x < m disjoint simple closed
curves in s? - pd Ufﬁa, that is, a link., If a link is represented in this
wav, then it is said to be (iisplayed as a plat on 2m strings.

‘Recall that two links V, V are equivaient if there is a homeomot-
phlsm h:8% -+ 83 such that h(V)= V Note that any isotopic deforma-

tion of the surface mapping [ which leaves the point set Q2 invariant

© can be extended to an isotopy of (D3 &)Uf(D3 @) It then follows that

if f and f are isotopic maps of (S sz), then f and f ‘'will define
equwalent plats V= @Uf -and v @Uf* (. Hence our construction
associates a link type with each element in the mapping class group
- M(0, 2m) of the surface S% ~ Qg (cf. Section 4.2). Of course, it is to be
expected that distinct elements of M({0,2m) may define the same link
type; this matter will be discussed in Sectmn 5.2 below.

In the description above, it may be difficuit for the reader to_ visualize
the link V= &Uf@ because the arcs @ = ff e & and @ =
_ 6 [SEXERE & are unknotted and un}mked and the essentml features of
the link are concealed in the surface mapping § which is used to identify .
o with 8& We may, however, easily change the picture. Let DPcp?
be a sohd ball of radius < 2 concentric to D3 which meets the set @
" in a collection of m non—degenerate arcs & e Cf m’ with ap3 N @
being 2m djstinct points (see Figure 22a). Note that D3 = 133 U (S2 x 1),
where S2xi1} is identified with 9D and s2x{0} is 1dentzfied with
op3. Since f:0D° - op3, it follows from Theorem 4.4 that f is isotopic
to the identity map (v1a an isotopy whlch will in general move the 2m
points in 3@) Let ft be the isotopy, with fy =f and £y = :dentlty We
use the isotopy f; to define a self-homeomorphism h of §3-p? Uf{)3
by the ruie that h :estncted to DY and h restricted to D? are each
- the identity map, whxle the restriction of h to S2 x1 is defined by
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G W, = EE, 0, @St I

One may venfy easdy that h is well-defined on dD° and on ap3 = c?f)3
hence h(V) = K@) U, dh(@) reptesents the same link type as V= @Uf@
Figure 22b :llustrates the link h(V) ina typlcal case, and we see that it
now looks like a link! It is, moreover, now clear that every plat may be
constructed from a ‘‘geometric brmd, * as defined in Chapter 1 (cf. Figure 1)
by identifying the strings in pairs, with the top (respectively bottom) of the
(121--1)5‘t string identified with the top (respectively bottom) of the 2;
string for each i=1,~++,m, as in Figute 22c.

A naturql question to ask is whether all links 'admit_such a representa-

- tion?

" THEOREM 5.1, Every link type may be represented (non-uniquely) a'_s a
plat. )

- Proof. By Theorem 2.1, every link type may be represented (non-uniquely)
as a closed braid, say on m strings. If a link type R is represented as
a closed braid obtained from a geometric m-braid B, then Q is also
represented by the 2m-plat which is associated with the geometric 2m-
braid ,808130 , whete B, isa 2m braid which is defined in terms of
‘the standard generators of the braid group by BO (0,05 O 1)
-(0304- Oyl @ m%me1)? and B is the 2m braid obtained from B by
-~ the addition of m tnv1ally-bra1ded strings. ||

By analogy with Theorem 2. 2 of Chapter 2, we may now establish a
new connection between braid automorphisms and link groups.” As in-
earlier chapters, By defiotes the 2m-string Artin braid group, which (by
; Ccrollary 1.8.3) may be regarded 8s a group of automorphisms of the free
group F, with free basis xi, "ty Ky e The reader is reminded that in
Theorem 1.10 we in’térpretegi the free group F,q geometrically as the
fundanie_ntal'g_:oup of a disc Dz, with a set QZm of 2m points removed.
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This allowed us to interpret B, 'as the mapping class group of p? ~Qa s

where admissible maps wefe required to keep gD? fixed pointwiSe. This

theme was developed further in Chapter 4, where it was ‘shown that the

" natural embedding of ([32 ~Qpm? in (_S2 —-sz) induced by the inclusion
of D? as a subset of S ‘induces 8 homémorphism from B, onto the

. mapping class group M(0, 2m) of (S2 - Qymh This last assertion is the

essential featu_te of the following result:

COROLLARY 5, 1 1. Let BeB,, and suppose, that the-action. of 8 on
. the free group }?‘2 is given by equation (1-22), with n=2m, Let B be
/ the link type which is represented by the 2m plat defined by ﬁ Then

the fundamental group rrl(S' —~B) of the complement of B in S"? admits

the pres-entation:

(5-2) <2y, ZamiZ2i1 " ZZI'AQI 12 z2m)zp2 A1 (22

—1
=Azi(31v""zzm)z A2 Az;("‘v‘"zzm*‘ Lyeeeym

lf_rloreover, every link group admits a presentation'of this type, for some

-‘:(non-unigue) braid automorphism f3 ¢ By,

Ptoof The natural hcmomo:phism from 132 - M(0,2m) is onto, hence we
may represent each element of - M(Q,2m) by a surface mapping f: 52 sz
o Szsz whxch is the 1dent1ty outside a disc p? which encloses the
point set sz This mapping { then induces the braid automorphxsm
ﬁ €B,.. Let z; be the image of x; under the homomorphism

rrl(D Qs N nl(l) - which is induced by inclusion.- Then :

1?1(13 —®) is afree gmup of rank m, which admits the presentanon

(5-3) <zln”_‘1 .ZZm;"‘.zzi.-l 2211, = 1,0, m>

\
A strmghtforwatd apphcatmn of the Van Kampen Theotem to the space
(D3 {i)Uf (D3 @) then yleids the presentatmn of Corollary 5. 1.1. 1]

2
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Theorem 5.1 could aiso have been established in another way, which
illustrates that'every link diégrarﬁ may, in fact, be interbreted as a plat
representation of a link, The number of strings will be shown to corre-

' 'spond' to twice thé\ number .Qf errpééses. To establish tﬁis, we bégin by
noting that a link is said to have an m-bridge reﬁresenta tion if it may be
represented as the union of 3 subsets A, B, C of E? (using (x,¥,2)
coordinates), as illustrated in Figure 23 and defined below: |

A is the dis}oiﬁt union of m segments (bridges) of the line z=1,

y = 0, defined by the inequa.lities on the x coordinates,
1<x<1.5,2¢x<25,m<x<m+ %
/ B is the disjoint union-of 2m line.segments with endpoints in the
planes z=10 and z = 1, lying in the plane y =0, ‘and lyiﬁg in
1

the planes x =1, x =1.5, x= 2, x=m+ 7

C is the disjoint union of m arcs lying in the plane z =10 with end-
points in the set 1(1,0,0),(1.5,0,0), 2,0,0),-++, (m+5,0,0).

An arbitrary link diagram is .éa-siiy converted to.a bridge representation,

by converting the overpésses into the subsets AUB defined above,

THEOREM 5.2, If a link type is represented in an m-bridge presentation,
then it may also be represented as a 2m-plat; conversely, if a link type is
repre's.enre& as a 2m-plat, then it may also be represented in an m-bridge

presentation.

Proof‘; Let ?B.- be a link typé, and suppose that B is represented as the
union of the 3 subsets A, B and C of E¥ defined above. Let d =
(fo(x;y), gox,¥)) be ény homeomor;ihism of the plane z =10 which has

the property that ®(C) i_s. a disjoint union of n line segments of the line
z=0, y=0 defined b'y the_‘inequalities on the x-coordinates 1<x< 1.5,
2<x<25-,m<x<m+ %— {Thus ®(C) is the union of the m line
segments lying directly below A.) Let P, = (ft(x,y'),.gt(x_,y) be an isotopy
of ¢ such that :ibl is-the identity (that is, f,(x,y)=x, gl(x,y)zy); and
P, = @. Define: | - '
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3.5

- 25

1.5

1.0

Fig. 23,
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H®Y,2) = (y,2) if 1<z,
= (£,(09), 8,009, 2) if 0<z<1,
C= (fo(x!Y)r go(xtY)n ?.‘) ‘lf z SO'

Then. H(A) = A; H(C) is the union of n . line segments directly below A;
and H(B) is the union of 2m disjoint arcs, each with one endpoint in
the plane z = 0 and the other in the plane z = 1. Also, each arc intes-
~ sects the plane z =t in'exagﬁtly one point for each 0< t < 1. Thus

- HAUBUC) represents B as a plat. The construction may ciearly be

~ reversed fo go frém the 2m-plat tepresentation H(AUBUC) of 8 to the
m-bridge representation A U B_"U C. Hence Theotem 5.2 is established, ||

With the aid of Theorem 5.2, we may now establish some zn\terestmg
connections between the concept of the ““crookedness’’ of a knot type,
and the array of plats which represent that knot type

Let § be a tame knot type, and let K be any representative of R.

" Let b be a unit vector, and define 1(K,b) to be the number of maxima

_ of the function b - ?(t)', where ?(t) is a vector patarx}e{erization of K.

| The crookedness (K) was defined by J. Milnor [see Milnor, 1950] to be

w(K) = minbu(K,E’), and the crookedness u = u(R®) of the kaot type 8 to
be minm@p(i{). By definition, p is an integer, and =1 only for the
trivial knot type. Milnor proved that 1> 2 for non-trivial knot types.
Milnor also established that the total curvature «(f) of K is 2mu(§R),
where k() = gibxfﬁ ®(®) and where k() may be defined for any poly-
gonal representative K c}f 2 to be the sum of the exterior angles of the
poiygon K. ' _ '

" The connection between crookedness and minimum plat index of ¢ a knot :

type ® is expressed in the foliowmg result:

- COROLLARY 5.2.1. The crookedness of a knot type R is the smallest
integer m such that | has a 2m plat representative (or, eqmvalently,

an m-bridge representat_we),

i
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Proof. Consider an m-bridge knot type & and a representative K of Q
such that the projection of K on thg x—y plane is an m-bridge presenta-
tion. Let py, ’p2m be points on K separating the bridges from the
underpasses‘ We can easily deform K so that the z coordinate z(p) of
pomts p on K satisfies z(p y=0, i=1,-,2m, z(p)<0 if p belongs
to an underpass, z{(p)> 0 if p belongs to a bridge, 2 has one maximum
on each bridge and one minimum on each underpass. Thus (K, (0,0,1))
=m and p(R)E m.

On the other hand suppose that K. is a representat:ve of § with
(K, (0,0,1)) = m. Let py,otsiy be the maximum points, We may assume
there are exactly m minimum points ‘11' Y and that 0 < 'z(p) <1
forevery pcK. Bya deformation moving K only in small dlS]Dlt‘lt
neighborhoods o{ the maxima and minima we may arrange that there are
small disjoint closed subarcs. &1, --,@ and 531, -.-,3m containing.
Pyttt Pm and gy, G, respectively such that z(& =1 and z(%) 0,
and z(p) is stnctiy monotone on each of the 2m open subarc components
of K~ U 3 U 33 =C. Thus K is seen to be a plat representative
of ], wuh the collectxon of arcs C representmg a geometuc brald as
defined in Chapter 1. Hence m < u(@). il

The result of Corollary 5.2.1 raises the natural question: how is the
braid index of a link (defmed in Section 2.4) related to its plat index? By
"the proof of Theorem 5. 1, every closed m-braid defines a link which may
also be represented as a 2m- plat Hence plat index < 2 {braid index).
‘To see that this is the best possible answer, we give next an example of

a knot which has plat index which is stnctly less than its braid index.

Consider the knot 7, in Reidemeister’s table, which may be defined

by the knot diagram in Figure 24. This knot has polynomial 4 -7t + 42,

It then follows that 7, has braid number > 3, because a closed 1-braid

is always the trivial knot while closed 2-braids have polynomials in

which all coefficients are either +1 or —1 [see 3]. The crookedness
u(7,) s, however 2. To see this, observe that the region C in Figure

24 may be aitereé by a scale factor to be arbitraniy “‘high”’ and “narrow.
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[~ JF Y

e T_hus-we may find polygonal repres.entatives of 7, which have total curva- .
ture atbifrarily close to 4n. Since 7, is a non-trivial knot type, its crook-
- edness must then be preciéeiy 2, hence its plat index is also 2,

. We remark that all of these results are non-constructive. Except for
 special cases, we are unable 'ts gbmpute either the braid index or the plat

‘index of a link type. .
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5.2. The algebraic plat problem
The association which was developed in Section 5.1 between ele~

" ments of the group M(0, Zm) and links in 5% raises the interesting

question: when do two elements of the group M(0,2m) define equivalent

links? To begin to answer this question, we will need to define a certain

. subgroup E of M(0,2Zm). I | '

_ Each element of M(0,2m) may be represe.nted by a sutface mapf)ing f
of (S% —Q,.,) The surface s2 - gp3 is a subset of the 3-ball p3, and
the point set Q, = o is a subset of the collection of arcs @< D3,
Let E be the subgroup of M(0,2m) censiéting of all mapping classes
which have representatives which extend to the solid D@,

To describe the group E algebraica'llly, tecall that every elea;ient -
¢ € M{0,2m) may be lifted to an element B ¢ B, In particular, if
Wy '""c”zm—l. are the generators of M(0, 2m) used in tﬁe presentation of

Theorem 4.5, th 1. 0T ¢ M(0,2m) lifts to B=o w0 ¢B, .
- Theorem 4.5, then gb-m#_l' m“rf (0, 2m) lifts to Bwnﬂi---oﬂ eB, .

Using the conventions in the proof of Corollary 5.1.1, the group :r;(D3~G)
is presented by (5-3), and the kernel of the homomorphism from Fzm - |
7y (D3 m@) is the normal closure N of (x21-1x5i15 i 1,--‘-, m) in Fy
Hence a necessary condition for ¢ to have a representative that extends
is that B leaves the subgroup N- invariant. It may be shown, by the
‘ méthods of [Birman and Hilden, 1974; see, in particular, Theorem 71, t(i-
gether with the ‘“Handlebody theorem’’ {D. R. MacMillan, 19631}, that ..
 this condition is also sufficient. | Th.u'_s we may identify E algebraically
as the image in M(0,2m) of the subgroup E of B,,, consisting of all
~ braid automorphisms wh.ich leave the subgroup N of FZn; invariant.
THEOREM 5.3. Let ¢, &, ¢ M(0,2m), Let Vy,V, be the plats associ-
ated with ¢,,¢,. Then V, and V, represent the same link type if b,

Belbngs to the same double c?sef' modulo E as one of the following:

L R
961’ 9611: Rer d’l' Rev ¢1 v
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where if by is defined in terms of the generators of Theorem 4.5 by the

word

(5"4) (ﬁi e mﬂl W F ey r .

then Rev ¢, is defined by the word

' ' € €, ¢
5'5 . Re = ‘e 2 1
A o #1 m"r “ug iy

) Proof, Let f,, f, Be homébmo_rphisms of (52 —sz) which represent
by Py respectively. Let e, e, be homeomorphisms of @3 -®) which,
when restricted to (52 —-sz) belong to the mapping classes 'EI , 52
.respectwely. Then we may use e, and e, to define a homeomorphism
h: (D3, 3){1{ (D3 ff) (D3 @) Uf (D3 C’f} which gives the requued equiva-
lence between V; and V,. Defme h by the rule:

hy = h restricted to D3 = t"lelt

| hy = h reétricte_d to D3 = el
The condition thaf h bef welifdéfined on 61‘._)3 =6f)3 is
tf.2 hy(p) = hytf, (p), : p ¢ oD3 ,
whigh implies and is.-implied by .

i
- O, = (t-l_hlt)(fi)(hgl).

- (5-6) by =€,6,8;

i.e. ¢>1. and ¢, are in the sa’m;e double coset modulo E.
To complete ihe proof; it is adequate to show that 951"751 » Revy
and Rev by 1 define plats which represent the same link type. This
~ may be seen fpr ¢, and Rev ¢, by noting that the link diagram for the
_ plat defined by Rev ¢, may be obtained from that for ¢, by turning the
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latter ‘‘upside down and over.’’ The mappings ,qS'i'l and Rev qS';l
determine the image of the plats{determined by ¢y and Rev ¢, under an

orientation-reversing homeomorphism of S3. 1

Remark. Note that the results in this chapter (uniike those in Chaptér 2)
~ do not relate to oriented links. There does not appear to be any “‘natural’’

way to assign an orientation to & link wh:ch is defined by a plat.

One would certéinly like to know whether the condition of Theorem
53is not only sufficient, but also necessaty, in order that two prime
links which are represented by plats on 2m strings be equivalent. We
con]ectu:e that this is true, and will prove (in Section 5.2} that it is true
for m = 2. The question is of interest becausé'if the condifions of

“Theorem 5.3 are both necessaty and cufficient, then we would have a
complete translation of the link problem into an algebraic probiem about
the group M(O,'Q_in), that is, the problem of deciding when two elements
in the group M(0,2m) are the same double coset modulo E. (cf. Theorem
2.3 and Corollary 2.3.1). o

We'note that, even if it should ‘ne true that the conditions of Theorem

' 5.3 are both necessary and suffu:lent for V; and V, to represent the '
same link type, this result in itself would be non-constructive unless a
procedure could be found for deciding membership in a double coset modulo
E in the group M(O 2m). In the spec1a1 case of 4-plats, treated below,

" we will however fot only prove that the conditions of Theorem 5.3 are

. both necessary anci's'ufficient, but also give a constructive procedure for

applying that result..

3___-

1 Our conjecture is limxted o prime links because one may. construct counter~

examples using composite finks.
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5.3. The link probfemffor A-plats’

In this section we will use the methods which were introduced in
Sections 5.1 and 5.2 to give a constructive solution to the problem of de-
ciding whether two given link types B, %2 which are represented by
4-plats are equivalent. The solution to this problem will be given in
' Theorem54.

' According to Theotem 5.2, this class of links may also be described
as links with 2 bridges, or alternatively as links with crookedness 2. Thus
Theotem 5.4 is equivalent to an earlier result of [Schubert, 1956]. The
proof which isl given here is, however, new, and it is in keeping with the
spirit of this text, since we will utilize the theory of braids to solve a
problem about links. A proof of Theorem 5.4 which was similar to our
proof was also discovered independently by O. J. Viro, who communicated
his results to the author in a letter. |

According to Theorem 5.3, the link problem for 2m- plats is reiated
to the problem of fmdmg double coset representanves for the subgroup E
of the group M(0,2m). Our approach will be to solve the latter problem
for the special case m =2, and then to show that in fact the solutibn im-
| plies a solution to the link problem, In this we will be aided by known
results about the class1f:cat10n of 3- mamfoids of Heegaard genus 1 [Brody,
o 1960} We begin our study of 4-plats by investigating the structure of the
_ group M(0, 4). '
' Accordmg to Theorem 4.5, the group M(0,4) admits a presentat:on

with ge‘nerators Wy, Wy, wy and t?efmmg relations’

(5*7.) ' @y w50 ""_.“’2 Wy Wy
(5'8) Wy w3 ‘;’2 = W3 Wy Wy
. (5-9) \wl Wy = W0y
(5-10) (wl\wzws)“ =1

.(5-11) "‘?1‘"2"’_%“’2“’1 = 1.
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Let G be the subgroup of M(0, 4) generated by w, and w,, and let N

be the subgroup generated by a = w, w3 and b= W,y Wy W3 10)2 t

'LEMMA 5.4.1. The group M(0,4) is the semi-direct product of the normal
subgroup N and the subgroup G. B

Proof of Lemma 5.4.1. That N is normal in M(0,4) follows immediately
~ from the following relations, which are consequences of relations (5-7)-

(5-11):
1

12 . w 8w =a
(5-13). wpeep’ =b
Gy wi'aw, = ab~la
5-15) - ey byt = bt
618 w]'be = ba
61 wegbeyt=balb
(18 oyl bo, = a. |

To see that M(0,4)/N is naturally 1somorph1c to G, we o'bserve that
a presentation for M(C,4)/N- is obtained by adding the relation w1w3 =1
to the defining relations (5-7)- (5 -11) for M(0,4), and that the resultmg

set of relations is a consequence of relation (5-7) and:

'(5'19_) " @w)° = 1.

Thus, ous result will follow if we can show that (5-19) is a true relation in
‘G, This may be seen by‘n_oting that as a consequence of relations -7~

(5-9) we have: Q _ _
G 20) - (m1m2m3)4 = (wlmzcdgmgmi-)(mzwa)s

Relations (5-10) and (5-11) ‘then imply:
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G (@ w4) =1

“This, in turn, implies that (5-19) is satisfied by w, and &, because as
a consequence of (5-7)-(5-9) we have: f

1

(5-22) | (wg0a0y)@03) @] oz 03 = w0y - |

LEMMA 5.4.2, The group N is a subgroup of E.

. Proof of Lemma 5.4.2. The easiest way to see that N Z E is by pictures.
Recall that we may obtain link diagrams for the link defined by a 2m-plat
by tegarding each w; as an elementary braid generator in which the 1th
string ¢rosses over the 15t (cf. Fxgures 22b and 22c). Suppose that
¢ eN, sothat ¢ isa product of powers of a and b. Figure 25 shows
that the maps which ate associated with a and b extend to the 3-bail

D?’ fience NCE. ||

We will use the symbol (;51 EqS to denote the fact that ¢, and ¢
are m the same double coset modulo E. Using Lemmas 5.4.1 and 5.4.2,
it is ‘now clear that if ¢ ¢ M(0,4), and if we define qSi ‘by replacing each

occurence of vy in the word which represents ¢ by w;, then P, = q.‘_:

LEMMA 5.4.3. Let M+ be the group of 2x2 matrlces with mtegral
entries and determmant +1 Let G be the quotient group of M2 obtained
by identifying each matrix in Mz wrth its negative. Then, the group G

is 1somorpb1c to G under tbe mappmg
S 11 o {10y
(5—23); W) > By = (0 1) @y <—-+ By = (_1 ‘1) .

Proof of Lemma 5.4.3. A presentation for M; may be found in Coxeter
and Moser, Generators and Relatmns for Discrete Groups, p. 85. In terms '
of the generators @, and @, defmed abave, defining relations for M2

are
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\

“The piat defined by 2 = w, “51

The plat defined by ba wa ey "’3 "’2 -t

- Fig. 25,
(5-24) G000 =1, B Dy0y =y Dy
The element (colwz) in M} is easily computed to be the negative

identity matrix, which is in the center of M2 Hence, on addi'ng the rela-
tion (“’1“’2) =1 to (5‘24) we obtain a presentation for G which is

thus seen to be 1som0tphzc to G under the mappmg given in (5-23).

CONVENTION, In our representation‘df G by the matrix group G, we

will adopt the convention that, if ¢ € G, then the matrix associated with
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¢ will be taken to be the one with a non-negative entry in the lower left
cornet. If that entry is zero, we will choose the matrix so that the upper

left corner is non-negative,

LEMMA 5.4.4. Let ¢, ¢ G, and suppose that the matrix representing ¢,,
under the mapping defined by (5-23), is |

= , tala—=Sap=1, p>0.
Py (p ‘!o) 090~ SoP P2

Then, if p#£ 0, we may find an element’ $5 € G, with b, ﬂsEqSl,_ such
that o
. " ~fr s\ -
625 bs (p q)
- where 0<r, q<|pl, and r = rg(mod p), q =qy(mod p). If p=0, we
‘may choose ¢, sothat ¢, is the identity matrix.

Proof of Lemma 5.4.4. Since w; ¢ E, we may multiply q&i on the right
and on the left by arbitrary powers of «,; without altering the doubie

coset. The effect of right multiplication of ‘3;;2 by a;}‘ is to replace qo
by g, + kp, and the effect of left multiplication by @] is to replace 1,
by \:‘o + np. Thus we may choose k and n, in the case where p £ 0,._ :
50 thét ¢y = w{‘@sl wi‘ has the sought-for properties., If p =0, then ‘;1

. can only be a power of ®,, and the desired form follows immediately. i

DEFINITION. The matrix ¢, in the statement of Lemma 5.4.4 will be’

referred to as a normal matrix associated with the element ¢, ¢ G.

 LEMMA 5.4.5. Let ¢ ¢ G and ¢, ¢G be as in Lemma 5.4.4. Then, if
p £ 0, the elements 963“1, Rev"q}s._ and Rev qb;l have normal matrices:

q s - fqQ - s r s . .
- 1 , and — respectively,-.
(p =r) (p r) ,(p q-) pectively,
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where T= -t {mod p), G = -q (mod p), 0<T,§<p, and s* is the unique
integer satisfying Qv — ps* =1, If p="0, then ¢4 .qba , Rev ¢, and

Rev q53 each has the ldentxty matrxx as its normal matrix.

Proof, 1f 4;?53 is gi_v_én by equation (5-25), then {by the convention
adopted on pp. 208-209) . : .

' -1 [
(5-26) T 3 w(P -—r) |

Multiplication on the left and right by appropriate powers of w; then

yields the stated normal form. Next we claim that

(5-27) . " Rev 153 = (g s;) ;

which is already a normal matrix. This may be establishtu «;
on the letter length of ¢5. If ¢, has letter length 1, then ¢, = c:f

i=1 or 2, e=1 or ~L In this case Rev ¢35 = P3; mspectmn of the

N p

matrices @5 establishes that our assertion is true. If. ¢>3 = ‘1, w !
1 € € w Ok

has letter length r, then Rev ¢y = w#rr co;l. Assume, inductively,
that q6 3 is given by equation (5-25) and that Rev (,63 is given by equa-
tion (5-27). If we then increase the letter length by 1, we will replace
¢, by ¢’3“’i and Rev ¢, by w Rev ¢p5. The associated matrices will

be o . |

g X +5 € iy € p+ S +€r
\(528)  by@f (p :ﬁq) & Rev ¢y ﬁ( Al )
e

| i frme s\ e - [ 4q s
{5-29) ¢’3m2'—(p_(q q) - @3 Rev ¢3 —(p—fq t-—-fs)-

- This proves that in general we may obtain a matrix representing Rev b3
by interchanging ﬁ:e diagonal entries of a matrix representative of by
‘The assertion about the nbrmal matrices of Rev ¢ and Rev q’:3 then
follow 1mmedlately

Befote stating our ma:n resuit, we summarize our results up to this

-pomt.
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'. Ailg.orithm for finding the normal matrices be'longiné to a link type B
‘which is represented by a 4-plat.
1. Let B bea link type, and suppose that B is defmed by a link
diagram which exhxb:ts B as a 4-plat. From the link diagram, one may
"r%covaer a ggometnc braid gn g strings which defines the plat, say B =

vo M Let = waqu v, be the correspondmg element of

T n g n
the mapping class group M(0, 4).
| 2. Replace each appearance of the letter “’3 in the word qS by mil.
This gives a new element b, € MO, 4y N G.
_ 3. Compute the matrix 931- associated with ¢, under the mapping
defined by equation (5-23). |
4, If the entry p in the lower left corner of ¢1 is negative, replace
Ieach-entry in the matrix by its negative. In this new matrxx, if p£0,
teplace the entty q .in the lower right corner by the unique integer q
such that ¢q =4, (mod p), and 0<g<p. Similarly, replace the entry ry
in the upper right corner by the unique integer r such that r=r, (mod p)
and 0< r<p. This determines a unique integer s such that rq—ps = 1.

- Thus we have computed the entnes in the matrix

J‘Js “(:’ z) rd—pSﬁl,'  op>0, 0<nq<p.

If p=0, then qS3 may be taken to be the identity matrix..
b5 A normal matrix class assoc:ated with a link type B will be de-

fined to be the collection of matrices

e 6 DG s"‘>
P a/’. p /7 \p @/ \p T
‘where "r'é-—r (mod p), ?';_-:-:-.—q (mod_p), and 05_'?,'c'1<p if p£D, orthe

identity matrix if p -—~0 No_te that a normal matrix class may be computed

from any of its four m-embers:‘ . The four members need not be distinct.
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THEOREM 5.4. Let %\’:}3' be link types which are represented by the |
4-plats defined by the surface mappmgs b, P« M0, 4). Suppose that a pair

of associated normal matrices are

- r s : " -
= and. ¢, ={ . ,
& (p q) S (p q )
| respectively. Then B and B’ are the same link type if and only if p%p’
and either q"= £q (mod p), or qQ'q=%1 (mod p).

Proof. We fxrst establish that if qﬁ and ¢’ have normal matrices which
are related in the manner indicated in the statement of Theorem 5.4, then
¢ and ¢’ are of the same link type. To see this, we note first.that the
conditions which relate (p,q) to (p,q") are exactly equwaient to the
assertion that ¢’3 belongs to the normal matrix class of ¢;. Next, recall
that the subgroup G of M(0,4) is faithfully represented by the group G
under the mapping defined by (5-23), so that each normal matrix lifts to a
umque element of M(0, 4). Fmally, observe that the four matrices in a
normal matrix class represent the same link type. Thus the condxtmn of
Theorem.5.4 is sufficient.

To prove that the cdndition of Theorem 5.4 is not only sufficient but
also necessary, we show that if ¢ and ¢’ have normal matrices whése
"bot,_tom rows are nof related in the manner indicated in the statement of
Theorem 5.4, then in fact B and B’ are necessarily different link types.
This will follow from: o |
LEMMA 5.4.6. Let B be a link type which is reptesented by the 4—piat v
defined by ¢ ¢ M(0,4), and suppose that B has normal matrix qbs Theh
the 2-fold covering space Mq& of 53 thch is bhranched over the Imk \'

_is one of the following: the lens space L(p,q), or S° (if p=1), or
28! (f p=0).
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If we can establish L-émma 5.4.6, then Theotem 5.4 will follow almost
immediately, because if V and V' are of the same link type, then it is
necessarily true that the 2-fold boveriﬁg spaces of $3 which are branched
over V and V' are homeomorphic. The 3-manifolds 5% and s%xs!
are inequivalent from each other and also from any of the lens spaces
L(p,q) because their fundamental gro{:ps are distinct.’ By results in
{Brody, 1960], the :lens spaces L{p,q) and L(p’q") are eguivalent if
and only if (p,q) and (p', q;) are related by the conditions in Theorem
5.4, This completes the proof of Theorem 5.4, modulo the proof of Lemma
54.6.

Proof of Lemma 3. 4 6. Let X be a solid torus, which is embedded in
Euclidean 3-space as 1llustrated in Figure 17. Thus X = 'I‘l o ket X’
be a copy of X, which is so-reiated to X that a translation r parallel
to the x axis maps X onto X% Let h be an orientation-preserving
homeomorphism of T1 0" ’I‘1 o .and let Mp be the 3-manifold which is
obtained by identifying the boundaries of X and- X’ according to the rule
rh(p)=p. p e Ti o- Thus My is a closed, orientable 3-manifold which is
represented by a ‘“‘Heegaard splitting’’ of genus 1. [See Seifert and Threl-
fall, 1934 for a discussion of Heegaard splittings.]

Choose generators a,b for ':rl'l‘1 o ‘and generators a’=r,(a), b=
*(b) for n, Ty o with the convention that a and a” are repxesented by
longxtudes on Tl 0, ’I‘i o while b and b” are represented by mersdlans

' Then _ \

' ”ITI,OI'.‘F <a,b; ab = ba>
(5—30) .
= iy m (T g)»mX by ifa)=a, i(b)= 1,
where i, is ‘he homomorphism indiced by inclusion, Suppose, now, that

f,: "lT_l_,D »m Ty o xs the automorphism:

2 The fundamental gi'oub of 83 is .trivial; of szxsl is infinitt; 'cyclic; of
. 1{p, q) is cyctlic of order p, where p ;é 0,1, .
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a - af b’

G50 b aPbd,

Then it méy be shown without difficulty (however we omit details) that

My is sd if p=1, or Szxsl if p=0, orthe lens spaces L(p,q) if
p#40 or 1. The reader is referred to {Birman and Hilden, 1974] for further
details on this construction. . ’

To see the connection between our 3-manifolds Mp and the plats

" introduced earlier, note that the handlebadies X and X’ are each invati-
ant under a rotation i of 180° about the x axis in Figure 17. (This rota-
tion also played an important role in the proof of Theorem 4.8.) ‘Moreover,
by the results of Theorem 4.6, (ii), every homeomorphism A TI,O:‘?TI,G

is isotopic to a product of twist maps ¥, 9c2 about the curves ¢, ¢,,
and each of these twists may be chosen to commute with i, hence A may
be assumed to commuie with i. The orbit space of Mp under the action
of i is the union of the two 3-balls D® and 133-, which are identified
“along their boundaries. Thus Mg/i is a 3-manifold which is represented
By a Heegaard splitting; of genus 0, hence Mg = 53, The natural map
from Mp to Mg/i is a branched covering space projection, and the branch
cover is the fixed point set of i, that is XUXIN (x axis). This- set

| is a_coilectidn of four disjoi:;'t arcs (two in X and two in X") with end

' point_s in. Tl,(} = Ti'O, which are identified via the “*sewing map’’ rA.
The image of the branch cover under the covering space iarojection will’
thus be four disjoint arcs (two in D3 and two in 63), which are idenfi- -
fied via the.sewing map nr'l?ar"l','- where n is the covering space projéc-
tion. Since the arcs in D® and D3 are }lnknotted'and unlinkeq, the ’
branch set is _easily seen to be a 4-plat (cf. Figure 22). By following
thmhgh the geometry c_arefuiiy,(see Section 4.4), one may moreover see.

that if the map A:Ty 4~ Ty ¢ is expressed as a product of twist

f-gd gl

B :.1!2; €.'=i1 .
#y Hy * o ‘.
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in the notation of Theorem 4.6, then._the projection of the map h to the

underlying space p3 U D® will define the element

6 = w0l (M, 4)
S Ty P

(This construction is identical to the one used in Section 4.4.) This com-

plétes the proof of Lemma 5.4.6, and hence of Theorem 5.4. |

Example. We will now illustrate the methods of Theorem 5.4, by using it
to prove that the knots 7, and - 9,p in Re1demezster s knot table are in-
equivalent. The knot 7; is represented by the 4-plat ¢ = (wyw] ) Wy»

Thus ¢y = (W] )‘"2' The associated matrix is
- i1 -8
b1 = (_—15\ i1
_and‘the associated normal matrix class is
(4 | 1) (11 8 )
15 4/ 15 11/}’
-1 -1 3 -1 -1

‘The knot 9,4 is represented by the 4-plat ¥ = ww] w3 Wy, w3 Wy,

t

¥s__-\.o ti}at 1/11 = wzm;zaigml'zmz. 'The associated matrix is
‘ = 23 16
by (__33 23).

IR 4 T
Vs _’(.33 m) :

“This is not in the normal matrix class of ¢, hence 7, and 9,0 ate’in-

" A normal matrix is

équivaleni knots.



APPENDIX: RESEARCH PROBLEMS

Many problems relating to the material in this monograph were men-
tioned in the course of the text. We attempt now to gather together those
that seem to be of particular interest. Probiems are listed in an order
which cortesponds (roughly) to the order in which the material was devel-
oped in the text. All are of a research nature, aﬁd many are of unknown
difficulty. |

1. Use the fact that each non«-onentable surface has an onentable
2-sheg.ted covering space to carty out an analysis of braid groups on nof-
orientable 2-manifolds (cf. Birman and Chillingworth, 1972).

2, Let B,B"e B, ‘be minimal string braid representatives of link types
R, B’ respectively. " Can one find appropriate restrictions (e.g., é is
~prime, etc.) under which B =~ B” if and only if f is conjugate to 8 or
.-,8“1 or Rev 8 or Rev B“l'? {Cf. Section 2.4, Exam.pie 3)

3. Study the effect of Markov move 3, on the summit power and sum-
.mitlform of a closed braid. Examples indicate that summit form chénges
drastically when MM, is applied. . Theorem 2.7 shouid play an important
role in connection with this problem. . "

4, Conjecture: Let B' ¢ B, If E has braid number- m < n, then S
has summit power at most. 1. (The cortjlectute had its origins in an attempt
by the author to attack problem 3 above.) | | '

5. Study the connection between Garside’s results and the notmn nf

- congruence of links (cf. remark on p. 72).
6. The conjugacy ciass of a braid 8 ¢ B, 'is said to be reducib.}eﬂif
it has at least one reptesentative of the form Won 1» Where ‘W depends
only on the braid generators By y 0, o+ How can one recognize brauis

which belong to a reduc:ble tonjugacy class?

216
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7. Gwe necessary and suffxcxent conditions for a link to be a posztwe
link (cf. Theorem 2.10). .

8. Find an algorithm for determining the braid index of a link. It would
also be of interest to isolate special classes of links for which this deci-
sion can be made (cf. Theorem 2.8). A proof of the conjecture in problem 4
above would isolate one such class. A problem which is analogous to 8§,
but probably very different in content, is to find an élgorithm for determin-
ing plat index of a link (cf, Corollary 5.2.1). '

9, Conjecture: A knot is composite oniy if it can be reptesented by a
split braid, i.e., a braid word of the form Uloy -, o‘k) V(Uk_H poe ,an 1
where the closed braids determined by U and V are both non-trivial knot
types. ' .

10. Conjecture (Murasugi): If @ and é have braid numbers n, m
respectively, tﬁen a #'B has braid number n+m ~ 1.

11. Give necessary and sufficient conditions for a link to be a pure

link. Necessary conditions include:
(i) The multiplicity p of the link equals the rank of the funda-
~ mental group of its complement.
{(ii) Each component is unknotted.
Caution: Irifini_tély many links which satisfy (i) and (ii) above may ‘aiso
be constructed from “‘plats’’ defined by pure braids; see Chapter 5.

12. Is step (v) in Corollary 2.7.1 unnecessary? If not, what new words
will be obtained from step (v)? A related question would be: Is there a
procedure for findiﬁg the base P of a diagram of a word D(P) wuhout
first computing all of I)(P), and is there a procedure fot finding the sum-
mit tail of a word, without first computing the entire summit set S(B)"‘

13. Identlfy the kemel of the ‘‘generalized Magnus ¢- representatxon
of F.,”’ as defined in Theorem 3.8. This appears to be a problem which
is capable of solution but is. diffzcult to orgaruze in such a way that the
solution may be generahzed to arbitrary k. [See Enright, 1968. ]

14. Give necessary and sufflcxent conditions for an nxn "matrix over

the ring J F"b to be in the Burau matrix group (cf Theorem 3.8). This
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seems to he a very difficuif question. In this context, ,Ca:side’s normal
- form for elements in Bn' seems particularly useful (Theorem 2.5), because
it offers the possibility of an inductive argufnént based on letter length.
15. Characterize, among'the integral polynomals in g variables,
- those which are link polynomials, This seems to be a weaker qUestzon
than question 14 above. (Cf. Proposition 3.10.) This question was also
posed by R. H. Fox as Problem 2 in his article “Some Problems in Knot
Theory,"” Top of 3-manifolds, M. K. Fort, Jr., Editor, Prentice-Hall, 1962,
16. Investigate links with zero Alexander polynomial via braid theory
(cf. Corollary 3.11. 1) '
17, Igterpret Garside’s solution to the word and conjugacy problems
in B m terms of the Burau matrix representation for B, “\
~ 18. Give safficient conditions for a matnx in the group rB(B } to be
the Burau matrix of a positive word. '
19. If the Burau representation of B is faithful, one would expect
that it might be a useful tool in developing a new solution to the conjugacy
-problem in B, . We pose the question: is there a natural way to mterpret
Garside’s solution to the conjugacy problem in By (Section 2.3) in terms
of the Burau matrix group? A solution to problem 18 above would probably
be a necessary first step, before one could attack this question.
20, Study the questmn. Can there exist words A,, --,An in the free
group F, which satisfy: _
(a) Each A; isin the second commutator subgroup of F
_ (b) AIXIA;\lAzszwi Anannl is freely equal to X;%, X,

A positive answer would prove that the Gassner representation is not faith-
ful, and a negative answer that it is faithful. We conjecture (weakiy) "_
21. In the proof of Theorem 1.8 a condition was given which related

to the manner in which cancellatxons occur in the equality (1-24) in the
free group F. (“‘Either Xy A =1 is absorbed by A ., or Aj" is ab-
sorbed.by A, (X # '

strengthened in any way? Can it be replaced by a stronger condmon if we

‘for some v = 1,+,n~17".) Can this condition be

restrict ourselves to brmds in P.;? In u,? This question is relevant to
Problem 20 above.
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-22. C. Miller has nsked whether there is some geometnc interpretation

of the Burau matrices which would allow one to conclude that the repre-
- sentation is faithful, e.g., do they act in a natural way on some vector
" space which has a geometrical significance? '

23, The subgroﬁps R,_, and ker rrif of Artin’s pure braid group ¥,
are defined in the discussions preceding Theorems 3.17 and 3.18 respect-
ively. Find a free basis for the group kél (ker rri‘ AR, 1) (This might
be of interest because, by Corollary 3.18.1, the group kerrg is a sub-
group of the aforementioned group.) |

24. What are 'défining reiations in M(g,0), if g>3? Itis possible
that there is no um[orm presentat;on for these groups for all g, sothata
mote reasonabie questmn might be, what are defining relations in M(3,0)?
This is an extremely important problem, but it. also appears to be an ex-
tremely difficult problem. '

25. Can one develop a purely algebraic proof of Theorem 4, 69 We ask
this question not because we see any particular advantage in ‘‘purely alge-
braic proofs, but rather because one of the chief stumbling blocks to

| further progress in understanding the groups M{g, 0) appears to be the
fact that there is no known algebraic too} to replace the mductwe argi-
ments used by Lickotish, which are based on properties of simple closed
curves on surfaces. Such a tool is needed, because it is a very difficult
ptoblem to characterize the class of elements in a surface group which
‘have simple representatives (see Chillingworth, 1969).

26. Is every element in M(g,0) in the normalizer of an element of
Ef:mte order? This questxon arises in connection with efforts to app_ly the
techniques used to establish Theorems 4. 7 and 4.8,

27. Are the twist generators for M(g, 0) which are given in Theorem
4.6 a minimal set of twnst generators for M(g, 0)? (Conjecture: yes. )

28. Let ¢; be the isotopy class of a twist about the curve ¢, in
Figure 17, and let N be the normal closure of ({1 in M{g,0). Let K
be the kernel of the natural homomorphism from M(g,0) - M(g,0)/N. If
g2 3, is K- of infinite index in M(g,0)? (Conjecture: yes. But if g=2,
K has index 6! in M(2,0).) | |
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29. Is the kernel of the natural homomorphism from M(g,O) to Sp(2¢,Z)
fuutely generated’ Finitely ;:;resente-(fJ Find a system of generators, and
a system of defining relations,

30. Does M(g,0) admita faithful matrix representatioﬂ of finite rank?

31. The foilowing problem is particularly important in connection with
applications of surface topology to the study of 3-manifolds: 'Which ele-
ments in M(g,0) can be represented by maps which extend to the solid
iiandiebody Tg’ and which also induce the identity automor;ﬁhism on rrl;I_‘g?
More generally, find generators and coset representatives for the subgroup
of M(g,0) which is rePresented by maps which extend to the solid handle-
body Tg. |

32, Is the condition of Theorem 5.3 both necessary and sufficieat
for two piats_ih M(0, 2m) to represent equivalent links, if m2 3? (For
m = 2 the question is settled in Sectioh 5.3.) |
paper gives partial results for m > 3.)

33. Find a procedure for deciding whether two elements in the group
M(U 2m) belong to the same double coset modulo the subgroup E defined
in Section 5.3. (This is a very dlffmnlt problem.) _’ |

 34. Find an algorzthm for determining the plat index of a link. Th1s
is the same as the bridge index (see Theorem 3.2}, and it is also equal to
 the muumum mzmber of meridian generatots of the fundamental group of the

: complement of the link.
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Alexander matrix, 120

Alexander polynomial
of closed braid, 122, 126
of a positive link, 101, 144.147
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Algebraic plat problem, 202, 205

Artin braid group (see Ez, braid
group of)

Automorphism group of F, (see
‘““Representations of B,")

Axis of closed braid, 39

Base of diagram of a pos1t1ve word
in B, 76

Braid mdex, 96, 200

Braid group of E? (see “‘EZ?, braid
group of’’)

Braid group -of s? (see
group of’")

Braid groups of 2-manifolds, 35
manifolds of dimension > 2, 15

Braid relations, 18

Braid string, 6

~ Branched covering space, 181

Bridge representation of a link, 197

Burau representation of B 118,121

Faithfulness for n =3, 129
Faithfulness for n = 4?7, 141
Faithfulness for n > 47, 131-143

52 braid

Center of B 28

of B, 5%, 154
of m,F, n'rg, 153

Chain rule of free calculus_ 105
Closed braid, 37,41,42

Combinatorial equivalence, 39, 49
Combing a braid, 21-25
Configuration spaces, 11
Conjugacy problem in B, , 38,69
Classical braid group (see E2

" braid group of)
Crookedness of a knot, 199

Cyclic diagram, 89

Deformation chain, 56
Dehn twists, 158, 165,167, 182
properties of, 170,172, 175,179

Diagram of a word, 73

E?, braid group of, 5,17
presentation, 18
pure braid group, 20
‘representation in Aut F,, 25
center, 28

“Equivalence of braids, 7-10

Elementary braids, 10

. Elementary deformations of links,
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type &, 39
type fR 49
type O, 42
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Exact sequence
of fibration Fy n”FD 1) 14,23
151

of fibration .i' T 4F0 nTg
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of fibration fB T "'Bo nTg

Fiber-presérving isotopies, 183
Free differential calculus, 103
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Free group of rank n, 23,27,30,48, Plat, 192

103,133,139,141,196 - Plat index, 197,200
geometnc realization of, 32, Positive edge, 40
48,195,196 Positive link, 101, 144-147

Fundamental formula of free Positive word, 70

calculus, 106 _
Fundamental group of the comple- Power of an eiem‘ent in By, 70,77

ment of a link, 46,‘48, 196 Prime to A, 76
Pure braid group (see also ‘‘braid

group’’), 5,20
Pure link, 96

‘Pure mapping class group (see also
“mapping class group’’), 148

Gassner representation of P, 119, 121
- faithfulness of, 129-143
General position, 39,52

Generators of M{g,n), 160

f M(O,n), 165
gf MEO 2:;, 285 : Representatlons of B in Aut Fy,

of M(g,0), 169 _ 25,30,32,46

Geometric {open) braid, 6, 21, 40 _
_ S§*, braid group of, 34
mapping class group of, 161, 164
Sawtooth, 42
Semigroup S, embedded in B,.74

Spin map, 158

Height of a link, 40,55
Homotopy. braid group, 10

Initia] and fi tes,
nitial and final routes, 79 Summit power, 71,79

Isotopy type of a link, 39 ‘ - tail, 71,79

. : form, ?2
Knot, 38 _ e  set, 79 82-84
Lickorish twist (see Dehn txlvi_st) : .Tail of an element in Bn’ 70,78
Link, 38 : .
Linking number, 128 Unpermuted braid group (see Pure

“braid group)
Magnus representations of F,, 110, R :
. 113 Word problem in B, 24,25,76
of subgroups of Aut F,, 116 ' :

Mapping class group, 148 -

presentation for M(2,0), 183

presentation for M(0,n), 165

generators, 160, 165, 169
Markov moves, 68, 95
Markov thecrem, 37,48, 51
"Motion groups, 5,11

‘Negative edge, 40
Normal matrix, 209
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