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1. Background
{1 ; -f-éR Clx. %] non-constant, D= R[.-- du] Weyl a[jebm

b-function
The ﬂ‘olm} Bernstein - S‘o.%o Po{ymwua L_;IS) is the W\imiyvm, Po|\/y\omm,
S‘W‘IS‘FYW\j Jchn+ P(S‘) E D[S‘:] g-{; Existence :
. Global : Bernsbein 1472

Local = Bjirk 1974

Pisy £ = by -
PmL'— H we rep’ace @[X--"',Xn] by O@n,x for come xeC€", we obtain 1he

local one l)F’x(S)_ In 9ehgm) , })4:(9) :xleag b_F_x(Q) . RHS s we”—a{e-pineJ since. b.p,x(S)ﬂ‘H

when L i smorbh of x . Fuedhermore , it + is g_uaci—;\omoggneoms . then L_F(C) = b{blﬂ

. . Isolate] : Malgr 197§
M| roo‘{?&' O‘P b_m(s) ore r\eja{—:ve rocémwa’ nuw\bers, 6;:(_2“] «Kasif::f: 1976

and they are widely comnecked with ofher objects :

® fexp(zm‘o\) | by, (o) = 0? fmnodmmy gigenva [ues of come pt in f “’)i Malgrange 1983
ejenvaJues 010 Mﬂhw{roml on ED‘WM\))MM‘A, M }nnr -f’)m‘Lnl'\

= (Lnl&x)lu‘(’tk\AXI the £0MIP|5X Zedo function
® fpoles of Zfl_(_f_}f C fol—k | KEZ,, b_ﬂd):gf Tgusa 2000

Moreover . in 1992, Denef and Loecer conjec{-urea[ that the Poles- of dhe ""vpoluffcal

2eta funclion are roots of the b-function. This mys{zriauc ProHem, whith is Lnown as the
‘170]’0,03;0“, mononlromy con\jec{um. remaing wiJEI)' open n 3enem,_

CO'\J : (T)Pa]ajl‘ml w\onat(romy cam\)ec-’;wg)
-Fé_ CEX“"',XV\_.] .one \"_4,.@” Iaj y\e_(‘oJM‘L;an o-F -F-,[p)
E cmpoert of o). 02 ok, = ol o) E7= O -(4E,)
th (€) Z K(E, Np'x)) - Im xe flo)
”\en cmy Po[e o-p Z;K ) IS P/ pgo-{; D‘P b-F,x(g)



Though $he rooks of bpis) are importand , ib's very difficult $o compute Jhem
The followings are some of the few examples .

) 70rx) = x" b_p(Q) = (S+L)(S+5) - (s+1)
LB n b :
) Fxex) = X, bple) = T e+ 50)

1= j=I

~

0o 0 2
Rmk - Product ‘porma[h D i xa) = 4%, . %) h (Xiw . Xa) = b-f- = bj' bh gﬁeez“ ii;;

3 £ is a guasi-homogencaus polynomial with an isoluted cingularity ot o.

bpist can be coleulabed via the eliebraic Gouss- Manin connechion  Malgrange 1975
e T %) - ix . bple) =(st) (g4 1)
4) f-= ﬁ Lfa.n.?emic hyperplane arrangemert of degree f >n=2

be(s) = T (s+%) - (s+1)"" Wakther 2008 . form ; Suibo 201b . exponent of 54)
The njy conjecture is about whether A is w rook of hptoy for a hyperplane arrangement
F= L (W20 ) of degree d . where L are peivisely non-cliner b fnchions i €°
We hove seen Fhis holds for generic cases buk foils For monomials due 4o product formula.
Qo he definition oF indecomposability naturally arises :
Del © A cbset B in a liear space V is called indecomposble if

V nondrivial decomposibion v =w.®w., B¢ W uW,

Rk : We call & byp. arr § indecompossble it AsfL;7 is indecompossble in (€")
i, Under any coordinabe Lrancformation . £ CANNOT be facforized as :

]c[)(.,-",X,\) = 3(X..--—. x,-)'l'\(x.‘ﬂ,"-.XnS for come 1 ei<n



[,onJ' : (w/J COMJechre  Budur Muctad® and Teidler, 2011 )

-F : inJecomPosaHe cen-Lml AyPerP’me arranjemew+ Ia ﬂm
d = c(ej‘]:

Then —-2' s & roo‘[‘ O‘F l)_FlS)

Dmk : Budur . Mustatd and Teitler vaea{ that i 4he Wy conjec%ure holde
then the JcoPologim| monodromy conjecture holds for al kyperle_ arranqements

However . Veys gives an example <., -3 is neb o pole of Zfhier . So b muck nck be recessary.
Exisfinﬁ resulJcs'- Walther 3008  generic Posilﬂ'on

A cwficiont com{i%ian : mn-vw\ish-'nﬂ of corbin class in the Cﬂhoma’ngy of Yhe Milwor fiber

{
Rw{ur, Sa.ilro, TuzvinsL\/ 2011 certain ret‘[ucez{ cases

A standard method 4o comple the cohamobogy of the Milur fiber of  hyp.ser:
Algebraic de Rham +heorem

Walther 2017 Condibion (As)  (including fome . free. ns3 ... )
Algebraic . Ay 1#) it generated by derivations

Shi. 2uo 2024 generic malhiplicity

Varintion of Archimedean Zeta Funchion



We use WA,'H\&PIS SM‘FFl'cien+ conAhl;ion AMI [ ImmeworL s;milar ‘Lo [BSY”] -La
prove  the ‘FONawinﬂ resulbs :

Thw (X. Tu 2025)
f - j’ LJ-aj indecomPoane “7’P~ are. A= fL. , L,f
L= fw ¢ AN | ANW s indecomposaHe in V\/T —> Dense edges,

N o— reloded Lo o canonical
I-r- VW&J_ , JIM W—TLJZ_&WAJ é Z>0 (R) 'ogrcsulw’;ian#f-{-\=a?

then bel-%) = 0

Pmk = 1) (R) holds nﬁum”y when dimW =1 = n/y con| holds for n=2

2) (R) is & common com{ijcian in recearch 0']‘- hyperpfane armnﬂemen{g:

Its & w‘”u‘ciew@ conblf%ion for the cohumolgg\/u-ﬁ A ],,m} syr'tew« on dhe cmP)emen% ol
-Hne ‘\yF-arr‘. onl‘/ ,ivfnﬂ n -Hle +o|> f:(Ejree, wlm'ch o.,so can l)E ceen Jn our P"‘"‘F‘
Nobe thak not all local eysteme have this Pmper%y _ Pappus

e.q. xyzu—yuy—z)(x—y-z){zx+\/+2)(x+>\/+32)(—1X+\Yy-Z)

Co our chrateqy wust £ail for come reconant hyperplane arrangement

(3) (R) gues an explicit description of the remaining caces , which is compatible with
o rosult of Budur. Chi and Zuwo in 202U T cayc fhal for fixed A .

7 o won-zero product O of linear factors in r varicbles ¢4, Jor any 2 €Z"- 7807,

n

24
ED

Is o po|e U'p 'H\e modivit Ze'l(;a -Funciior\,

Metivie = {opo. & 1y,
™ P-adic

Jor qeneric me:':Pkc'rLy



D Walther's sutficient condition

Setting: I € CLx.~x] o homogeneous polynomial of Jegree d>o
A4dine Milor fibradion = §: €"- "10) — € -fo]
Pk : [+ is diber difteomarphic fo dhe origial Milor fibration .
Milwor diber  F = 0
Thea = ( See Walther 2008 , Thm 4 12)

Leb §€6€Ix..x] be & homogeneous polynomial of t(eﬂree d>o

Denote by w. = T é(—i)i_'x: dxn-- ade; A -~ A dx.

14 w, defines & nonzero cohomology class in H™'(F,€) .

then L{.(‘an') =0

We can ﬂo ‘)cur'l;lwr "Lo y\eR'érllc‘Ig L—an in a S‘wm”er COADMUIUJ\/ ij})_
Denote by D = [20] the reduced divisor defined by £ on P U=Pr"-D.

_ — =g d
Consider the au—EomorPhism P: F—F, (x.-~.x) > Tlx=x),
I inJuces a coverinj map p F—U, (Koo Xn) — [X, 2 Xa)

P induces a.w[-omorPhi:mg on callor«a’ujies ond sheaves , which are coumfibIe.:

— ]
HYF.€) = H'(u.pL;) (PO, df)
\_/ c{i-“zren-[-ia’ on 0.:
Riemann - Hilber‘f‘
6 — ~ ]
H*(F. ﬁ);l- ~ H (H,(P*_@@_/ ((P*DF)gk, dFI(P*OF)g'-)
S, E;ﬂchMc :# r# Riemonn - Hilber{'

L. Par‘l’icnlhr . since P*u),, = rnwn , i-‘: Su#ices -{:o comPuJ:e -H\e col\omoIij U‘F
L = (PeLplgr X5 (V= (PaDR)yn = 0utn). 7= de], SN L LY



3. PPOO'F 04: our PZSMH.’

We will use the algebraic de Rham Theorem 4o describe H™ (U 1L) .
Recall our setding is

B oL indecmponble hyp. arr. — reduced one A = TLiT £(C)
Warb 4o know whether [w.] 0 in H (A L)

given by Cehechbman . Terao and Varchenko , 199¢
Cince ‘F IS & Ayp.arr., 'Hlere s & Cananim, ,aj res‘ﬂ,w&ion T YA”)'\—I U'F D

v

4. T is & bowing-up with cebercin D ot E-7D is snc
and L 7 Dense edges| Ll firren(ucible components of EY
w “—— E,
Pecall that V= Oyln) . So & locally free extencion of V on Y hae the form
Yo = T 0p(m® Oy [ZMWE, ] . whee p-) >2Z,
Furthermore . by lowol computution , we always have V(1) € DylbgE) Wy ,
e V. Y=Vl 1= DyilmE)®Y ) is a regular extension of (V.7),
wd the recidue of Ty along B, (wed) s exactly piw) - L_%Iﬂj
Then [ A corollary of +he algebraic de Rham theorem ) Defige 1570
I none of the residues p(w) - 4 % % are posibive inbegers, the canonical map
HE T Dy mEY® Y, ) — Ho . IL)

IS an isamorPhi:M.

Now we Lmve -Hue 'Ftv”owinj fEQuencer

n-| et{ e n-i ‘ 0lg. de Khan n-l
Y. T og E)OY) < (. I g EYON,) 222 U L)



Dur ﬂoA[ is +0 'Fmﬁ( }A C'L‘
we & HOOY DY fogt;@)/,*]’——’H"M'(Y ) Hogi—)@V)—sH (u.LL)

W, defines a nonzera section in H' (Y. 9y (1gE)® )

Nebe bhat € wy = HIP™ , e ln)) = H LY D (17" DI® Vi)
Co it suffices 4o dake W < dim Jim: =2 W dimW
Y N lg EV® M) =0 4 Y prg=n-2 then the edge morphism is injective.

Dur main 400l is the Following vomishing Fheorem
Thm ( Ecnanlt & VleL\weﬂ 1942 )
Y projeckive , E = z& §A/C . Y- E oifine

(k) ) iavertible <.t. )/
Then HP(Y n:{'“ﬁ‘:)@)/ ) =0 LNMS‘ -ﬁor ony P+9.:7‘:0("""\I/

The dusl verscion :
HP(Y. D?(ME)@V@UYFE)) =0 hode for sny prg#dimY
V= WO (E) =7 OIP (V\)OOT( (' MW))E,, )
e e, gsj =n ct.

Dr( ) ﬁ)r come in'ﬁegers 0<C..C <N

I'\ owr case :

Co (X)& Fe. -
VweEL 0= pw) —E—Zw £ < |

anverse,y, indecomposability enables us 1o find £ .. 6 € @
amc[ v W E )L |, Z g; < A;M V\/ Budur.Shi.Zwo 2024

Lew

S‘.'IF. igi =Nn ,
r%wél—] l:'l:u')i ‘['OW\ALE Lewféz

Then choose p(wW) =
We have both © and ® hold



Now for © we only need thet all residues of (4. 9) are nob puitive inbegers

e HW) - —:'r%a;, ¢ Zoo , Y WEL  then alg. de Rham gives icomarphions,

Cince M < fim , Fhis can be j’uarm'l;eea( Ey Lhe nonresonant condition :
Vwed , dmwW-33086 7.0 (R)

So the Wi conjecture holds Jor nonresonant Ayperlee armnjemen‘l;s.

Bk + Previons work chose V, e.t. HPUY.R7(4E)®V) = 0 for p>0.

Co they cLill need 4o prave COY.NY (lEY®V) — [T T,D-':r_'( EYOUY,) doesnt kill wo.



Appendix L= Proof of  Walther’s theorem

Notation :

I homogeneous Polynomial of Jejreeal with  n variablec
R=C §xi.-- Xa], D=R¢a.-.3:5, 0 = €ft], K = Feacl0)
M=DrsI . 0¥ M« 1 Pls)fg = Plﬁl)‘f‘H'

Then by o(s) is dhe wminimal Po}ym,m;hl o < My — MUy
DRIM]: 0 — M — MED — - — MEN" — 0
dmBw) = mOdw + zl Am@ [dx; Aw)

Relbive Jifterential Form 0} - 0 /it sk,
Relolive de Rham HP = HPH\*QH
Wl = RELe® O oully Free

The whole P'L'L'“re : Nonbrivial ! Aomogeneaur

[E@dxls0 —55 b (-M) =0 s 4S50

M
H"(DRIM]) < " (Ni,)
J/ l g_uasi—hmogevpeous
H" (DRIMD) B K = H™ (R30) 8, K| = H"®, K
Mal range’s f)serwd;iu
C‘\ I mMa -—Aw 3 ﬂ 0 L
“ P: -F®( LWJ Need Euler'’s ;ﬁlevr‘n"ré\/

L—FS(@‘{X]“_)[W“:,;[LZL)GXK\;] + 0
T H™ is locally free on T°
[wo]¥0 = H"(F. ¢)



Popendix 2 - The STV log recolution

Se‘H:in_o]: A ic o reduced hyp. orr. in P
e, A (€ & finite collection of pairwisely non-collinenr Functionale

Denote by

] = fw SE(U)\/J ANW s indecomposable in V\/f dense e;(@es.

Ly= fwel | dimW=kf 1cken

L detines a reduced cubvariety 7, it codimension k. 2 =D

Y=Y, By, B BBy By = pth

where T * Ve — Ve is fhe M""’i"ﬁ'“P &lonﬁ the proper Dcasdbyn b
Lem : ( Cechechbman . Terao and Varchenko , 1497)

T is a blowing-up with centercin D cd E=7D s sne.

s, L 2 [l oot €]

W «— E,



Appenalix3; /—\IgeLraic de Rhom  theorem

Cobbing: X = & complete  complex analytic variely

D = a reduced divicor oo X, U = X-D

L = o lcal system on U &5 (V. @)
Fix o resolibion m: Y — X of D s3. E=77"D is & cimple norma| croceing
divisor confaining all exceP'i'ionaJ divisore . Denote by j+ U Y Lhe open immersion.
Then & induces )y} —> Jx (DuB®Y ), which we still dendte by 7
Def : Tf a leally Free extencion Vo oof V oon Y adicfies that

V(V) € DUIEYRV € (y®V),

then we coll (V. T=9]5 7 —=0yilgE)®V ) & regular extension of (1. @)

Pmk + By definidion (V. T ) is o reju'nr connection, co we can define residue maps .
v is inbegrable , c0 as T . S (Y, T) defines & IOﬂ de Rham complex:

& OhilgE)®Y —>_DP;'HojE)®T/V. WV > dwdv + 1 wa S
Aod dhere exists o conomical map HT (Y, D7 U5EV®V ) — H*(U1.1L)
Tha + ( Deligne 1470)

T4 the residue of & abng eoh componarh of E does not hove any posibive

in-l;ejer‘ Values, 'Hlen we have

HOr 05 Uy © T ) = H U, 1L )



Apperdix 4 Compuhation of residue
Setting: & hyp.orr. of dogree d in P
- f$=07 . U=P"-D
7Y — P the STV log resoebion . o [ e
E=n'D whose irr. component E,, € WE L = dence edges]
V= Oy For p:l—2. lJM T D .(w)@o (- \%}MW)EW)CJ*V
7Y — MRV, 947 — diy pey ~ Y — i (eV)
More explicitly, for any hyperplne H i P defined by L, denske by 1 = flf
Then  lyw  Onn — D . 9 = dy- g5 -5
Lem: YuiL—>Z. V4 €Oy IBE)O Vi and Resg T piW)-4 2 o,
Do+ Wy €Y, take & small neighbourhood Uy of y.

AQSMM& E = f 20 -c R < OY on uy since E iIs s.n.C. guPPpgg EV\/; CO”‘QS'PDHJS '!D fz' = 0?.

Choose H 4o be jemeric (TT_'H/\M\/=¢ ) . Then Ly Ae-pin‘réion, pn [/f\/'-
v \]*OMV'E%J*DIIA,- ; 3|_> dﬂ' . ﬁ%ﬂ where j: Uy~E — M\/
Yy = 0,10 & Oy, (- ZWWIE,) = Oy, Tz

l
‘f?";vill'iE{ L\/ (L""l’)“ asm 7 ‘ﬁ‘n/l'«iel{ Iﬁ‘/ .TrZWW) 'Dﬂ PV‘ES

Py = Iy g1 2™ s (dy +j(2_ww)’{g -5 f;)) gt

So VW) CD;(’nﬂE)@VM_ And in particalar . taking y EEy to be qeneric,

we have m=1.E, =En, and PengvM = pw) - TLZM 2



Appena(ix 5: Indecomposﬁbihfy lemma
Lem: V  linear Sphce dim =n . A = ﬂ-.."’,]_r] cVv indeComPosﬁble
> 3&, .8 ERQ st Z £5 < dim W For any nonzero proper smbspaca W

Proof : §u|>pose B={L. T ¢ A is s bavis
Co Y yon. g)\'.,"‘,Aj,.é@ , LJ=/\J|L|*"'+/\JnLn
Denote by f Li | isien, Nji#0{, Y >n

Li = #fd>"|l—iéBJ?, Vls;sw

n .
Take €5 = [ we o ley=d
— _
—H'—.(LZ&T) )>n

L |
Then%€j=,\+|(n+Zl > 1) =

ks L;€8;

o (nten) = n
For any nonzero proper subspace W GV,

) i dimw > #wnB) .
then Z g, < A (dimW~1)+ g < dimW

3) o-[;herwnse dimW = #(WAB) ie. W =Spm (WNB) .
Gince A is indecomposable , I jon <t BAw + b, Bid W
Co > & = = dimW + 2§

Liew htl 3>n
Bjcw

< = L{IMW‘f'Z #Z%

"+l ;
B, w*¢ Lieh
— . ) - .
= _n:l . A|MW + E VH"I'TLEB ] = JIMW
Isign H H

L. é&w



