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Background

Det - D = Ra… .a .WeylalgebrsJHER: GIx , … ,X ] non - constaut
,

b - fuuction

The global Bernstein - Sato polynomial btlsl is the minimal polynomial

satisfying that PIsI EDLSJsit Existence ;

: Bernstein 1973Global

P ( s )
- fst

1
= B

+ ( s )
. fs : 1Bjork 1974Local

Ruk : If we replace CIx, " ,
x
. I by OE"

, x
for some xE 6

"

,
we obtain the

local oue bf
,
x
( s )

.

In general ,bfls ) = 1o.bf,x (
s ) ,

.

RHS is well - defined since bf
,
x
( s ) = s+ 1

if f is quasi- homogeneousthenbfIs ):bfoshenf is smooth at x
.
Furthermore ,

roots of bf
,
o
( s 1 ave negativerationalnumbers

Isolated:Malgrange1975Generd:Kashinaraiai6

widelyconnectedwithothenobjectsthayar

Sexplzπ ia) lBf . O 21 = 0} 9cigenvanodromylne ofsome tinf 'io Malgrange1983

eigenvalues of mmonodromy on cohomological Milnor fibration

Spoles of It
, e ICI 2 - kUKER: 0

.f 210)antal erxidx
,theLetatunctiomplex

Igusa 2000

Moreoven ,
in 1992

,
Denef and Loeser conjectured that the poles of the topological

zeta function are roots of the 13 - function
.

This mysterious problem ,
which is kmown as the

topological momodromy conjecture ,
wermains widely open in general ,

Conj : ( Topological monodromy conjecture )

FEE [ x , … ixn] , M : Y→ E
"

10g wesolution of f
"

103

E; component of fop
'
, 0 ) , ai = ordE

;
foe

,
ki = ond

E:Jacul , EI=AEr- E;
2 ( s : = asx ( EΛmm" , x ε fios

Then any poleofIs ) is arootofibfx



it' sverydifficult tocomputethrootsofbfisoughaveimportant them

are some of thefewexamplesfollowing ,

13 f ( x ) = xa . bf ( S ) = ( s+π ) ( s + )… ( s + 1 }

2 ) f ( x , … ,xn ) = " "xi ", Df ( S 1 = 诺st )

Rmk : Product formala : f ( x , …, x . l = g( x ,
… , xil h (xi

,

…
,Xul ⇒bf =bg bu

Shi , zno 2024

lee 3024

3 ) quasi - homogencous polynomialwithanisolatedsingulanityato .

cam be calculated via the algebraic Gauss-ManinconnectionMalgnange1935fis

e . g .

f ( x , … xu = " xi" , bf 1 s ) = ( s+ 1 ) / sta)

41 f generic hyperplane arrangement ofdegres m : z

2d1- m - z

bf ( s ) = vo istti ) - s ) Walther 2005 Saitozoitforms expoment ofst ,

The nld conjecture is about whether - I is a root of a hyperplanearnangementfis3 for

f I ja
"(

aiER,o1 ofdegreed , whereliarepairniselynon-collinear linear functionals in,

We have seen this holds for generic cases But fails for monomials due to product formula ,

so the definition of indecomposability naturally arises :

Def : A subset B im a linear space V is called indecomBosable if :

f montrivial decomposition V = W , OW. ,
B 4 W, OW2

Rmk : We call a hyp ,
arn

.

f indecomposable if A : SLi 3 is indecomposableinC 30

i . e
.Underanycoondinatetransformation ,CANNOTfactorizebe d as :

fix, … , Xa ) : 1 x… xil ( xiyh .ixal for some , Eiam



Conj : luld conjecture ,
Budur

.

Mustata and Teitler ,
2011 )

f an indecomposablecentralhyperplanearrangement
d = deg f

Then - n is a root of Bfiss

Rmk : Badur
,

Mustata and Teitlerprovedthatiftheld conjecture holds
,

them the monodronyconjecturepological holds for all hyperplame anrangements .

However . Veys gives an example s
.

t
.

- a " isnot apoleof2 tfs .

So it must not be necessany ,

Existing results : Walther 2005 generic position
sufficient condition : noa - vanishing of certain class in the cohomology of theMilmorfiber
{

Budur
,
Saito

, Yuzvinsky 2011 ceatain reduced cases

A standard method to compute the cohomology of the Milnor fiber of a hyp , arr . ;

AlgeBraic de RHam theorem

Walther2017Condition( As ) ( incdading tame ,
free

,
n ≤3
.
)

Algebraic . Aumplfs ) is generated by derivations

Shi .
2uo 2024 generic multiplicity

Archimedean Zetafunctioniationof



We use Walther' s sufficient condition and a framework similan to [ BSY 11 ] to

prove the followingresults

ihm ( X . Yu 2025 )

f = TLjas indecomposable byp . arr . , A -99 … . L . }

L = SWC) I AMoNisindecomposableinWIDenceedges
related to a canonical

If FWEL ,

dimW - ☆ aa; E R , 0 ( R ) logresolution of ( f : 03

then bal - a
"

) = 0

Rmk : 1 ) ( R ) holds maturally when dimw = 1 3 uld conj holds for n = 2

2 ) ( R ) is a common coudition in research of hyperplane arrangements ;

It 's a sufficient condition for the cohomology of a local system on the complement of

only living inthetopdegree ,whichalsocanbe seeninourproofthehyparr .

Note that not all local systems have this property ,

Pappus :

e . g . ×yz ( x-y 1 ( y
-z ) ( x -y

- Ʃ ) ( 2 x + y + z ) ( x + 2y+ 3 z 1 ( - 2x +5y
- z )

So our strategy must fail for some resonant hyperplane airangement,

B $ 了 (R 3 gives an explicit description of the remaining cases ,
which is compatible with

a result of Budur , Shiand 2n 0 in 2024
.
It says that for fixed A

,

雪 a non zeroproductD oflinearfactorsinn variables st .

for any aER
^
- 9 θ= 07

,

荒 asis a poleofthemotiviczetafunction.

Motivic ⇒ topo .
⇐ nld

o
p - adic

for generic maltiplicity
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safficientconditionalther'

s

f a homogeneous polynomial ofdegreedioxixnetting:

Milmonfibrationftine f : C
"
- f
"

' 0 ) , C - 903

Rmk : is fiben diffeomorphic to the Milnor fibrationoriginal

Milmonfiber Ff)

Thm : ( See Walther2005, Thom 4
.

12 )

Let f be a homogemeous polyuomial of degreedo [x…,xa ]

Denote by wo = π 点 h 1
" xidxnndxnnndxn

If wo define a monzero cohomology class in H
"

( F
,CY

them bfl - a 1 = 0

We can go
further to westrict [w. l in a smaller cohomology group ,

Denote by B reduced divisor defined by f omipryt: 03 the , U =p
…- D

.

2πi

= Cπ

Consider the automorphism I : F → F
,

1 x . … x. 3 ts ( x … . xub.

OItinduces a covening map P : F → x … ixal . , [ x . …
…ixng

9 induces automorphisms on cohomologies and sheaves ,whichavecompatible :

HE ( F
,
C 3 ≈ HE 1 U . PXEF ) ( P* OF , dF ]

r
> differential on OF

i ↑ Riemann - Hilbert 」
HE ( F

.

4 )sn
≈ HE 1 U

. ( PEFlgkl 7

P* OFJsk ,

dF | , xOF39k
≥

meams cigenspace of f
* Riemann - Hilbert

In particular ,
since 9

*
w.

- 9
^

wo ,

it suffices to compute the cohomology of

4 - REFIlsn
.
HIHD-oFtte - -al,Oumlgifa ,digta
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.

Proof of oar result

We willusethealgebraicdeRhamTheoremtodescribe
H'

, ,
L ) .

Recall our setting is ;

5 reducedoneAsLi )decomposablehyp ,
ann -C)

toknowwhether "Want 1"U ,凶[ ω . ] to
given by Schecutman ,

Tewao and Varchenko
, 1995

a log resolution : Y - Ip"ofDtherecanonicalincef is a hyparr,

s
,

t
. π is oaBlowing -upwithcentersinB st .

T
π

' D is sin .c

irneducible componentofEand: 9 Dense edges 了

W , Ew

Recallthat V -Oululso aextensionofflocally free on

'
y has the foum

. = π*Opu )DOYIEULWIEwJa- u : t →Pwhere

Funthermove . by local computation ,
we always have DIu ) CRYllgE )Oe ,

Du = pl.e .ie . r →ryllogEDlu) is a regularextensionof( N , 7)
,

and theresidueofalongEn LWEL) isexactly ju ( w3 -n

he algebraic de Rham theoreI
A corollanyoft1 Deligne 1970

the canonical mapthe residues ulW) - 岳noneoforepocitive integers,
乃

H ( 4 ,
2 ll 0 gE ) Or ) I HIHi 4 )"

is an isomorphison .

Nom we have the following sequence :

ec

HO ( Y,Ry " ( l 0 gDVIEµ
lge
, H(Y.Rillog)Or

)

H "U
,LdeRhan

m



Our goalistofindu st
① ②
H

0

( Y . Ry
'

"logIoV
)

HLY. RIll 0gJOrIH' ULEiO
0 wo defines a nonzero section in HIY . Ry"

'

l0ge ]

Note that p
" ,

rip
"

ingwrH01 Y , 2Fllg
π

" D )rdims

so Madimtsufficesto take dim : 2 → a
, Wsdim W

② HIY . ryll0 g D )- 0 , Ep + 9- n - 2 then the edge morphismisinjective

Our main tool is the folowing uamishing theonem :

Thom ( Esmault &Vie weg 19921h
l

Y projective , 系EE; SNC .
Y - affineE

V inventiblest
.
UN
- Oy 1 系 C ;Iforsomeocciccntegersl

Then HP ( Y .
2号 ll 0 g ION ' ) = 0holdsforanyp+qtdiny

he dualversion.

HPIY ,
l0 gohholdsforanyp+ qtdimy0;1-E 1 ] = 0

In oar case ; D = DOy1 ) =π *Opa, ( n ) DOYLE 1 -UIWIEmJE

So X ) E3 aE, … .GnEQtnsitiEi
EWE 2 - 岳Es-juiwo

Conversely E,
…

, ErEQindecomposabilityemables ustoimd

“

st
,

nEWELdimw2024andnE ;s Budur.
shizuo

j = 1

Then choose µ ( W ) = T 岳Ew E ; 7 distunbEitomakeowEit 卫

We have both and hold②



residues of l 1 ane not positiveintegerowfor ③ weonlyneedthatall

then alg . deRhangivesisomorphicngULW ) - a岳anaj ER , 0 , VWEL

can be guaranteed bythenonvesouantcoudition'u ≤ dim ,
this

FWEL ,

dim W - ☆ nai ¢ 办
> 0 ( R )

so uld cothe njecture holds for nonnesonant hyperplane arrangements .

Ruk : Previons work chose W s . t . HP( Y
.R -llog) Or ) =0forp0

so they still need to PIY. R: " (logIDVI ,PIY.RYIrve doesutkillw.
E

←a ]



Appendix : Proof of Walther'stheorem

Notatiom ;

f : homogeneous polynomial of degreed with nvariables
.

: C { x , … .xa K

= FracloD= R
< 2 , …. 2) , O : CSt 了

OM= DISIfS AM : t - PIsSf
-

Pisti 'fs

bf
.
olsl mimimal poly nomial of S . MIEM→MIENThenis the

DRIMI : O M → MD , … MDRRn,O

m ①w = mDdw + 点 aimodxinw/11

Relative differentialformI Rldfix
Relative de Rham HP HPIfxRJ

HPl, ' ≈
R
"GxDG ,DT lcallyfree

The whole picture ;

Noutrivial ! homogeneous

[ fsDd × ] t 0
d

了 b
+ l

- 号 ) = 0 sf '
=

- πf + 公室 2i ( xi +]
a

n

H
'

( DRIMIL H'IREJ

↓ ! quasi - homogeneous
「

1
~

H' (PR [M ] IDokH"YRt)OoK -
H

"
'Dot

minmar
f
1fmi Malgrange's observation

< ], Need Eulen 's identity
~

IF 0fsodxl← [ w . = d : xidxi
↑

7- H'
"

is locally free on T
'

[ wo Ito in H
' "

( F
.
4 ]



Appendix 2 : The STV l0 g resolution

Setting : A is a reduced hyp ,
arr

,
in 1pr

,

ie
.
A C C)

"

a finite collection of pairwisely mon - collinear functionals

Benote by
L = EWECJ I AMW is indecomposablein W 3denseedges

LK = EWEII dim W = K 3
.

akany

Lk defines a reduced subvariety Ze of codimension k
.

2
,
= D

π : Y = Y
.
YEYh.…Yn , = Ip

…

,

where Ia : h.
→ Ye istheblowingupalongthepropertransformof.

lem : ( Schechtman ,
Terao and Varchenko

, 1995 )

π is a blowing. upwithcenters inD

st .T π ' D isSin.

irreducible componentof" ESparticularE
W s Ew



Algebraic de Rhamheovexpendixt

Setting : X = a complete complex analytic vaviety

D = a reduced divisor onX
,

U = X - D

4 a local systeomon eRH IN , D)

simple normalcnossingixa resolution π iY , of piststE =π
"

D

divis on contaiming allexceptionaldivisons .Denoteby j : U' Y the open immersion
.

7 indicesjat → jx( fuw ), whichwe stilldenotebyDThen

Det locallytreeronyfasatistiesthatxtension of v

DIEJERIll 0gE 3DNC jxLRiOr ]
,

regularextensigofir .thenwe call - Pit→R; llgEJDD } G

Rmk : By definition (t , D ) is a megular conmection ,
so we can define residme maps .

D is integrable ,
so as p

.
So It . P 1 defines a log de RMam complex :

☆ : R1 l 0gE ) ④ N, 2 第1 l0 gE)DE ,ω D 0 1→dwDv+
)
Pw ^r

And theve exists a canonical map H ( Y
.Rll0 g E )D ) H

*

( U , L )

Thm : ( Beligne 1970 )

If the residue of p along each component of E does not have any positive

integen values ,
then we have

H ( Y , RllgE )DI ) HIU,
L



Appendix : Computation ofresidue

Setting : fhyp ,arn ,ofdegreedinp
…

B = { f = 0 } , H =|p
…

- D

π : Y 1pn" theSTVl 0gresolution , j :UY

E = π
"

D whose inr
, comBoment Ew L

" I WEL = { denseedges 了

V = Ou ( n )
.Fonµ : L > 2

,
V =π

*O
,pmIn ) DOYI

-EULWIENJL CjxVµ

D : 0 , RiDr
,
gifa 1 > dig . f'

π

,
"

syVsjaLBious

for any hyperplane H in puydenotebyt .tletinedbyoreexplicithy -

>lu- H : Ou- Ru -
y , g 17 dg - g π等Then

lem : Ein : L →
D

.DI ) CR; ll0 gEDe and ResEnPn =u (W ) - a房owaj

FyEYProof.
take a small neighbourhood ly of y ,

= {z …Em :02Ei 0EEsinceEissm.
c . Supposecorrespondsto 9 }Assumeon lly

defimition fThemby oChooseH tobegeneric ( π "HMHy : ) - ,
;

7 jxOn“
s jxri , g 1 7dg - a - g

.dt J
:LtwhereHyE yfcoπ

q =π
*
Ou ( n ) ④ O (一爱 μ(WIEn )≈Our …

*

" z
; μwi

↓ ↓

trivilizedbyloIM as in D toinilized by I
"

Zilm
(ril

10g poles
T λ

7
n

g π "z

: μ(w " ,, dg+系uiwil-adiz :

m

.

Barticalar YEEngeaerisPI) CR: 11gEOm. ndintaktobeng

µ ( W ) - ☆鼠Gnehavem: l .
E

,
= Ew

,
and ReSEnn = L



Appendix '5 Indecomposability leamma

lem : V linear space dimn .
A

: 9 L ,… , Lrl EV indecomposable

⇒雪 E ., …

. ErE Q St-
LiGw

Es a dim W for any nonzero proper subspaceW ,

Suppose Sh… LulCA is abasisoot:B=

so fjon .
王 li, . …

.tinC Lj = Niil , + … txjula

B; : { 3Denoteby I njitofjonlisicn,

Bi = # 9 jonl EBj } .

fi ≤icl

Ej = n
.

1 ≤ j ≤yTake

(
1{ " .Ʃ

)
,joo

Lit Bi
n

1
= mil - ( nz + n ) = nThen : E; = ni ( ns+

: ,
bi
BiliE

For any monzero proper subspace W IV ,

1 ) if dimW , # WMB ) ,

then
Licw

E, ; ≤
nn , dimW - 1l Tn - dimw

23 othermise dim W = # LWMB ) ie .
W = Span ( WMB )

,

since A is indecomposable ,
雪 jon s , t

.
B; MW

+ 1
,

B; ¢ W

So
Licr

E; n

-dimwf
j >m

Ej

Bicw

1
.

1

m +

l
- dimW t

j > m
n+

1

Li εBi
bi

Bi βWtψ

= ng -dimW

+
i☆

n" -bii
- dimw


